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"I think," said Dirk, "you will be impressed. Consider this. An in-

tractable problem. In trying to find the solution to it I was going round

and round in little circles in my mind, over and over the same mad-

dening things. Clearly I wasn’t going to be able to think of anything

else until I had the answer, but equally clearly I would have to think

of something else if I was ever going to get the answer. How to break

this circle? Ask me how."

"How?" said Miss Pearce obediently, but without enthusiasm.

"By writing down what the answer is!" exclaimed Dirk. "And here it

is!" He slapped the piece of paper triumphantly and sat back with a

satisfied smile.

Miss Pearce looked at it dumbly.

"With the result," continued Dirk, "that I am now able to turn my mind

to fresh and intriguing problems, like, for instance . . . "

He took the piece of paper covered with its aimless squiggles and

doodlings, and held it up to her.

"What language," he said in a low, dark voice, "is this written in?"

— Douglas Adams, Dirk Gently’s Holistic Detective Agency
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Introduction 1
1.1 Context of this work

Probing quantum gravity with electromechanical systems

Quantum Mechanics (QM) and General Relativity (GR) have each

achieved remarkable experimental success, yet reconciling them remains

an open challenge in modern physics. A central tension arises when

considering relativistic time dilation in quantum superpositions: GR

predicts that proper time flows differently at distinct locations within a

massive object, whereas QM assumes a single, universal time parameter

for coherent evolution [OZ16]. The physical consequences of an appre-

ciable differential proper-time phase shift remain debated. Diosi and

Penrose [Dió89; Pen96] gravity-induced decoherence models attribute

the quantum-to-classical transition solely to gravitational effects.

In the Diósi–Penrose (DP) framework, a spatial superposition of a mas-

sive object acquires a finite coherence time due to the difference in its

gravitational self-energy. For a resonator of mass 𝑚 prepared in the

"Schrödinger-cat” superposition

|Ψ⟩ = |𝛼⟩ + |−𝛼⟩√
2

, (1.1)

one defines the gravitational self-energy difference [Kle+08; Che13]

Δ𝐸 = 2𝐸12 − 𝐸1 − 𝐸2 ,

𝐸𝑖 𝑗 = −𝐺
∬

𝜌𝑖(r)𝜌 𝑗(r′)
|r − r′| 𝑑3𝑟𝑑3𝑟′,

(1.2)

where 𝜌𝑖 and 𝜌 𝑗 are the mass-density distributions of the two components

of the superposition and 𝐺 the gravitational constant. The collapse time

is then

𝜏𝐺 =
ℏ

Δ𝐸
. (1.3)

Observing such a mass-dependent quantum-to-classical crossover re-

quires two conditions to be satisfied:

1. The superposition’s spatial separationΔ𝑋 exceeds the typical width

of the mass distribution;

2. The environmental decoherence time 𝜏dec is much longer than 𝜏𝐺.

Both conditions depend crucially on the object’s mass distribution, and

there is considerable debate about its appropriate form for a macroscopic

body [Dió07; Kle+08]. However, a plausible assumption is that the mass

is arranged in a regular array of spheres—each of mass 𝑚𝑖 and radius

𝑟n—representing the nuclei of the material. Under this assumption, the

gravitational self-energy of each nucleus is Δ𝐸 ≈ 48𝜋𝐺𝑚2

𝑖
/5 𝑟n, leading
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Fig. 1.1: Illustration of the membrane
in a Schrödinger-cat state. Experimental

test with a mechanical oscillator initiali-

azed in a Schrödinger-cat state being a

superposition of two coherent states with

opposite phases (color-code consistent

with the one of Fig. ??).
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to a total decoherence time

𝜏𝐺 ≈
5 ℏ 𝑟n

48𝜋𝐺𝑚 𝑚𝑖
=

1

𝑚
× 3 × 10

−15

kg · s, (1.4)

where 𝑚 is the total mass, 𝐺 the gravitational constant, and for silicon

(used in this work) 𝑚𝑖 = 4.6 × 10
−26

kg and 𝑟n = 2.7 fm.

One can envision an experiment in which a vibrational mode of a

nanofabricated mechanical oscillator is prepared in a Schrödinger-cat

state, i.e. a superposition of two coherent states of complex amplitude

𝛼 with opposite phases, as illustrated in Fig. 1.1. The spatial separation

between the two components of the superposition is

Δ𝑋 = 2|𝛼|𝑋zpf ,

where the zero-point fluctuation—i.e., the characteristic size of the ground

state gaussian wavefunction—is 𝑋zpf =
√
ℏ/(2𝑚𝜔𝑚). For a mechanical

mode with energy damping rateΓ𝑚 , thermal occupation 𝑛th and prepared

in the Fock state |𝑛⟩, the decoherence time is [HR06; GS21]

𝜏dec ≈
1

Γ𝑚

1

𝑛th

(1.5)

In practice, increasing the resonator mass 𝑚 shortens the collapse time

𝜏𝐺 (see Eq. 1.4), but at fixed cat amplitude |𝛼| the spatial separation

Δ𝑋 ∝ |𝛼|(𝑚𝜔𝑚)−1/2
decreases, forcing a larger phonon number 𝑛 = |𝛼|2

to satisfy Δ𝑋 ≥ 2𝑟n. Increasing 𝑛 then reduces the environmental

coherence time 𝜏dec (see Eq. 1.5), since for 𝑛, 𝑛th ≫ 1 one finds 𝜏dec ∝ 1/𝑛.

Consequently, optimizing a platform demands a careful trade-off among

𝑚, 𝜔𝑚 , and |𝛼|2 to ensure both Δ𝑋 ≥ 2𝑟n and 𝜏dec ≫ 𝜏𝐺.

Several platforms, interfacing diverse physical domains have been pro-

posed for preparing and detecting mechanical states. Fig. 1.2 summarizes

the key mechanical parameters of these platforms, comparing their

thermal and gravitational decoherence times. Among these platforms,

softly-clamped silicon-nitride membranes [Tsa+17; Iva20] are particularly

promising: thanks to high tensile stress and phononic patterning, they

reach quality factors𝑄 ∼ 10
9

at cryogenic temperatures, yielding thermal

decoherence times 𝜏dec on the order of 100 ms. Crucially, these membranes

also exhibit zero-point motion 𝑥zpf comparable to the nuclear scale, and

satisfy 𝜏dec ≫ 𝜏𝐺 , making them the only system known to simultaneously

fulfill both requirements for observing gravitational decoherence.

In order to engineer a generic quantum state of a mechanical oscillator,

one can resonantly couple it to a fully controlled qubit [Hof+09][Chu+18].

These considerations motivate the central theme of this work: coupling

the mechanical resonator to a superconducting qubit operating in the

MHz frequency range, such that their frequencies are closely matched.

https://doi.org/10.1093/acprof:oso/9780198509141.001.0001
https://doi.org/10.1116/5.0050988
https://doi.org/10.1116/5.0050988
https://www.nature.com/articles/nnano.2017.101
https://zenodo.org/record/4120417
https://doi.org/10.1038/nature08005
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Fig. 1.2: Comparison of various mechanical systems for quantum memory, sensing, and quantum-gravity tests, focusing on three key

parameters: state size, zero-point fluctuation amplitude (𝑥
zpf

), and thermal and gravitational decoherence times. The force sensitivity

is calculated as 𝐹min =

√
ℏ𝑚 𝜔2

𝑚(2𝑛th
+ 1)/𝑄 (see Ref. [Sid+95]). The required cat-state size for quantum-gravity experiments is

𝑛 =
(
2.7 fm/𝑥

zpf

)
2

. The thermal decoherence time is obtained from Eq. 1.5, and the gravitational decoherence time from Eq. 1.4. For

systems where small cat states (𝑛 < 1) or the ground state (𝑛 = 0) suffice, we denote 𝑛 = 0/1 and compute 𝜏
dec

for the |1⟩ state. The

system proposed in this work is highlighted in red. Data and images are from Rossi et al. [Ros+18], Neuhaus et al. [Neu+21], Fogliano et

al. [Fog+21], Teufel et al. [Teu+11], Rugar et al. [Rug+04], Arrangoiz et al. [Arr+19], O’Connell et al. [OCo+10], Satzinger et al. [Sat+18],

Chan et al. [Cha+11], Chu et al. [Chu+17], Verhagen et al. [Ver+12], and Ghadimi et al. [Gha+18]. Adapted from Ref. [GS21].

[OCo+10]: O’Connell et al. (2010), ‘Quan-

tum ground state and single-phonon con-

trol of a mechanical resonator’, Nature

[Chu+18]: Chu et al. (2018), ‘Creation and

control of multi-phonon Fock states in a

bulk acoustic-wave resonator’, Nature

[Sat+18]: Satzinger et al. (2018), ‘Quan-

tum control of surface acoustic-wave

phonons’, Nature

[Bie+19]: Bienfait et al. (2019), ‘Phonon-

mediated quantum state transfer and re-

mote qubit entanglement’, Science

[Bil+23]: Bild et al. (2023), ‘Schrödinger

cat states of a 16-microgram mechanical

oscillator’, Science

[Gel+19]: Gely et al. (2019), ‘Observation

and stabilization of photonic Fock states

in a hot radio-frequency resonator’, Sci-

ence

[VML18]: Viennot et al. (2018), ‘Phonon

number sensitive electromechanics’,

Physical Review Letters

[Ma+21]: Ma et al. (2021), ‘Non-classical

energy squeezing of a macroscopic me-

chanical oscillator’, Nature Physics

Interfacing low-frequency mechanical systems with
superconducting qubits

Near-resonant coupling between a mechanical resonator and a super-

conducting circuit enables the coherent transfer and manipulation of

single phonons using circuit Quantum Electrodynamics (cQED) tech-

niques [OCo+10; Chu+18; Sat+18; Bie+19]. While GHz-frequency imple-

mentations have achieved macroscopically distinguishable mechanical

cats [Bil+23]. However, probing gravitational decoherence requires oper-

ation in the megahertz regime, which in turn demands a superconducting

circuit element with a comparably low resonant frequency.

Indirect and dispersive interfaces Early attempts to couple the two

systems were conducted in a regime where the qubit frequency signifi-

cantly exceeded that of the mechanical resonator. Steele et al. coupled a

200 MHz mechanical mode to a transmon via an RF cavity [Gel+19], while

Lehnert’s group detected 20 MHz drum phonons by dispersive coupling

to a Cooper-pair box at 4.6 GHz [VML18; Ma+21]. However, the CPB, co-

herence time ∼40 ns-limited by low-frequency charge noise—precludes

coherent phonon operations.

The heavy fluxonium solution A direct, resonant interface becomes

possible with the heavy fluxonium qubit [Ear+18; Zha+21]. As depicted

in Fig. 1.3, the circuit consists of a Josephson junction (energy 𝐸𝐽 ) shunted

https://www.nature.com/articles/nature08967
https://doi.org/10.1038/s41586-018-0717-7
https://www.nature.com/articles/s41586-018-0719-5
https://arxiv.org/abs/1903.05672
https://www.science.org/doi/10.1126/science.adf7553
https://arxiv.org/abs/1901.07267
https://arxiv.org/abs/1901.07267
http://arxiv.org/abs/1808.02673
https://arxiv.org/abs/2005.04260


1 Introduction 4

n >

φ >

φext

JE

LE

CE

Fig. 1.3: Lumped-element equivalent cir-
cuit of the fluxonium qubit. It consists

of a capacitor (𝐶), an inductor (𝐿), and

a Josephson junction (𝐽) connected in

parallel. The phase 𝜑̂ is the supercon-

ducting phase difference between the

left and right nodes. Depending on the

gauge choice, an additional phase offset

𝜑ext may be included in the Josephson-

junction or inductive terms.

[Ear+18]: Earnest et al. (2018), ‘Realiza-

tion of aΛ System with Metastable States

of a Capacitively Shunted Fluxonium’,

Physical Review Letters

[Zha+21]: Zhang et al. (2021), ‘Univer-

sal fast flux control of a coherent, low-

frequency qubit’, Physical Review X

[Naj+24]: Najera-Santos et al. (2024),

‘High-Sensitivity ac-Charge Detection

with a MHz-Frequency Fluxonium

Qubit’, Physical Review X

by a large capacitance (energy 𝐸𝐶) and a superinductor (energy 𝐸𝐿), with

𝐸𝐿 < 𝐸𝐶 ≪ 𝐸𝐽 . Its Hamiltonian, expressed in terms of the superconduct-

ing phase operator 𝝋 across the inductor and the dimensionless charge

operator 𝒏 on the capacitor, is

𝑯 = 4𝐸𝐶 𝒏2 − 𝐸𝐽 cos

(
𝝋 − 𝜑ext

)
+ 𝐸𝐿

2

𝝋2.

Here 𝜑ext is the externally applied flux bias. At half-flux bias (𝜑ext/2𝜋 =

0.5), 𝝋 and 𝒏 experience a double-well potential; the two lowest circuit

eigenstates are the symmetric and antisymmetric combinations of the

local ground states in each well. The tunneling rate varies exponentially

with the circuit parameters, such that the qubit splitting 𝜔𝑞 can be

experimentally reduced to a few megahertz. Previously, we have shown

that heavy fluxonium qubits are highly sensitive to charge modulations at

MHz frequencies, enabling the detection of charge fluctuations as small

as 33𝜇e/
√

Hz [Naj+24]. Thus, they are excellent candidates for capacitive

resonant coupling to an MHz-frequency mechanical membrane.

Resonant electromechanical coupling. In the project of this thesis

(Mecaflux), we have chosen to couple the fluxonium qubit to the first

antisymmetric mode of the mechanical membrane, as illustrated in

Fig. 1.4. The capacitive coupling is realized via a flip-chip assembly with a

small separation 𝑑 ≈ 2.5𝜇m and by applying a DC bias voltage 𝑉𝑏 to the

membrane. This coupling appears as an additional charge offset in the

fluxonium circuit, modulated by the mechanical displacement operator

𝑿 . One can show that, to first order in 𝑋/𝑋zpf, the coupling term is

𝐻coupling = 8𝐸𝐶
𝜕𝐶+𝑚
𝜕𝑋

𝑉𝑏
2𝑒

𝒏 𝑿 .

This linear coupling implies that the interaction between the fluxonium

qubit and the membrane resonator (with ladder operators 𝒂 and 𝒂†) is

described by the Jaynes–Cummings Hamiltonian,

𝑯 𝐽𝐶/ℏ = 𝜔𝑚 𝒂†𝒂 +
𝜔𝑞

2

𝝈𝑧 + 𝑖
Ω

2

(
𝝈− 𝒂† − 𝝈+ 𝒂

)
,

where the effective vacuum Rabi frequency Ω increases with the bias volt-

age𝑉𝑏 and decreases with the separation 𝑑, scaling asΩ ∝ 𝜔𝑞 𝑉𝑏 𝑋zpf/𝑑.

Earlier results in the group

A 1.8 MHz fluxonium qubit. The first fluxonium qubit from our group

exhibited a qubit transition at 1.8 MHz with a relaxation time 𝑇1 = 34 µs

and a dephasing time 𝑇∗
2
= 39 µs [Naj+24]. It was fabricated by a former

PhD student, B.-L. Najera-Santos. In this work, in which I was fully

involved during my second year of the PhD, we demonstrated the high

charge sensitivity of our qubit, 33 µe/

√
Hz. At that time, we demonstrated

that, in a hybrid electromechanical system where the membrane motion

would manifest as charge modulation on the qubit, the measured charge

sensitivity would, in principle, enable probing the membrane dynamics

with the qubit.

https://link.aps.org/doi/10.1103/PhysRevLett.120.150504
https://arxiv.org/abs/2002.10653
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007
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bV
+
-

d+X

J

L

qC

C (X)m
+ C (X)m

-

bC

gC gC

Φ₂+Φ₁/2

Φ₃

Φ₂–Φ₁/2

Fig. 1.4: Antisymmetric qubit-
membrane coupling circuit. Schematic

of a fluxonium qubit formed by a

Josephson junction 𝐽 in parallel with

an inductance 𝐿 and capacitance 𝐶𝑞 ,
bridging two nodes held at flux biases

𝜙2± 𝜙
1

2
. Each node is grounded through

a capacitance 𝐶𝑔 . An antisymmetric me-

chanical membrane mode—displaced

by ±𝑋 from its equilibrium separation

𝑑—serves as an electrode and couples

to both qubit nodes via capacitances

𝐶±𝑚(𝑋). The membrane node 𝜙3 is

biased by a DC voltage 𝑉𝑏 through a

coupling capacitor 𝐶𝑏 .

[Iva21]: Ivanov (2021), ‘Optimization

of silicon nitride membranes for hy-

brid superconducting-mechanical cir-

cuits’, Thesis

[Cap20]: Capelle (2020), ‘Electromechan-

ical cooling and parametric amplification

of an ultrahigh-Q mechanical oscillator’,

Thesis

[Sei+22]: Seis et al. (2022), ‘Ground state

cooling of an ultracoherent electrome-

chanical system’, Nature Communica-

tions

[Pat25]: Patange (2025), ‘RF Transduc-

tion in a DC-Biased Superconducting

Electromechanical System’, Thesis

1: I initially designed a softly-clamped

membrane with a first vibrational mode

at 5 MHz, but Patange’s experiment

showed that coupling to the symmetric

mechanical mode was not feasible due

to induced noise. Thus, to achieve cou-

pling to the antisymmetric mode, one

must redesign the phononic shield with

two defects, necessitating an additional

cycle of phononic crystal membrane fab-

rication and testing which could take

another year of development.

Softly-clamped mechanical membranes. Previously, Edouard Ivanov

and Thibault Capelle, in their PhD thesis [Iva21; Cap20], developed

a technique to fabricate silicon-nitride membranes in our group. Soft

clamping (to minimize the effect of the substrate) is achieved with

phononic patterning. It was demonstrated that these membranes can

achieve quality factors of around 𝑄 ∼ 10
7

at room temperature, given

thermal decoherence time sufficiently higher than the gravitational

decoherence time. During the first year of my PhD, I continued to

develop this technique: we tested different membrane designs inspired

by the work of Seis et al. [Sei+22], trying to maximize phononic shielding

of the central mode, and rebuilt the room-temperature measurement

setup.

To validate the electrostatic bias-coupling scheme, another PhD student,

Himanshu Patange [Pat25], who began his PhD the same year, inves-

tigated a simpler system: a 3 MHz mechanical resonator coupled to a

7 GHz LC circuit. This study validated key technological components

of the Mecaflux project—a flip-chip assembly process was established,

and a bias-line filtering was characterized to confirm the achievable

noise performance—informing the refined design presented in Chap. 5.

Although we initially focused on a softly clamped membrane to maximize

mechanical quality factors, Patange’s results showed that reaching this

goal would require another iteration of the phononic-crystal membrane

design
1
. Consequently, to simplify the microwave design, we chose to fo-

cus on square membranes, deferring softly-clamped membrane coupling

to future enhancements aimed at reaching the regime where thermal

coherence exceeds gravitational coherence.

Objectives of this work

Thus, during the first two years of my PhD, I worked on various aspects

of the Mecaflux project. Given all the successes and challenges briefly

described above, at the beginning of my third year, the main goal of my

PhD was established: to achieve resonant coupling between a mechanical

resonator operating at MHz frequencies (a square membrane) and a

superconducting qubit (a heavy fluxonium). This goal can be divided

into the following sub-objectives:

• Design a platform that couples a low-frequency heavy fluxonium

qubit with a mechanical membrane.

• Demonstrate, for the first time, resonant coupling between a MHz-

frequency mechanical resonator and a superconducting qubit.

• Probe the quantum motion of the mechanical oscillator.

• Identify the main technical bottlenecks and propose key improve-

ments to achieve stronger coupling in future iterations.

1.2 Outline of the thesis

This thesis is organized as follows. Chapter 2 introduces the theoretical

formalism used throughout the work, including the harmonic oscillator

https://theses.fr/2021SORUS546
https://theses.fr/2020SORUS045
https://arxiv.org/abs/2107.05552
https://arxiv.org/abs/2107.05552
https://theses.fr/s387081
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notation, nonlinear circuit elements, qubit description, and basic quan-

tum control techniques. Chapter 3 presents the fluxonium qubit—our

primary platform—providing physical intuition for its key parameters

and analysing its coupling to the environment. In Chapter 4, we describe

the design and properties of the square membrane that will later interact

with the qubit. Chapter 5 details the fluxonium chip layout and design

considerations, while Chapter 6 covers fabrication procedures and the

experimental setup.

The core experimental results begin in Chapter 7, where we report the ba-

sic characterization of the qubit. Chapter 8 explores the qubit–membrane

interaction in both the dispersive regime and the resonant regime with

a large (∼ 10
5

phonons) membrane coherent state. Chapter 9 presents

the main findings of this thesis: the quantum motion of the mechanical

resonator probed via its absorption and emission spectra. Finally, Chap-

ter 10 summarizes our conclusions, discusses the impact of our work,

and outlines potential improvements and future directions.

1.3 Publications

• B.-L. Najera-Santos, R. Rousseau, K. Gerashchenko, H. Patange,

A. Riva, M. Villiers, T. Briant, P. -F. Cohadon, A. Heidmann,

J. Palomo, M. Rosticher, H. le Sueur, A. Sarlette, W. C. Smith,

Z. Leghtas, E. Flurin, T. Jacqmin, S. Deléglise, High-Sensitivity ac-
Charge Detection with a MHz-Frequency Fluxonium Qubit, Phys. Rev. X

14, 011007 (2024)

• P. Manset, J. Palomo, A. Schmitt, K. Gerashchenko, R. Rousseau,

H. Patange, P. Abgrall, E. Flurin, S. Deléglise, T. Jacqmin, L. Balem-

bois, Hyperinductance based on stacked Josephson junctions, preprint,

arXiv:2505.02764 (2025)

• K. Gerashchenko*, R. Rousseau*, L. Balembois*, H. Patange, P. Manset,

W. C. Smith, Z. Leghtas, E. Flurin, T. Jacqmin, S. Deléglise, Prob-
ing the quantum motion of a macroscopic mechanical oscillator with
a radio-frequency superconducting qubit, preprint, arXiv:2505.21481
(2025)

• H. Patange, K. Gerashchenko, R. Rousseau, P. Manset, L. Balembois,

T. Capelle, S. Deléglise, T. Jacqmin, Cryogenic RF-to-Microwave
Transducer based on a DC-Biased Electromechanical System, preprint,

arXiv:2508.01066 (2025)

https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007
https://arxiv.org/abs/2505.02764
https://arxiv.org/abs/2505.21481
https://arxiv.org/abs/2508.01066


Quantum harmonic and
non-harmonic oscillators 2

The main goal of this thesis is to achieve quantum control of a mechanical

resonator. This chapter introduces the theoretical foundations of the

harmonic oscillator and the superconducting circuits used in this work,

as well as the formalism for describing the qubit.

Outline. This chapter begins with the classical harmonic oscillator

and its quantization, starting from the Lagrangian of the system and

moving to the Hamiltonian description—a framework used throughout

this thesis to derive system Hamiltonians. We then discuss the equally

spaced energy levels of the harmonic oscillator, illustrating the funda-

mental asymmetry introduced by the ladder operators – a key feature

that leads to the asymmetric spectrum measured in this work. Next, we

introduce the LC resonator and the Josephson junction, which introduce

nonlinearity and lift the degeneracy of the harmonic oscillator. We build

intuition for superconducting circuits using the transmon qubit as an

example, explaining its main features and limitations. We then introduce

the two-level system framework, which provides the main formalism

for describing the qubit throughout this thesis, including the Bloch

sphere representation of its state, the fundamentals of qubit control and

readout, decoherence times (𝑇1, 𝑇∗
2
), and basic experimental characteri-

zation sequences. Finally, this chapter concludes with an introduction

to the quantum electrodynamics framework, the primary formalism for

describing interactions between the qubit and harmonic oscillators (such

as LC resonators or mechanical membranes).

2.1 Quantum Harmonic Oscillator

In this section, we introduce the quantum harmonic oscillator by deriving

and quantizing the Hamiltonian of a mass–spring system, revealing

its equally spaced energy levels and zero–point fluctuations. We then

map this framework onto an LC circuit—identifying flux and charge as

conjugate variables—to prepare for the addition of nonlinearity in later

sections.

2.1.1 Hamiltonian of a Mechanical Oscillator

k
m

x
Fig. 2.1: Mechanical oscillator. A mass

𝑚 attached to a spring of stiffness 𝑘.

We begin with the simplest mechanical resonator: a mass 𝑚 attached

to a spring of stiffness 𝑘 (see Fig. 2.1). When displaced by 𝑋 from its

equilibrium position, the spring exerts a restoring force − 𝑘 𝑋 on the

mass. By definition, the kinetic energy 𝑇 is the energy of motion and

depends on the velocity
¤𝑋, 𝑇 = 1

2
𝑚 ¤𝑋2 , and the potential energy 𝑉

is stored in the spring, proportional to the displacement, 𝑉 = 1

2
𝑘 𝑋2

.
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Identifying these two energies, the Lagrangian 𝐿 = 𝑇 −𝑉 becomes

𝐿 = 1

2
𝑚 ¤𝑋2 − 1

2
𝑘 𝑋2 = 1

2
𝑚 ¤𝑋2 − 1

2
𝑚 𝜔2

𝑚 𝑋
2 , 𝜔2

𝑚 ≡
𝑘

𝑚
, (2.1)

where𝜔𝑚 denotes the mechanical oscillator’s natural angular frequency.

The momentum conjugate to 𝑋 is defined by

𝑃 ≡ 𝜕𝐿

𝜕 ¤𝑋
= 𝑚 ¤𝑋. (2.2)

achieving the common definition of momentum.

In classical mechanics, the equations of motion follow from the Eu-

ler–Lagrange equation:

𝑑

𝑑𝑡

(
𝑃
)
− 𝜕𝐿

𝜕𝑋
= 0 =⇒ 𝑚 ¥𝑋 + 𝑘 𝑋 = 0,

which simplifies to

¥𝑋 + 𝜔2

𝑚 𝑋 = 0.

The general solution is a simple harmonic motion,

𝑋(𝑡) = 𝑋0 sin

(
𝜔𝑚𝑡 + 𝜃

)
,

with arbitrary amplitude 𝑋0 and phase 𝜃.

To prepare for quantization, we switch to the Hamiltonian formalism,

treating 𝑋 and 𝑃 as independent canonical variables:

𝐻 = 𝑃 ¤𝑋 − 𝐿 =
𝑃2

2𝑚
+ 1

2
𝑚 𝜔2

𝑚 𝑋
2. (2.3)

Classically,𝐻 represents the total energy of the closed system. In quantum

mechanics, we promote 𝑋 and 𝑃 to operators 𝑿 and 𝑷 satisfying:

[𝑿 ,𝑷] = 𝑖ℏ, (2.4)

encoding the Heisenberg uncertainty principle: Δ𝑋 Δ𝑃 ≥ 1

2
ℏ. Since 𝑿

and 𝑷 no longer commute, 𝑃 = 𝑚 ¤𝑋 cannot be maintained and we cannot

define a classical trajectory using Euler-Lagrange equations. Instead, 𝑿
and 𝑷 are treated as independent canonical variables, and the dynamics

are encoded in the Hamiltonian

𝑯 =
𝑷2

2𝑚
+ 1

2
𝑚 𝜔2

𝑚 𝑿 2. (2.5)

To diagonalize 𝑯 , we define dimensionless ladder operators 𝒂, 𝒂†:

𝒂 =

√
𝑚𝜔𝑚

2ℏ
𝑿 + 𝑖

√
1

2𝑚ℏ𝜔𝑚
𝑷 , 𝒂† =

√
𝑚𝜔𝑚

2ℏ
𝑿 − 𝑖

√
1

2𝑚ℏ𝜔𝑚
𝑷.

(2.6)

They satisfy

[𝒂 , 𝒂†] = 1. (2.7)
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a = n√>

a+ = n+1√>

Fig. 2.2: Illustration of the ladder oper-
ators 𝒂 and 𝒂† acting on the state |𝑛⟩.

1: 𝑵 is positive definite, i.e.

⟨𝜓|𝒂†𝒂|𝜙⟩ = ∥𝒂 |𝜓⟩ ∥2 ≥ 0.

Hence, the eigenvalues of 𝑵 are all

greater than or equal to zero. Denoting

by |𝜆⟩ an eigenvector of 𝑵 with eigen-

value 𝜆 > 0, and using the commutation

relation [𝑵 , 𝒂] = −𝒂, we obtain

𝑵 𝒂 |𝜆⟩ =
(
[𝑵 , 𝒂]+𝒂 𝑵

)
|𝜆⟩ = (𝜆−1) 𝒂 |𝜆⟩ .

In other words, 𝒂 |𝜆⟩ is an eigenvector of

𝑵 with eigenvalue 𝜆 − 1, unless 𝜆 = 0,

in which case 𝒂 |𝜆⟩ = 0. We can then

prove by contradiction that 𝜆 must be

an integer: starting from a state |𝜆⟩ with

non-integer 𝜆, repeated application of 𝒂
lowers the eigenvalue by one each time,

eventually producing a negative eigen-

value, which is impossible. The only way

to terminate this descending ladder is to

reach the state |0⟩ with eigenvalue 0; this

happens only if 𝜆 ∈ ℕ. Similarly, using

the commutation relation [𝑵 , 𝒂†] = 𝒂†,
one shows that 𝒂† |𝜆⟩ is an eigenvector

of 𝑵 with eigenvalue 𝜆 + 1. Hence, by

repeated application of 𝒂†, one generates

an infinite ladder of eigenstates called

Fock states {|𝑛⟩} = 𝒂†𝑛 |0⟩ /
√
𝑛!, with

positive integer eigenvalues.

2: Since 𝒂 |𝑛⟩ is an eigenvector of 𝑵
with eigenvalue 𝑛 − 1, 𝒂 |𝑛⟩ ∝ |𝑛 − 1⟩.
To find the normalization factor, one can

evaluate the norm

∥𝒂 |𝑛⟩ ∥2 = ⟨𝑛|𝑵 |𝑛⟩ = 𝑛.

Similarly, one can show an analogous

relation for 𝒂† |𝑛⟩.

>|0> E=hω/2

>| 1> E=3hω/2

>|2> E=5hω/2

Fig. 2.3: Illustration of the first energy
levels of the harmonic oscillator.

Inverting gives

𝑿 =

√
ℏ

2𝑚𝜔𝑚
(𝒂 + 𝒂†), 𝑷 = − 𝑖

√
ℏ𝑚𝜔𝑚

2

(𝒂 − 𝒂†). (2.8)

Substituting into Eq. 2.3 yields the quantum Hamiltonian

𝑯 = ℏ𝜔𝑚

(
𝒂†𝒂 + 1

2

)
. (2.9)

This finding deserves particular attention, as any system whose Hamil-

tonian is quadratic in 𝑿 and 𝑷 can be mapped onto such harmonic

oscillator Hamiltonian. In particular, this form applies directly to the LC

circuit (with flux playing the role of 𝑋 and charge playing the role of 𝑃),

as will be shown later.

2.1.2 Energy Spectrum and Zero–Point Fluctuations

The diagonal form of the harmonic oscillator Hamiltonian (Eq. 2.9) can

be used to calculate the Harmonic oscillator spectrum. Indeed, following

Dirac’s elegant argument
1
, one shows that the number operator 𝑵 = 𝒂†𝒂

must have integer eigenvalues purely from algebraic considerations

based on the commutation relation [𝒂 , 𝒂†] = 1. Let’s denote by {|𝑛⟩}
the orthonormal eigenbasis of 𝑵 , with 𝑵 |𝑛⟩ = 𝑛 |𝑛⟩, 𝑛 = 0, 1, 2, .... The

ladder operators then satisfy
2

𝒂 |𝑛⟩ =
√
𝑛 |𝑛 − 1⟩ , 𝒂† |𝑛⟩ =

√
𝑛 + 1 |𝑛 + 1⟩ (2.10)

Applying Eq. 2.9 to |𝑛⟩ gives

𝑯 |𝑛⟩ = ℏ𝜔𝑚

(
𝑛 + 1

2

)
|𝑛⟩ , (2.11)

so the energy eigenvalues are

𝐸𝑛 = ℏ𝜔𝑚

(
𝑛 + 1

2

)
, with 𝑛 ∈ ℕ. (2.12)

These energy eigenvalues form an evenly spaced “ladder” with spacing

ℏ𝜔𝑚 , as is illustrated in Fig. 2.3. Although the lowest point of the potential

parabola is at zero, the lowest energy level of the harmonic oscillator,

𝐸0 = 1/2 ℏ𝜔𝑚 , is nonzero and represents the zero-point energy. This

gives rise to intrinsic zero-point fluctuations in position and momentum:

𝑥2

zpf
≡ ⟨0|𝒙2|0⟩ , 𝑝2

zpf
≡ ⟨0|𝒑2|0⟩ ,

with

𝑥zpf =

√
ℏ

2𝑚𝜔𝑚
, 𝑝zpf =

√
ℏ𝑚𝜔𝑚

2

. (2.13)

This quantization and spectrum discussion is fundamental to any har-

monic oscillator. Since every transition |𝑛⟩ → |𝑛 ± 1⟩ occurs at the
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view Letters
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eration’, Nature Nanotechnology
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onator’, Physical Review B

L

C

IV

Fig. 2.4: Electrical circuit of the LC-
resonator. It consists of a capacitor (C)

and an inductor (L) connected in parallel.

same frequency 𝜔𝑚 , individual transitions cannot be addressed selec-

tively, precluding quantum control. Breaking this symmetry requires

introducing a suitable nonlinearity into the system. In mechanical imple-

mentations, however, realizations of such nonlinear elements [Som+25;

Bag+11; Asa+17] requires large motion amplitudes that are much greater

than the zero-point fluctuations. In the following, we therefore turn to

nonlinear platforms—where quantum control is well established—and

show how coupling a harmonic oscillator to these nonlinear systems

enables probing of its quantum dynamics. By the end of this work, we will

present experimental results demonstrating the intrinsic asymmetry of

the ladder operators Eq. 2.10: the emission amplitude |𝑛⟩ → |𝑛 − 1⟩ scales

as

√
𝑛, while the absorption amplitude |𝑛⟩ → |𝑛 + 1⟩ scales as

√
𝑛 + 1.

This asymmetry reveals the quantum character of the harmonic oscillator.

To quantify it explicitly, we introduce the spectral noise density.

2.1.3 LC Quantum Harmonic Oscillator

As outlined in the introduction, we couple the mechanical oscillator

to an electrical resonator. The simplest version of such a resonator is

the LC circuit—the fundamental building block of superconducting

qubits—which consists of a capacitor 𝐶0 and an inductor 𝐿0 in parallel

(see Fig. 2.4). This single–degree–of–freedom circuit can be described

either by its voltage 𝑉(𝑡) or equivalently by its current 𝐼(𝑡). In circuit

quantum electrodynamics (cQED), however, it is more natural to use

the magnetic flux Φ through the inductor and the electric charge 𝑄 on

the capacitor as the canonical conjugate variables. These are related by

Faraday’s law and charge conservation:

𝑉(𝑡) = ¤Φ(𝑡), 𝐼(𝑡) = − ¤𝑄(𝑡). (2.14)

By definition, the capacitance and inductance satisfy

𝐶0 =
𝑄

𝑉
=
𝑄

¤Φ
=⇒ ¤Φ =

𝑄

𝐶0

,

𝐿0 =
Φ

𝐼
= −Φ¤𝑄

=⇒ ¤𝑄 = − Φ

𝐿0

.

(2.15)

The Lagrangian is given by the difference between the kinetic and

potential energy:

𝐿 = 𝑇 −𝑈 =

∫ 𝑄

0

𝑉𝑑𝑄′ −
∫ Φ

0

𝐼𝑑Φ′.

Hence, the Lagrangian expressed in the flux variable Φ is

𝐿 =
1

2

𝐶0
¤Φ2 − 1

2

Φ2

𝐿0

. (2.16)

From this Lagrangian, the momentum conjugate to Φ follows directly:

𝜕𝐿

𝜕 ¤Φ
= 𝐶0

¤Φ ≡ 𝑄, (2.17)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.134.203604
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.134.203604
https://arxiv.org/abs/1109.4681
https://link.aps.org/accepted/10.1103/PhysRevB.96.115306
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Tab. 2.1: Mechanical-electrical harmonic

oscillator analogy.

Mechanical LC

𝒙 ←→ 𝚽

𝒑 ←→ 𝑸

𝑚 ←→ 𝐶0

𝑘 ←→ 1/𝐿0

confirming that 𝑄 and Φ form a canonical pair. Equivalently, one may

formulate a dual Lagrangian in terms of 𝑄. Using the Euler–Lagrange

equation applied to the Lagrangian above, the circuit equations of motion

admit the harmonic solutions

Φ(𝑡) = Φ0 sin(𝜔0𝑡 + 𝜃),

𝑄(𝑡) = 𝐶0
¤Φ(𝑡) = Φ0 𝐶0 𝜔0 cos(𝜔0𝑡 + 𝜃) = Φ0

𝑍0

cos(𝜔0𝑡 + 𝜃),
(2.18)

where we have introduced the resonance frequency and characteristic

impedance,

𝜔0 ≡
1√
𝐿0𝐶0

, 𝑍0 ≡
√
𝐿0

𝐶0

. (2.19)

Having identified these constants, we perform the Legendre transforma-

tion to obtain the classical Hamiltonian in the conjugate variables Φ and

𝑄, and apply Dirac quantization by promoting them to operators. The

resulting Hamiltonian in the flux and charge variables, which satisfies

the commutation relation [𝚽,𝑸] = 𝑖ℏ, is

𝑯 =
𝑸2

2𝐶0

+ 𝚽2

2𝐿0

=
𝜔0

2

(
𝑍0 𝑸2 + 1

𝑍0

𝚽2

)
. (2.20)

This form is directly analogous to the mechanical oscillator Hamiltonian

described earlier, with 𝑄 playing the role of momentum and Φ that of

position; 𝐶0 corresponds to mass and 1/𝐿0 to the spring constant.

We then define the dimensionless ladder operators

𝒄 =

√
1

2ℏ𝑍0

𝚽 + 𝑖
√
𝑍0

2ℏ
𝑸 , 𝒄† =

√
1

2ℏ𝑍0

𝚽 − 𝑖
√
𝑍0

2ℏ
𝑸 , (2.21)

which satisfy

[𝒄, 𝒄†] = 1 . (2.22)

Inverting Eq. 2.21 gives

𝚽 = Φzpf(𝒄 + 𝒄†), 𝑸 = −𝑖𝑄zpf(𝒄 − 𝒄†), (2.23)

with Φzpf ≡
√

ℏ𝑍0

2

𝑄zpf ≡
√

ℏ

2𝑍0

.

Substituting back into the Hamiltonian (2.20) yields the standard quan-

tum harmonic oscillator Hamiltonian,

𝑯 = ℏ𝜔0

(
𝒄†𝒄 + 1

2

)
. (2.24)

As discussed in Sec. 2.1.2, this Hamiltonian supports an equidistant energy

spectrum and therefore does not permit selective quantum control. To

break this symmetry, one must introduce a nonlinear circuit element. In

the following section, we introduce the Josephson junction and show

how its nonlinearity enables the construction of a qubit.
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Superconductor

Superconductor

Insulator

CP

Fig. 2.5: Illustration of a Josephson junc-
tion that consists of an insulating bar-

rier between two superconducting elec-

trodes. Cooper pairs can tunnel through

this barrier.

[Jos62]: Josephson (1962), ‘Possible new

effects in superconductive tunnelling’,

Physics Letters

2.2 Josephson junction: The key non-linear
element

In 1962, during his PhD, B. Josephson predicted that a dissipationless

supercurrent of Cooper pairs can tunnel through a thin insulating

barrier between two superconductors, even when the normal-state single-

electron transmission is negligible (see Fig. 2.5). This supercurrent is

driven by the superconducting phase difference 𝜑 = 𝜑2−𝜑1 between the

two superconducting electrodes and is proportional to the normal-state

tunnel conductance of the junction [Jos62]. Josephson’s work led to the

celebrated Josephson relations, which determine the electrical behavior

of such junctions:

𝐼 = 𝐼𝑐 sin

(
𝜑
)
,

𝜕𝜑

𝜕𝑡
=

2𝑒

ℏ
𝑉 =

𝑉

𝜙0

,
(2.25)

where 𝐼 and 𝑉 are the junction current and voltage, respectively and

Φ0 =
ℎ

2𝑒
, 𝜙0 =

Φ0

2𝜋
=

ℏ

2𝑒

is the (reduced) flux quantum. 𝐼𝑐 is the critical current of Cooper pairs

through the junction,

𝐼𝑐 =
𝜋Δ

2𝑒 𝑅𝑁
, (2.26)

Here, Δ is the Bardeen–Cooper–Schrieffer (BCS) gap energy of the

superconducting electrodes, and 𝑅𝑁 is the normal-state resistance of the

junction. The resistance 𝑅𝑁 varies with the oxidation-layer thickness,

which can be tuned during fabrication, and is inversely proportional to

the junction area, set by the design.

Since 𝑉 = ¤Φ, Eq. 2.25 allow us to define the phase across the junction as

a function of the flux

𝜑 =
Φ

𝜙0

. (2.27)

This dimensionless phase 𝜑 will be our preferred dynamical variable for

describing the circuit. To determine the energy stored in the Josephson

junction, we first differentiate the current–phase relation Eq. 2.25 with

respect to time:

𝑑𝐼

𝑑𝑡
=
𝑑𝐼

𝑑𝜑

𝑑𝜑

𝑑𝑡
= 𝐼𝑐 cos

(
𝜑
)
¤𝜑 =

𝐼𝑐

𝜙0

cos

(
𝜑
)
𝑉. (2.28)

Comparing with the inductor relation 𝑑𝐼/𝑑𝑡 = 𝑉/𝐿, we identify the

phase-dependent Josephson inductance

𝐿(𝜑) =
𝜙0

𝐼𝑐 cos 𝜑
≡ 𝐿𝐽

1

cos 𝜑
, 𝐿𝐽 =

𝜙0

𝐼𝑐
, (2.29)

showing that the Josephson junction behaves as a non-linear inductor.

For small phase excursions 𝜑 ≪ 1, using Eq. 2.25 gives

𝐿(𝜑) ≈ 𝐿𝐽
(
1 + 1

2

𝜑2

)
≈ 𝐿𝐽

(
1 + 1

2

𝐼2

𝐼2

𝑐

)
. (2.30)

https://www.sciencedirect.com/science/article/pii/0031916362913690
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Fig. 2.6: Electrical circuit of the trans-
mon qubit. It consists of a capacitor with

energy𝐸𝐶 and a Josephson junction with

energy 𝐸𝐽 connected in parallel. Addi-

tionally, it is shunted by a gate capacitor

𝐶𝑑 , biased at 𝑉𝑑 , which tunes the offset

charge 𝑛𝑑 .

Thus, in the weak-current regime 𝐼 ≪ 𝐼𝑐 , the 𝜑2
correction is negligible

and the junction behaves as a linear inductance 𝐿𝐽 . The ratio 𝐼/𝐼𝑐 can

be tuned by adjusting the junction size. In this work, we exploit both

regimes of the Josephson junction: we use small junctions, for which the

phase excursions are large, to add anharmonicity to the circuit—lifting

the equidistant spacing of the oscillator spectrum and enabling quantum

control; and we use large junctions, for which the phase excursions are

small, to realize a typical linear inductance 𝐿𝐽 .

Finally, the Josephson energy follows from

𝐸 =

∫ 𝑡

−∞
𝑉(𝑡′) 𝐼(𝑡′) 𝑑𝑡′ = 𝜙0𝐼𝑐

∫ 𝑡

−∞
¤𝜑 sin 𝜑 𝑑𝑡′, (2.31)

giving the energy stored in the junction

𝐸 = −𝜙0𝐼𝑐 cos 𝜑 = −𝐸𝐽 cos 𝜑, 𝐸𝐽 ≡ 𝜙0𝐼𝑐 =
𝜙2

0

𝐿𝐽
=

Φ0𝐼𝑐

2𝜋
. (2.32)

In the next section, we will embed this Josephson junction into a super-

conducting circuit, quantize the phase 𝜑, derive its Hamiltonian, and

thereby reveal how the junction’s nonlinearity introduces anharmonicity

into the energy spectrum.

2.3 The Transmon Qubit: Weakly anharmonic
oscillator

As we have seen, the Josephson junction provides a dissipationless

nonlinear element essential for building anharmonic oscillators. The

Cooper–pair box (CPB) is the simplest such implementation. In this

section, we derive the CPB Hamiltonian and show how its pronounced

sensitivity to gate-charge noise leads to rapid dephasing. We then intro-

duce the transmon regime, in which charge fluctuations are exponentially

suppressed while the spectrum retains sufficient anharmonicity for qubit

operation.

2.3.1 Cooper-pair box

The Cooper–pair box (CPB) is the simplest superconducting qubit, ex-

ploiting the nonlinearity of a Josephson junction. Its circuit (see Fig. 2.6)

comprises a superconducting island connected to ground via a Josephson

junction (with energy 𝐸𝐽) and a capacitance 𝐶𝐽 , and coupled to a gate

voltage 𝑉𝑑 through a gate capacitance 𝐶𝑑. Using the node flux Φ (with

𝜑 = Φ/𝜙0), the Lagrangian reads

𝐿 =
𝐶𝐽

2

¤Φ2 + 𝐶𝑑
2

( ¤Φ −𝑉𝑑 )2 + 𝐸𝐽 cos

(
Φ

𝜙0

)
. (2.33)
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The conjugate charge is

𝑄 =
𝜕𝐿

𝜕 ¤Φ
= 𝐶Σ

¤Φ − 𝐶𝑑 𝑉𝑑 , 𝐶Σ = 𝐶𝐽 + 𝐶𝑑 .

Performing the Legendre transform and discarding an overall constant

gives the following Hamiltonian:

𝐻 =

(
𝑄 + 𝐶𝑑𝑉𝑑

)
2

2𝐶Σ

− 𝐸𝐽 cos

(
𝜑
)
. (2.34)

Promoting Φ → 𝚽, 𝑄 → 𝑸 with [𝚽,𝑸] = 𝑖ℏ, and introducing the

dimensionless operators

𝒏 ≡ 𝑸
2𝑒
, 𝑛𝑑 ≡ −

𝐶𝑑𝑉𝑑
2𝑒

, 𝐸𝐶 ≡
𝑒2

2𝐶Σ

, [𝝋, 𝒏] = 𝑖 , (2.35)

we obtain the standard CPB Hamiltonian:

𝑯CPB = 4𝐸𝐶 (𝒏 − 𝑛𝑑)2 − 𝐸𝐽 cos

(
𝝋

)
. (2.36)

Here 𝒏 denotes the excess Cooper pairs on the junction electrodes,

and 𝑛𝑑 is the gate-induced offset charge. In the charge-qubit regime

𝐸𝐽/𝐸𝐶 ≪ 1, the spectrum depends strongly on 𝑛𝑑; thus fluctuations of

𝑛𝑑 translate directly into qubit-frequency noise and rapid dephasing

(for example, pure-dephasing times 𝑇∗
2

are often limited to tens of

nanoseconds [NPT99]). Although one can operate at the charge “sweet

spot” 𝑛𝑑 = 0.5, where the qubit frequency is first-order insensitive

to 𝑛𝑑
(
𝜕𝜔𝑞/𝜕𝑛𝑑 = 0

)
, maintaining this bias is difficult. Higher-order

effects of the 1/ 𝑓 noise or quasiparticle poisoning further destabilize the

operating point[Ith+05; Koc+07]. For instance, quasiparticles—essentially

unpaired electrons in the superconductors—tunnel stochastically across

the junctions, switching the island parity and shifting the offset charge

by ±0.5[Fer+06; Ris+13]. This acute charge sensitivity motivates the

use of the low-impedance, or heavy, version of this qubit, in which

𝐸𝐽/𝐸𝐶 ≫ 1 [Koc+07], greatly reducing the dependence of the spectrum

on 𝑛𝑑 and thereby enhancing coherence. This heavy version of the

Cooper-pair box is the celebrated transmon qubit.

2.3.2 Transmon Hamiltonian

In the transmon regime [Koc+07], where 𝐸𝐽 ≫ 𝐸𝐶 , charge dispersion

is exponentially suppressed, making the energy levels essentially inde-

pendent of 𝑛𝑑 and allowing us to neglect any static offset charge. We set

𝑛𝑑 = 0 without loss of generality, leading to the transmon Hamiltonian

𝑯 transmon = 4𝐸𝐶 𝒏2 − 𝐸𝐽 cos

(
𝝋

)
. (2.37)

In the limit 𝐸𝐽/𝐸𝐶 ≫ 1, the Josephson potential energy dominates the

charging (kinetic) energy, localizing the phase (position-like) coordinate

𝜑 near zero with small fluctuations. This permits us to expand the

potential around 𝜑 = 0. We introduce the canonical ladder operators 𝒄

https://arxiv.org/abs/cond-mat/9904003
https://arxiv.org/abs/cond-mat/9904003
https://arxiv.org/abs/cond-mat/0508588
http://arxiv.org/abs/cond-mat/0703002
https://arxiv.org/abs/cond-mat/0604403
https://arxiv.org/abs/1212.5459
http://arxiv.org/abs/cond-mat/0703002
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1: Expanding the commutator leads to

[𝜑
zpf
(𝒄+𝒄†),−𝑖𝑁

zpf
(𝒄−𝒄†)] = 2𝑖 𝜑

zpf
𝑁

zpf
,

so requires 𝜑
zpf
𝑁

zpf
= 1

2
.

2: Note that, by omitting constant terms,

the origin of our energy scale is shifted:

the energy zero no longer coincides with

the potential minimum, and the typical

ground-state energy ℏ𝜔/2 is therefore

excluded.

and 𝒄† via

𝝋 = 𝜑zpf (𝒄 + 𝒄†), 𝒏 = − 𝑖 𝑁zpf (𝒄 − 𝒄†), [𝒄, 𝒄†] = 1. (2.38)

Here, zero-point amplitudes

𝜑zpf =

(
2𝐸𝐶

𝐸𝐽

)
1/4
, 𝑁zpf =

1

2

( 𝐸𝐽
2𝐸𝐶

)
1/4

are chosen so that the quadratic part of Eq. 2.37 reproduces a harmonic

oscillator of frequency 𝜔𝑞 =
√

8𝐸𝐶𝐸𝐽/ℏ , and the commutation relation

[𝝋, 𝒏] = 𝑖 holds
1
. Substituting (2.38) into (2.37) and expanding the cosine

to fourth order,

−𝐸𝐽 cos(𝝋) ≈ −𝐸𝐽
(
1 − 1

2
𝝋2 + 1

24
𝝋4

)
= −𝐸𝐽 + 1

2
𝐸𝐽𝜑

2

zpf
(𝒄 + 𝒄†)2 −

𝐸𝐽𝜑4

zpf

24
(𝒄 + 𝒄†)4.

Discarding the constant terms and adding the kinetic term 4𝐸𝐶𝒏2
gives

𝑯 = ℏ𝜔𝑞𝒄†𝒄 −
𝐸𝐶

12

(
𝒄 + 𝒄†

)
4 + · · ·

where omitted terms are higher-order in 𝜑2

zpf
∼ (𝐸𝐶/𝐸𝐽)1/2. Applying the

rotating-wave approximation (keeping only number-conserving quartic

terms) yields the transmon Hamiltonian in terms of ladder operators:

𝑯 transmon = ℏ𝜔𝑞 𝒄†𝒄︸  ︷︷  ︸
harmonic

oscillator

− 𝐸𝐶
2

𝒄†2𝒄2︸    ︷︷    ︸
Kerr

nonlinearity

. (2.39)

The last term represents the Kerr nonlinearity, by analogy with the

optical Kerr effect discovered by John Kerr. In nonlinear optics, the Kerr

effect manifests as an intensity-dependent refractive index; here, the

quartic term corresponds to an effective photon–photon interaction that

gradually reduces the spacing between adjacent energy levels as the

excitation number increases..

2.3.3 Energy Levels and Anharmonicity of the Transmon

The quartic term 𝒄†2𝒄2
introduces a weak anharmonicity in the spectrum.

Starting from the transmon Hamiltonian in (2.39), the eigenenergies

associated with the Fock basis {|𝑛⟩} are
2

𝐸𝑛 = ⟨𝑛|𝑯 transmon|𝑛⟩ = ℏ𝜔𝑞 𝑛 −
𝐸𝐶

2

𝑛(𝑛 − 1), 𝑛 ∈ ℕ. (2.40)

Hence the transition frequency between levels |𝑛⟩ → |𝑛 + 1⟩ is

𝜔𝑛+1,𝑛 =
𝐸𝑛+1 − 𝐸𝑛

ℏ
= 𝜔𝑞 −

𝐸𝐶

ℏ
𝑛.
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Fig. 2.7: Transmon spectrum. The first

four energy levels of the transmon qubit

are shown with their corresponding

wavefunctions. The energy levels are la-

beled by the Fock states |𝑛⟩, and the

transition frequencies 𝜔𝑛,𝑛−1 between

adjacent levels are indicated. In both sub-

plots, 𝐸𝐽/ℎ = 10 GHz is held constant.

[Koc+07]: Koch et al. (2007), ‘Charge in-

sensitive qubit design derived from the

Cooper pair box’, Physical Review A

[Sch+08]: Schreier et al. (2008), ‘Suppress-

ing charge noise decoherence in super-

conducting charge qubits’, Physical Re-

view B

In particular, 𝜔10 = 𝜔𝑞 , 𝜔21 = 𝜔𝑞 − 𝐸𝐶
ℏ

. The anharmonicity is defined

as

𝛼 = 𝜔21 − 𝜔10 = − 𝐸𝐶
ℏ

< 0, (2.41)

quantifying the non-uniform level spacing that enables selective qubit

control (see Fig. 2.7).

We can intuitively understand the behavior of the system in this potential

by recalling an earlier point: in LC circuits, the capacitance 𝐶 is analogous

to the mass of a particle confined in a potential well (Sec. 2.1.3). Similarly,

here the charging energy term 4𝐸𝐶𝒏2
plays the role of kinetic energy

in the phase basis. Reducing 𝐸𝐶 increases the effective mass, thereby

confining the modes more tightly within the potential well.

To make this intuition quantitative, we estimate how the number of bound

states scales with the circuit parameters. Ignoring the anharmonicity

for a moment, we estimate the energy level spacing as 𝜔𝑞 =
√

8𝐸𝐶𝐸𝐽/ℏ.
Then, the number of energy levels localized in the central well can be

roughly estimated by dividing the well depth (∼ 2𝐸𝐽 ) by this characteristic

spacing, yielding the scaling

𝑁levels ∝
√
𝐸𝐽/𝐸𝐶 .

This implies that the number of bound states increases either by deepening

the well (increasing 𝐸𝐽) or by increasing the effective mass (decreasing

𝐸𝐶). In Fig. 2.7, we illustrate this effect by varying the ratio 𝐸𝐽/𝐸𝐶 while

keeping 𝐸𝐽 constant, showing the confinement of wavefunctions in the

potential well.

In typical transmons with 𝐸𝐽/𝐸𝐶 ∼ 50 and 𝐸𝐽 ∼ 10 GHz, one finds

𝜔𝑞/2𝜋 ∼ 3.8 GHz, |𝛼|/2𝜋 ∼ 230 MHz,
|𝛼|
𝜔𝑞
∼ 6%.

The transmon qubit, by operating in the regime 𝐸𝐽/𝐸𝐶 ≫ 1, achieves a

remarkable suppression of charge dispersion and correspondingly long

coherence times [Koc+07; Sch+08]. However, its small anharmonicity

makes it practically impossible to lower the transition frequency into

the MHz range while preserving the ability to control and read out the

qubit state using standard circuit QED techniques. Despite the fabrication

challenges, at a transition frequency of 4 MHz with 6% anharmonicity

(|𝛼|/2𝜋 ≈ 240 kHz), qubit control pulses must have durations of at least

10 𝜇s to avoid leakage into higher others levels. Also, readout via a

nearly resonant 𝜆/4 coplanar-waveguide resonator at 4 MHz entails

a transmission line of about ∼ 15 m , which is impractically long for

standard circuit QED setups.

Before proceeding, our aim is to understand the basic principles of

coherent control of a harmonic resonator. In the following, we re-

view the two-level formalism and the standard circuit QED (cQED)

framework—treating qubits as two-level systems coupled to bosonic

resonators—which provides the essential language and tools for coherent

quantum control throughout this work.

http://arxiv.org/abs/cond-mat/0703002
https://arxiv.org/abs/0712.3581
https://arxiv.org/abs/0712.3581
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1: For an arbitrary qubit state𝛼 |0⟩+𝛽 |1⟩,
the Pauli operators act as follows:

• 𝜎𝑥 : Bit-flip - rotation about the 𝑥–axis

on the Bloch sphere.

𝜎𝑥
(
𝛼 |0⟩ + 𝛽 |1⟩

)
= 𝛼 |1⟩ + 𝛽 |0⟩

• 𝜎𝑦 : Bit-flip plus phase — rotation

about the 𝑦–axis on the Bloch sphere.

𝜎𝑦
(
𝛼 |0⟩ + 𝛽 |1⟩

)
= 𝑖𝛽 |0⟩ − 𝑖𝛼 |1⟩

• 𝜎𝑧 : Phase-flip — leaves |0⟩ un-

changed, flips the sign of |1⟩.

𝜎𝑧
(
𝛼 |0⟩ + 𝛽 |1⟩

)
= −𝛼 |0⟩ + 𝛽 |1⟩

• 𝜎+: Raising/excitation — promotes

|0⟩ → |1⟩.

𝜎+
(
𝛼 |0⟩ + 𝛽 |1⟩

)
= 𝛼 |1⟩

• 𝜎−: Lowering/decay — demotes

|1⟩ → |0⟩.

𝜎−
(
𝛼 |0⟩ + 𝛽 |1⟩

)
= 𝛽 |0⟩

2.4 Two-Level System and basic manipulations

As we have just seen in the transmon qubit example, incorporating a

Josephson junction into a superconducting circuit produces an intrinsi-

cally anharmonic energy spectrum. This anharmonicity is the key enabler

for defining an effective two-level system (TLS): by choosing two eigen-

states whose transition frequency is well separated from all others, one

can isolate those levels as a qubit basis. Consequently, a selected |𝑖⟩↔|𝑗⟩
transition can be driven with high fidelity, while all other levels stay far

off-resonant and decoupled from qubit operations. In this section, we

develop the minimal theoretical framework for such an anharmonically

isolated two-level system and introduce the Bloch-sphere representation

as our primary tool for visualizing and manipulating the qubit state.

2.4.1 Pure State

An arbitrary pure state of a two-level system can be expressed in the

computational basis {|0⟩ , |1⟩} as

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ , 𝛼, 𝛽 ∈ ℂ, |𝛼|2 + |𝛽|2 = 1. (2.42)

Here, 𝛼 and 𝛽 are complex probability amplitudes, with |𝛼|2 and |𝛽|2
giving the probabilities of finding the system in |0⟩ or |1⟩, respectively. It

can be shown that any such state can be parametrized using spherical

coordinates as

|𝜓⟩ = cos

(𝜃
2

)
𝑒+𝑖𝜙/2 |0⟩ + sin

(𝜃
2

)
𝑒−𝑖𝜙/2 |1⟩ ,

0 ≤ 𝜃 ≤ 𝜋, 0 ≤ 𝜙 < 2𝜋.

(2.43)

which represents a point on a unitary sphere, called the Bloch sphere.

Projecting the full Hamiltonian 𝑯 onto the two-level subspace spanned

by {|0⟩ , |1⟩} defines the qubit transition frequency 𝜔𝑞 (cf. Eq. 2.44):

⟨0|𝑯 |0⟩ = 0, ⟨1|𝑯 |1⟩ = ℏ𝜔𝑞 , ⟨0|𝑯 |1⟩ = ⟨1|𝑯 |0⟩ = 0. (2.44)

In matrix form, adopting the convention |0⟩ = (1, 0)𝑇 and |1⟩ = (0, 1)𝑇 ,

the truncated two-level subspace inherits an SU(2) structure, so that any

operator on this space can be decomposed in the Pauli basis:
1

𝝈𝑥 =

(
0 1

1 0

)
, 𝝈𝑦 =

(
0 𝑖

−𝑖 0

)
, 𝝈𝑧 =

(
−1 0

0 1

)
, 𝑰 =

(
1 0

0 1

)
𝝈+ =

1

2

(
𝝈𝑥 + 𝑖𝝈𝑦

)
=

(
0 0

1 0

)
, 𝝈− =

1

2

(
𝝈𝑥 − 𝑖𝝈𝑦

)
=

(
0 1

0 0

) (2.45)

The operators 𝜎𝑥 and 𝜎𝑦 generate bit flips about the 𝑥- and 𝑦-axes

of the Bloch sphere, respectively, while 𝜎𝑧 induces a phase flip. The

ladder operators 𝝈+ and 𝝈− serve as the analogues of the creation and

annihilation operators, respectively: 𝝈+ ↔ 𝒂† and 𝝈− ↔ 𝒂. Their action
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on the computational basis is simply

𝝈+ |0⟩ = |1⟩ , 𝝈− |1⟩ = |0⟩ . (2.46)

Finally, projecting 𝑯 into this truncated basis and discarding an inconse-

quential constant offset yields the compact Hamiltonian of the two-level

system:

𝑯 =
ℏ𝜔𝑞

2

𝝈𝑧 . (2.47)

This concise Pauli-matrix form captures the essential dynamics of the

qubit whenever higher excited levels remain far off-resonant, unifying

the description across different physical implementations. Its validity,

however, rests on truncating the full Hilbert space to the selected pair

of levels and ensuring that any intrinsic or drive-induced coupling

between selected levels and all other modes remains much weaker than

the corresponding energy detunings, thereby suppressing leakage and

preserving faithful two-level behavior.

2.4.2 Mixed State and Density Matrix

In realistic settings, a two-level system may not occupy a single pure

state but rather a statistical ensemble of states. Such a mixture cannot

be described by a single wavefunction. Instead, one uses the density

operator

𝝆 =
∑
𝑖

𝑝𝑖 |𝜓𝑖⟩ ⟨𝜓𝑖| , 𝑝𝑖 ≥ 0,
∑
𝑖

𝑝𝑖 = 1, (2.48)

where each |𝜓𝑖⟩ is a pure state occurring with classical probability 𝑝𝑖 . For

instance, an equal-probability mixture of |0⟩ and |1⟩ differs fundamentally

from the coherent superposition
1√
2

(|0⟩ + |1⟩).

The density operator evolves under the system Hamiltonian 𝑯 according

to the von Neumann equation,

𝑑𝝆

𝑑𝑡
= − 𝑖

ℏ
[𝑯 , 𝝆 ], (2.49)

which generalizes Schrödinger’s equation to statistical mixtures, preserv-

ing both trace and positivity of 𝝆.

In the {|0⟩ , |1⟩} basis, the density matrix components are

𝜌 =

(
𝜌00 𝜌01

𝜌∗
01

𝜌11

)
, 𝜌00 + 𝜌11 = 1, (2.50)

where 𝜌00 and 𝜌11 denote the populations (probabilities of |0⟩ and |1⟩),
and 𝜌01 encodes the coherence between the two levels.

Equivalently, one may expand 𝝆 in the Pauli basis,

𝝆 =
1

2

(
𝑰 + 𝑟𝑥 𝝈𝑥 + 𝑟𝑦 𝝈𝑦 + 𝑟𝑧 𝝈𝑧

)
, (2.51)

introducing the real Bloch-vector components (𝑟𝑥 , 𝑟𝑦 , 𝑟𝑧) satisfying 𝑟2

𝑥 +
𝑟2

𝑦 + 𝑟2

𝑧 ≤ 1. The bĳective mapping between matrix elements and Bloch
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Fig. 2.8: Bloch-sphere visualization of
key states. From top to bottom: the

ground state |0⟩, the excited state |1⟩,
and the equal-superposition state |+⟩.

coordinates is

𝑟𝑧 = 2 𝜌00 − 1, 𝑟𝑥 = 𝜌01 + 𝜌∗
01
, 𝑟𝑦 = 𝑖 (𝜌∗

01
− 𝜌01), (2.52)

with the inverse relations

𝜌00 = 1

2
(1 + 𝑟𝑧), 𝜌01 = 1

2
(𝑟𝑥 − 𝑖 𝑟𝑦), 𝜌11 = 1

2
(1 − 𝑟𝑧). (2.53)

This Bloch representation unifies populations and coherences into a

single geometric picture, facilitating intuitive analysis of mixed-state

dynamics.

2.4.3 Bloch-Sphere Representation

Previously, we have seen that a pure state (Eq. 2.43) can be unambiguously

represented by a spherical coordinates (𝜃, 𝜙). This can be extended to

any mixed state. The density matrix 𝝆 can be written in the Pauli basis

with coordinates (𝑟𝑥 , 𝑟𝑦 , 𝑟𝑧) ∈ {r ∈ ℝ3
: ∥r∥ ≤ 1}. This space corresponds

to all points inside a unit sphere in ℝ3
, and thus any density matrix

corresponds to a point within this sphere. We represent the state as the

Bloch vector ®𝑟 originating from the center of the unit sphere, called the

Bloch sphere. The vector’s norm

𝑟 =

√
𝑟2

𝑥 + 𝑟2

𝑦 + 𝑟2

𝑧 ≤ 1

quantifies the state’s purity: 𝑟 = 1 corresponds to a pure state whose

Bloch vector terminates on the sphere’s surface, whereas 𝑟 < 1 indicates

a mixed state residing in the interior.

The polar angle 𝜃 and azimuthal angle 𝜙 of the Bloch vector are given

by classical spherical coordinates:

𝜃 = arccos

(
𝑟𝑧/𝑟

)
, 𝜙 = arctan(𝑟𝑦/𝑟𝑥). (2.54)

This provides an exact transformation between the spherical coordinates

(𝑟, 𝜃, 𝜙) and the density matrix 𝝆 representation in the Pauli basis. Fig. 2.8

illustrates Bloch vectors for the ground state (vector pointing to the -z

axis), the excited state (vector pointing to the +z axis), and an equatorial

superposition (vector in the x–y plane).

2.4.4 Qubit control and measurement

A qubit drive can be implemented by coupling the qubit to a sinusoidal,

time-dependent field. By moving to a reference frame rotating at the

drive frequency and applying the rotating-wave approximation (RWA)

to discard rapidly oscillating terms, the drive Hamiltonian reduces to

𝑯D =
ℏ 𝛿𝜔

2

𝝈𝑧 +
ℏΩ

2

(
𝝈𝑥 cos 𝜙 + 𝝈𝑦 sin 𝜙

)
, (2.55)

where Ω is the on-resonance Rabi frequency (set by the drive amplitude

and coupling), 𝜙 is the drive phase, and 𝛿𝜔 is the detuning between the

qubit transition frequency and the drive frequency.
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Fig. 2.9: Bloch-sphere illustration of
drive pulses. (a) A𝜋-pulse flips the qubit

from |0⟩ to |1⟩. (b) A 𝜋𝑥/2-pulse about

the 𝑥 axis prepares |+⟩𝑦 from |0⟩. (c) A

𝜋𝑦/2-pulse about the 𝑦 axis prepares

|+⟩𝑥 from |0⟩.

1: One writes 𝑼 (𝑡) in terms of cosines

and sines using the power-series expan-

sion of the exponential, separating even

and odd powers and the Pauli-algebra

identity 𝝈 𝑖𝝈 𝑗 = 𝛿𝑖 𝑗 𝟙 + 𝑖𝜀𝑖 𝑗𝑘𝝈𝑘 , which

implies (𝒏 · 𝝈)2 = 𝟙.

In Sec. 3.2.1 we will derive the drive Hamiltonian for the specific case of

our circuit. For now, it is crucial to develop the Bloch-sphere picture of

Rabi oscillations and to see that

ℏΩ

2

(
𝝈𝑥 cos 𝜙 + 𝝈𝑦 sin 𝜙

)
(2.56)

represents a rotation about an arbitrary axis defined by the phase 𝜙 and

the Rabi frequency Ω.

Evolution operator. One may rewrite the drive Hamiltonian𝑯D (Eq. 2.55)

in vector form,

𝑯D =
ℏΩ𝑅

2

(
®𝑛 · ®𝝈

)
, Ω𝑅 =

√
Ω2 + 𝛿𝜔2 ,

®𝑛 =
1

Ω𝑅
(Ω cos 𝜙,Ω sin 𝜙, 𝛿𝜔) , ®𝝈 = (𝝈𝑥 , 𝝈𝑦 , 𝝈𝑧)

Here, ®𝑛 is the unit vector along the effective drive field in Bloch-sphere

space, ®𝝈 is the Pauli-vector operator, andΩ𝑅 is the detuned Rabi frequency.

The time evolution of an arbitrary initial state |𝜓(0)⟩ is then described

with the evolution operator
1 𝑼 𝑡 ,

|𝜓(𝑡)⟩ = 𝑼 (𝑡) |𝜓(0)⟩ ,

𝑼 (𝑡) = exp (−𝑖𝑯D𝑡/ℏ) = exp

(
−𝑖Ω𝑅

2

®𝑛 · ®𝝈𝑡
)

= cos Θ𝟙 − 𝑖 sin Θ (®𝑛 · ®𝝈),

(2.57)

with rotation angle Θ = Ω𝑅 𝑡/2. Thus, the evolution operator describes a

rotation of the qubit state on the Bloch sphere around the axis defined by

®𝑛.

𝜋– and 𝜋/2–pulses. Consider an example when a qubit is initially

prepared in the ground state, |𝜓0⟩ = |0⟩. When driven on resonance

(𝛿𝜔 = 0), the qubit evolves as

|𝜓⟩ = 𝑼 (𝑡) |0⟩ = cos

(
Ω

2

𝑡

)
|0⟩ + 𝑖 𝑒 𝑖𝜙 sin

(
Ω

2

𝑡

)
|1⟩ . (2.58)

After a pulse of duration 𝜏𝜋 = 𝜋/Ω , the qubit has evolved exactly from

the ground state |0⟩ to the excited state |1⟩. Such pulses are termed

𝜋-pulses, as they rotate the qubit’s polar angle by 𝜋 (see Fig. 2.9(a)).

In contrast, a pulse of duration 𝜏𝜋/2 = 𝜋/(2Ω) yields

|𝜓⟩ = 1√
2

(
|0⟩ + 𝑖 𝑒−𝑖𝜙 |1⟩

)
=


|+⟩𝑥 , 𝜙 = 𝜋

2
+ 2𝜋𝑛,

|+⟩𝑦 , 𝜙 = 0 + 2𝜋𝑛,
𝑛 ∈ ℤ. (2.59)

These 𝜋/2-pulses transfer the qubit state between the Bloch-sphere poles

and the equator. The final position in the equatorial plane defined by the

phase 𝜙 (see Fig. 2.9(b-c)). Since we routinely employ both 𝜋 and 𝜋/2
pulses in this study, it is essential to recognize that varying 𝜙 provides
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Fig. 2.10: Trajectories on the Bloch
sphere under detuned drive. For a drive

detuned by 𝛿𝜔, the effective rotation axis

tilts by arctan(Ω/𝛿𝜔) from the equato-

rial plane, causing the Bloch vector to

precess about this tilted axis. From dark-

to light-gray curves, the detuning in-

creases as 𝛿𝜔 = −0.1Ω, 𝛿𝜔 = −0.4Ω,

and 𝛿𝜔 = −0.8Ω.
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Fig. 2.11: Rabi oscillations (chevron pat-
tern) as a function of detuning. The

color scale gives the probability 𝑃(|𝑒⟩) of

finding the qubit in the excited state after

a pulse of duration 𝑡, revealing the char-

acteristic chevron structure determined

by Ω and 𝛿𝜔.

precise control over the rotation axis and hence the direction of motion

on the Bloch sphere.

To summarize, note that 𝝈𝑥 generates rotations about the 𝑥–axis, and

𝝈𝑦 about the 𝑦–axis, which illuminates the interpretation of the drive

Hamiltonian 𝑯Drive in Eq. 2.55. The operator combination 𝝈𝑥 cos 𝜙 +
𝝈𝑦 sin 𝜙 thus enacts a rotation of the Bloch vector about an axis in the

𝑥–𝑦 plane at angle 𝜙. Under resonant driving, these rotations proceed at

the Rabi frequency Ω.

Detuned Rabi oscillations. As the detuning 𝛿𝜔 increases, the effective

Rabi frequency Ω𝑅 =
√
Ω2 + 𝛿𝜔2

increases, and the rotation axis tilts out

of the equatorial plane of the Bloch sphere. The Bloch vector then follows

a smaller circular path, leading to shorter period (faster oscillations).

Fig. 2.10 shows this tilted rotation. In practice, we use the dependence

of Ω𝑅 on 𝛿𝜔 (see Fig. 2.11) to find the qubit’s resonance. By sweeping

the drive frequency and measuring the oscillation rate, the characteristic

chevron-like pattern reveals the zero-detuning point, identifying the

qubit transition frequency.

Qubit measurement. The qubit state is read out via a projective mea-

surement onto the computational basis, as detailed later in this work.

Measurement inherently collapses the wave function onto |0⟩ or |1⟩, with

probabilities given by the squared amplitudes of the state vector. For a

general state |𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩, the outcome probabilities are

𝑃(0) = |𝛼|2 , (2.60)

𝑃(1) = |𝛽|2. (2.61)

After measurement, the qubit remains in the observed eigenstate (e.g.

obtaining |0⟩ leaves the qubit in |0⟩).

Since each measurement yields only a binary outcome, any experiment

is repeated more than thousands of times to estimate the excited-state

probability 𝑃(|𝑒⟩). Although direct readout is performed in the 𝜎𝑧 basis,

we precede the measurement with a 𝜋/2-pulse to rotate the qubit,

enabling effective readout in the 𝜎𝑥 or 𝜎𝑦 basis. In the following, we refer

to this procedure simply as “readout in the 𝜎𝑥/𝑦 basis,” bearing in mind

it consists of a 𝜋/2-pulse followed by a 𝜎𝑧 measurement (see Fig. 2.12).

2.4.5 Decoherence channels of the two-level system. The
Lindblad Master Equation

Though the Hamiltonian 𝑯 describes an ideal, closed system, real devices

interact with control lines and spurious environmental modes, leading

to dissipation and dephasing. To capture both unitary and irreversible

dynamics, we use the Lindblad master equation [HR06]:

¤𝜌 = − 𝑖
ℏ
[𝑯 , 𝜌] +

∑
𝑖 , 𝑗

(
𝐿𝑖 𝑗 𝜌 𝐿

†
𝑖 𝑗 − 1

2
{𝐿†𝑖 𝑗𝐿𝑖 𝑗 , 𝜌}

)
, (2.62)
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Fig. 2.12: Qubit readout in the 𝜎𝑥 and
𝜎𝑦 bases. Measurement in the 𝜎𝑥 basis

is achieved by applying a 𝜋/2 rotation

about the 𝑦–axis before the standard 𝜎𝑧
readout, mapping the 𝑥–axis onto 𝑧. Like-

wise, a 𝜋/2 rotation about the 𝑥–axis en-

ables readout in the 𝜎𝑦 basis.

[HR06]: Haroche et al. (2006), Exploring
the Quantum, Oxford University Press

1: In the full Fock space, each losses

operator 𝐿𝑖 𝑗 typically decomposed into

pure dephasing operator 𝑳Φ
𝑖𝑖

and depo-

larization operator 𝑳𝑅
𝑖𝑗

:

𝑳Φ
𝑖𝑖 =

√
𝛾Φ
2

|𝑖⟩ ⟨𝑖| ;

𝑳𝑅
𝑖𝑗
=

√
𝛾̃𝑖 𝑗 |𝑗⟩ ⟨𝑖| , (𝑖 ≠ 𝑗).

Here, 𝛾̃𝑖 𝑗 is an effective depolarization

rate.

2: Each 𝛾 is an angular rate (rad/s), so

to express rates in hertz one divides by

2𝜋, e.g.

Γ
(Hz)

1
=

Γ
(rad/s)

1

2𝜋
=

1

2𝜋𝑇1

.

where the first term generates coherent evolution under 𝐻, and the sum

over jump operators 𝐿𝑖 𝑗 encodes distinct loss channels. In a two-level

system, since Pauli matrices form a basis, any losses operator 𝐿𝑖 𝑗 can be

expressed in terms of the following independent operators
1
:

𝑳Φ =

√
𝛾Φ
2

𝝈𝑧 ,

𝑳− =
√
Γ↓ 𝝈− , Γ↓ = 𝛾1(𝑛th + 1),

𝑳+ =
√
Γ↑ 𝝈+ , Γ↑ = 𝛾1 𝑛th ,

(2.63)

where 𝑳Φ
describes pure dephasing of the qubit state, while 𝑳− and

𝑳+ describe energy relaxation and excitation, respectively, for a system

submitted to a thermal environment of occupation 𝑛th. Here, we introduce

ΓΦ as the pure dephasing rate, and 𝛾1 as the depolarization (energy

relaxation) rate, which is the rate at which the qubit relaxes from |1⟩ to |0⟩
and vice versa. The thermal occupancy at frequency 𝜔 and temperature

𝑇 is

𝑛th =
(
𝑒ℏ𝜔/𝑘𝐵𝑇 − 1

)−1

. (2.64)

Substituting into Eq. 2.62 together with the qubit Hamiltonian Eq. 2.47

yields the Bloch-type equations

¤𝜌00 = Γ↓𝜌11 − Γ↑𝜌00

¤𝜌11 = Γ↑𝜌00 − Γ↓𝜌11

¤𝜌01 = −
(
𝛾Φ +

Γ↑+Γ↓
2
+ 𝑖𝜔𝑞

)
𝜌01

¤𝜌10 = −
(
𝛾Φ +

Γ↑+Γ↓
2
− 𝑖𝜔𝑞

)
𝜌10

Solving these differential equations with initial conditions 𝜌(0) and

ensuring Tr[𝜌] = 1 gives

𝜌00(𝑡) = 𝜌
eq

00
+

(
𝜌00(0) − 𝜌

eq

00

)
𝑒−Γ1𝑡 ,

𝜌01(𝑡) = 𝜌01(0)𝑒−Γ2𝑡 𝑒−𝑖𝜔0𝑡 ,
(2.65)

where we have defined the thermal equilibrium populations

𝜌
eq

00
=
𝑛th + 1

2𝑛th + 1

,

and the characteristic rates and timescales
2
:

Γ1 ≡
1

𝑇1

≡ 𝛾1 (2𝑛th + 1), Γ2 ≡
1

𝑇2

≡ 𝛾Φ +
1

2𝑇1

. (2.66)

This relation defines the two principal qubit timescales: the energy-

relaxation time 𝑇1 and the total decoherence time 𝑇2, the latter encom-

passing both energy decay and pure-dephasing contributions.

Physically, 𝑇1 characterizes how quickly the qubit exchanges energy

with its environment and returns to thermal equilibrium. On the Bloch

sphere, this manifests as the decay of the population difference (the

𝑧-axis projection) toward its steady-state value (see Fig. 2.13(b)). The

decoherence time 𝑇2 governs the decay of the off-diagonal density-matrix

elements and the shrinking of the Bloch vector in the transverse plane.

https://doi.org/10.1093/acprof:oso/9780198509141.001.0001
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Fig. 2.13: Illustration of the qubit re-
laxation sequence. (a) Pulse schematic:

prepare in |1⟩, wait time 𝑡, then measure;

(b) Illustration of the qubit at different

times on the Bloch-sphere; (c) excited-

state population vs. 𝑡 with exponential

𝑇1 fit. Points of different shades of blue

correspond to the vectors on the Bloch

sphere.

[Rig+12]: Rigetti et al. (2012), ‘Super-
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Physical Review B

[Pla+21]: Place et al. (2021), ‘New mate-

rial platform for superconducting trans-
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ing 0.3 milliseconds’, Nature Communi-
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[Mam+21]: Mamin et al. (2021), ‘Merged-

Element Transmons: Design and Qubit

Performance’, Physical Review Applied

[Bla+25]: Bland et al. (2025), ‘2D trans-

mons with lifetimes and coherence times

exceeding 1 millisecond’, Preprint
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[Zha+21]: Zhang et al. (2021), ‘Univer-

sal fast flux control of a coherent, low-

frequency qubit’, Physical Review X

Both rates grow with the thermal photon number 𝑛th, which poses an

additional challenge for low-frequency qubits.

In practice, dephasing arises not only from the Markovian pure-dephasing

term 𝛾Φ (with Lindblad operator 𝑳Φ) but also from low-frequency

noise sources (instrument drifts, magnetic-field fluctuations, etc.). These

extra noise contributions shorten the observed coherence, so the free-

induction decay time, including all noise sources, is denoted 𝑇∗
2
. In the

next subsections, we discuss measurement techniques for 𝑇1 (relaxation

time measurements),𝑇∗
2

(Ramsey experiments), and𝑇2 (echo experiments)

in detail. For now, note that

𝑇∗
2
≤ 𝑇2 ≤ 2𝑇1 ,

so in the ideal limit 𝑇∗
2
= 𝑇2 = 2𝑇1.

2.4.6 Basic characterization sequence: Relaxation and
Ramsey oscillations

The coherence times (𝑇1, 𝑇∗
2
) and qubit frequency 𝜔𝑞 are essential for

understanding the qubit’s properties, and in what follows we discuss the

experimental techniques used to measure them.

Relaxation. The ability of the qubit to store classical-like states (analo-

gous to 0 and 1 in a classical computer) is characterized by the energy-

relaxation time 𝑇1. For a typical transmon qubit, 𝑇1 ∼ 100𝜇s [Rig+12;

Pla+21; Mam+21], and with advanced techniques this can be extended to

𝑇1 ∼ 1 ms [Bla+25]. For the MHz-frequency fluxonium qubit used in this

work, typical values are 𝑇1 ∼ 35𝜇s [Naj+24] for our devices, and up to

𝑇1 ∼ 200𝜇s for the state-of-the-art heavy fluxonium qubit [Zha+21].

To measure 𝑇1, one prepares the qubit in the excited state |1⟩, allows it to

decohere freely under the influence of its environment, and measures

the population in |1⟩ over time (i.e., the projection onto the 𝑧-axis of

the Bloch sphere). This sequence is illustrated in Fig. 2.13, where the

Bloch vector at specific times is shown on the sphere. From Eq. 2.65,

the excited-state population decays exponentially toward the thermal

equilibrium, so fitting the measured population 𝑃(𝑡) yields the value of

𝑇1.

Ramsey oscillations. The ability of the qubit to maintain quantum

coherence (superposition of |0⟩ and |1⟩) is characterized by the coherence

time 𝑇∗
2
. To measure the total decoherence time, one employs the Ramsey

sequence:

1. State preparation. Start in |0⟩ and apply a 𝜋/2 pulse about the

𝑦-axis to prepare

|+⟩ = 1√
2

(
|0⟩ + |1⟩

)
.

http://arxiv.org/abs/1202.5533
https://www.nature.com/articles/s41467-021-22030-5
https://www.nature.com/articles/s41467-021-22030-5
http://arxiv.org/abs/2103.09163
http://arxiv.org/abs/2503.14798
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007
https://arxiv.org/abs/2002.10653
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Fig. 2.14: Illustration of the Ramsey os-
cillations. (a) Pulse sequence: prepare

the qubit in |+⟩, wait for a variable delay

𝑡, then measure the projection onto 𝜎𝑥
or 𝜎𝑦 . (b) Bloch-sphere representation

of the qubit state at different times. The

spread of the Bloch vectors illustrates de-

phasing caused by slow fluctuations in

the qubit transition frequency. (c) Mea-

sured ⟨𝜎𝑥⟩ as a function of 𝑡, showing an

oscillating signal with exponential decay.

The different shades of blue correspond

to the Bloch vectors shown in panel (b).

2. Free evolution. Let the system evolve for a time 𝑡. In the rotating

frame of the control pulses, the state becomes

𝜌(𝑡) =
1

2

(
1 𝑒−𝑡/𝑇

∗
2
+𝑖Δ𝑡

𝑒−𝑡/𝑇
∗

2
−𝑖Δ𝑡

1

)
,

where Δ is the detuning between the qubit’s natural frequency and

the rotating frame, and the factor 𝑒−𝑡/𝑇
∗

2 captures coherence decay.

3. Readout 𝜎𝑥 . Apply a second𝜋/2 pulse with phase zero (to measure

𝜎𝑥) and then measure 𝜎𝑧 , yielding following expectation value

𝑃(|+⟩𝑥) = exp

(
−𝑡/𝑇∗

2

) 1 + cos(Δ𝑡)
2

.

4. Readout 𝜎𝑦 . To lift the sign ambiguity of Δ, we alternate the phase

of the final 𝜋/2 pulse, thereby measuring both 𝜎𝑥 and 𝜎𝑦 . For the

𝜎𝑦 measurement,

𝑃(|+⟩𝑦) = exp

(
−𝑡/𝑇∗

2

) 1 + sin(Δ𝑡)
2

.

A combined fit of 𝑃(|+⟩𝑥) and 𝑃(|+⟩𝑦) then yields both Δ and 𝑇∗
2
. In

practice, one chooses Δ of order a few kilohertz to observe several

oscillations before the envelope decays.

Precise frequency measurement via Ramsey oscillations is essential not

only for qubit calibration. As we will see in the following section, the

qubit can couple to another system, such as a mechanical mode. This

coupling shifts qubit’s transition frequency. Probing this shift with the

Ramsey protocol enables direct characterization of the coupled system

Echo sequence. Low-frequency (quasi-static) fluctuations in the qubit

transition frequency 𝛿𝜔(𝑡) cause dephasing and limit the Ramsey co-

herence time 𝑇∗
2
. To isolate these slow noise contributions and probe

only faster decoherence processes, we use the Hahn echo sequence, as

illustrated in Fig. 2.15:

1. Prepare the qubit in |+⟩𝑥 = (|0⟩ + |1⟩)/
√

2 with a 𝜋/2 pulse about

the 𝑦-axis.

2. Let the system evolve freely for a time 𝑡/2, during which a near-

constant detuning 𝛿𝜔 accumulates a phase 𝜙 = 𝛿𝜔 𝑡/2.

3. Apply a refocusing 𝜋 pulse about the 𝑥-axis, which flips the Bloch

vector across the equator and reverses the sense of any phase

accrued from 𝛿𝜔.

4. Let the system evolve for another 𝑡/2; the quasi-static phase contri-

butions cancel, refocusing the Bloch vector.

5. Conclude with a second 𝜋/2 pulse about the 𝑦-axis and measure

⟨𝜎𝑥⟩ or with a 𝜋/2 pulse about the 𝑥-axis and measure ⟨𝜎𝑦⟩.

Because truly static or slowly varying detunings are time-reversed by the

𝜋 pulse, they do not dephase the echo signal. The resulting echo envelope

decays with a characteristic time 𝑇2, which reflects only higher-frequency

noise processes. In the following, we emphasize that this decoherence

time was measured using the echo sequence and denote it 𝑇echo

2
. In an

ideal system, when low-frequency noise is negligible, one finds𝑇echo

2
≈ 𝑇∗

2
.
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1: By analogy to traditional

QED—where natural atoms in-

teract with optical cavities—the

superconducting qubit plays the role of

an engineered “artificial atom,” while

any harmonic oscillator (microwave or

mechanical) serves as the cavity mode.

2: Here we have the freedom to choose

the phase of the off-diagonal terms; we

fix it so to simplify the phase of the final

qubit state evolution.

0 2 3 4
Time

0

1

P(
|g

,n
+1

)

Fig. 2.16: Coherent Rabi oscillations.
The population of |𝑔, 𝑛 + 1⟩ oscillates co-

herently with that of |𝑒 , 𝑛⟩ with a period

𝜏 = 2𝜋/(Ω
√
𝑛 + 1) (Eq. 2.68).

Any deviation from this equality thus provides a quantitative metric for

the contribution of low-frequency noise to qubit dephasing.

Fig. 2.15: Refocusing of the Bloch vector using the echo sequence. Slowly varying fluctuations in the qubit transition frequency can be

mitigated by an echo sequence. A 𝜋 pulse, applied halfway through the free evolution, reverses the accumulated phase error, effectively

refocusing the Bloch vector.

2.5 The framework of circuit QED

Circuit QED exploits the coupling between a nonlinear superconducting

qubit (“artificial atom”
1
) and a quantized resonator mode. In this section,

we first derive the Jaynes–Cummings Hamiltonian to describe coherent

excitation exchange and show how resonant Rabi oscillations enable

high-fidelity control of the resonator via the qubit ancilla. We then

turn to the dispersive regime of large detuning, where state-dependent

frequency shifts both characterize the mechanical mode and enable

quantum-non-demolition qubit readout.

2.5.1 Jaynes–Cummings Hamiltonian

In circuit QED, the coherent interaction between a superconducting

qubit and a single mode of a microwave resonator originates from

the dipole coupling of the qubit’s charge (or flux) degree of freedom

to the quantized field. As will be shown in Chap. 5, starting from

the circuit Lagrangian one obtains an interaction term proportional to

(𝒂+𝒂†) 𝝈𝑥 when the resonator’s harmonic oscillator (described by 𝒂, 𝒂†) is

capacitively coupled to the qubit. Transforming to the interaction picture

and applying the rotating-wave approximation (valid for 𝑔 ≪ 𝜔𝑞 , 𝜔𝑟)

removes the counter-rotating terms, yielding the Jaynes–Cummings

Hamiltonian
2
:

𝑯 JC = ℏ𝜔𝑟 𝒂†𝒂 +
ℏ𝜔𝑞

2

𝝈𝑧 + 𝑖
ℏΩ

2

(
𝒂†𝝈− − 𝒂 𝝈+

)
. (2.67)

This Hamiltonian is the cornerstone of circuit QED and describes any

harmonic resonator, both microwave and mechanical, coupled to a qubit.

In the rotating-wave approximation (RWA), the total excitation number

𝑵 = 𝒂†𝒂 + (𝝈𝑧 + 1)/2 is conserved, so the Hamiltonian 𝑯 JC can be

restricted to a subspace with a fixed excitation number 𝑁 for coherent

dynamics. Consider the subspaces spanned by |𝑔, 𝑛+1⟩ (qubit in the

ground state and 𝑛 + 1 coherent photons in the resonator) and |𝑒 , 𝑛⟩
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1: The Hamiltonian reduces to

𝑯 (1)
JC

= ℏ𝜔𝑞
(
𝑛 + 1

2

)
𝕀 + ℏΩ

2

√
𝑛 + 1 𝜎𝑦 .

Therefore the evolution operator 𝑼 (𝑡) =

𝑒
−𝑖𝑯(1)

JC
𝑡/ℏ

splits into the global frame ro-

tation and a 𝜎𝑦 rotation:

𝑒−𝑖𝜔𝑞 (𝑛+
1

2
)𝑡 [

cos(𝜃𝑡) 𝕀 − 𝑖 sin(𝜃𝑡) 𝜎𝑦 ,
]

where 𝜃 = Ω
√
𝑛 + 1/2. We used the fact

that for any involutory Λ,

𝑒−𝑖𝜃Λ = cos(𝜃) 𝕀 − 𝑖 sin(𝜃)Λ.

Projecting 𝑼 (𝑡) |𝑒 , 𝑛⟩ onto the compu-

tational basis and removing the global

rotation at frequency 𝜔𝑞(𝑛 + 1

2
) yields

Eq. 2.68.

[Hof+09]: Hofheinz et al. (2009), ‘Syn-

thesizing arbitrary quantum states in a

superconducting resonator’, Nature

[Chu+18]: Chu et al. (2018), ‘Creation and

control of multi-phonon Fock states in a

bulk acoustic-wave resonator’, Nature

2: The Jaynes–Cummings Hamiltonian

can be separated into diagonal and off-

diagonal parts:

ℏ𝜔𝑟 𝒂†𝒂 +
ℏ𝜔𝑞

2

𝝈𝑧︸                  ︷︷                  ︸
𝑯

0

+ 𝑖 ℏΩ
2

(
𝒂†𝝈− − 𝒂 𝝈+

)︸                   ︷︷                   ︸
𝑽

.

To remove 𝑽 at first order, choose 𝑆 such

that [𝑆,𝑯0] = −𝑽 , which yields

𝑆 = 𝑖
Ω

2Δ

(
𝒂 𝝈+ + 𝒂† 𝝈−

)
,

with 𝑆† = −𝑆, so that 𝑒𝑆 is uni-

tary. The transformed Hamiltonian

𝐻̃ = 𝑒𝑆𝐻JC𝑒
−𝑆

can then be ex-

panded, for Ω/Δ ≪ 1, via the

Baker–Campbell–Hausdorff formula:

𝐻̃ = 𝐻JC+[𝑆, 𝐻JC]+ 1

2
[𝑆, [𝑆, 𝐻JC]]+ . . .

The leading correction is

1

2

[𝑆, 𝐻JC] = ℏ
Ω2

4Δ

(
𝒂†𝒂 𝝈𝑧 + 𝝈𝑧+1

2

)
,

which corresponds to a state-dependent

frequency shift. The next nonzero term

(the fourth commutator) gives a self-Kerr

interaction. Together, these yield the dis-

persive Hamiltonian Eq. 2.69.

(qubit excited and 𝑛 resonator photons). Restricted to this subspace,

𝑯 (1)
JC

= ℏ𝜔𝑞

(
𝑛 + 1

2

)
𝕀 + ℏΩ

2

√
𝑛 + 1

(
0 𝑖

−𝑖 0

)
.

so an initial |𝑒 , 𝑛⟩ state, in the 𝜔𝑞

√
𝑛 + 1/2 rotating frame, evolves as

1

|𝜓(𝑡)⟩ = cos

(
Ω
√
𝑛 + 1 𝑡

2

)
|𝑒 , 𝑛⟩ + sin

(
Ω
√
𝑛 + 1 𝑡

2

)
|𝑔, 𝑛 + 1⟩ , (2.68)

exhibiting coherent swaps at frequency Ω
√
𝑛 + 1. This equation illus-

trates the system’s energy-conserving behavior: each qubit de-excitation

|𝑒⟩ → |𝑔⟩ is accompanied by creation of exactly one photon in the

resonator |0⟩ → |1⟩.

Given the mature toolbox for qubit control and readout, resonant ex-

change permits precise manipulation of the resonator state via the qubit

ancilla. High-fidelity swaps between the qubit and the resonator re-

quire the coherent coupling rate 𝑔 to be much larger than both the

qubit decay rate 𝜅𝑞 and the resonator decay rate 𝜅𝑟 , ensuring that co-

herent excitation exchange dominates over dissipative processes. In this

strong-coupling regime, deterministic state-synthesis protocols become

possible. Hofheinz et al. [Hof+09] demonstrated preparation of arbitrary

Fock-state superpositions in a superconducting microwave resonator

by interleaving qubit rotations and on-resonance swap pulses accord-

ing to the Law–Eberly algorithm [LE96]. Similarly, Chu et al. [Chu+18]

show multi-phonon ladder-climbing in a bulk acoustic-wave resonator,

demonstrating coherent, resonant coupling of a superconducting qubit

to a macroscale mechanical object, thereby extending quantum control

techniques to mechanical systems. By initializing the qubit in a specific

superposition 𝛼𝑛 |𝑔⟩ + 𝛽𝑛 |𝑒⟩ at each step rather than |𝑒⟩, one can ex-

tend this protocol to synthesize any state in the subspace spanned by

{|0⟩ , |1⟩ , . . . , |𝑛⟩} in 𝑛 steps [Hof+09].

In the weak-coupling regime 𝑔 < 𝜅𝑞 , 𝜅𝑟 , full swaps are damped by

dissipation, yet the short-time Rabi oscillations governed by Eq. 2.68

still perturb the qubit population, revealing the resonant interaction. In

this work, although strong coupling was not reached with our thermally

occupied mechanical resonator, repeated weak-coupling exchanges al-

lowed us to demonstrate resonant interaction between the qubit and the

mechanical oscillator in its thermal state.

2.5.2 Dispersive Regime

In the limit of large detuning Δ = 𝜔𝑞 − 𝜔𝑟 ≫ 𝑔, one can eliminate the

direct exchange in (2.67) via a Schrieffer–Wolff transformation
2
, yielding

to second order in 𝑔/Δ the effective dispersive Hamiltonian [Gam+06;

Koc+07]:

𝑯disp = ℏ𝜔𝑟 𝒂†𝒂︸   ︷︷   ︸
bare resonator

+
ℏ𝜔𝑞

2

𝝈𝑧︸  ︷︷  ︸
bare qubit

+ ℏ𝜒 𝒂†𝒂 𝝈𝑧︸      ︷︷      ︸
state-dependent

frequency pull

− ℏ𝐾 𝒂†2𝒂2︸    ︷︷    ︸
resonator

self-Kerr

(2.69)

https://doi.org/10.1038/nature08005
https://doi.org/10.1038/s41586-018-0717-7
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Fig. 2.17: Input–output model of the
readout cavity coupled to the qubit.
Single-mode cavity field 𝒄 coupled to

the qubit at rate 𝑔 and to the external

fields input 𝒄in and output 𝒄out modes.

[GC85]: Gardiner et al. (1985), ‘Input and

output in damped quantum systems:

Quantum stochastic differential equa-

tions and the master equation’, Physical

Review A

with

𝜒 =
𝑔2

Δ
, 𝐾 =

𝑔4

Δ3

.

In the dispersive regime (|Δ| ≫ 𝑔), no real photons are exchanged

between qubit and resonator. Instead, the dispersive term 𝜒 𝒂†𝒂 𝝈𝑧 can

be viewed in two equivalent ways. From the qubit’s perspective, its

transition frequency is pulled by 2𝜒𝑛 when the resonator contains 𝑛

photons.

𝑯disp =
ℏ

2

(
𝜔𝑞 + 2 𝜒 𝒂†𝒂

)
𝝈𝑧 + . . . .

Equivalently, from the resonator’s perspective, its frequency shifts by ±𝜒
depending on whether the qubit is in |𝑔⟩ or |𝑒⟩:

𝑯disp = ℏ (𝜔𝑟 + 𝜒 𝝈𝑧) 𝒂†𝒂 − ℏ𝐾 𝒂†2𝒂2 + . . .

This state-dependent frequency shift is the basis for many applications

in circuit QED. In particular, when the qubit is dispersively coupled

to a mechanical harmonic mode, one can infer mechanical properties

(e.g. the membrane frequency and the damping rate) by measuring the

qubit’s frequency shift, as demonstrated in Sec. 8.1.2. Also, this dispersive

coupling forms the basis of quantum-non-demolition qubit readout:

when the qubit is coupled to an LC circuit, its state can be inferred by

probing the resonator’s response to a weak microwave tone as described

in the next subsection. Finally, the self-Kerr term 𝐾 introduces a weak

nonlinearity to the resonator, which become relevant at high photon

numbers or smaller detunings; both regime are not considered in this

work.

2.5.3 Basics of Measurements in cQED: Readout
Technique

In circuit QED, the qubit is typically coupled to a readout resonator mode

𝒄 that is probed by sending a weak microwave tone into the cavity (see

Fig. 2.17). Because the resonator frequency shifts depending on the qubit

state, we can infer the qubit state by measuring the reflected signal. In

what follows, we derive the reflection coefficient 𝑆11 of the readout cavity

and examine how it changes with the qubit state.

Input-output formalism. In the semiclassical approach (valid for a

coherent drive in a linear regime), input–output framework [GC85,

eq. 2.22], the input (𝒄in), output (𝒄out), and cavity field (𝒄) operators

satisfy

𝒄out = 𝒄in +
√
𝜅𝑐 𝒄, (2.70)

where 𝜅𝑐 is the external coupling rate. Thus the reflected field is the sum

of the incident wave and the fraction of the intra-cavity field that leaks

out. The time evolution of the cavity operator follows [GC85, eq. 2.12]:

𝑑𝒄
𝑑𝑡

= − 𝑖
ℏ
[𝒄,𝑯] − 𝜅𝑖 + 𝜅𝑐

2

𝒄 − √𝜅𝑐 𝒄in , (2.71)

https://journals.aps.org/pra/abstract/10.1103/PhysRevA.31.3761
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.31.3761
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1: In the Heisenberg picture, the cavity

operator 𝒄(𝑡) carries the full time depen-

dence. We define its Fourier transform,

𝒄[𝜔] ≡
∫ ∞

−∞
𝑒 𝑖𝜔𝑡 𝒄(𝑡) 𝑑𝑡,

which yields the frequency–domain Heisen-
berg operator 𝒄[𝜔].
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Fig. 2.18: Magnitude and phase of the
readout reflection coefficient 𝑆11 when

the qubit is in |𝑔⟩ (blue) and |𝑒⟩ (yellow).

(Top) |𝑆11(Δ)|2 versus detuning Δ from

Eq. 2.74. The full-width at half-maximum

is 𝜅+ = 𝜅𝑖 + 𝜅𝑐 , and the minimum re-

flectivity is

(
𝜅−/𝜅+

)
2

with 𝜅− = 𝜅𝑖 − 𝜅𝑐 .
(Bottom) Phase arg 𝑆11(Δ) versus Δ.
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Fig. 2.19: Illustration of the readout of

a qubit in the IQ plane, for the qubit

prepared in |𝑔⟩ (blue) and |𝑒⟩ (yellow).

2: To obtain this complex envelope

𝑠out(𝑡), one performs IQ demodulation

by mixing the reflected signal with a lo-

cal oscillator at 𝜔𝑑 and low-pass filtering

the result. This procedure is explained

in more detail in Sec. 7.5.1.

where 𝜅𝑖 is the intrinsic loss rate. For weak drives,

𝑯 = ℏ𝜔𝑟 𝒄†𝒄 =⇒ [𝒄,𝑯] = ℏ𝜔𝑟 𝒄.

with the effective cavity frequency 𝜔̃𝑟 = 𝜔𝑟 ± 𝜒 depending on the qubit

state. Defining the total decay rate 𝜅 = 𝜅𝑖 + 𝜅𝑐 , the equation becomes

𝑑𝒄
𝑑𝑡

= −
(
𝑖𝜔𝑟 +

𝜅
2

)
𝒄 − √𝜅𝑐 𝒄in. (2.72)

Moving to the frequency domain
1
, 𝒄(𝑡) → 𝒄[𝜔], we solve

−𝑖𝜔 𝒄[𝜔] = −
(
𝑖𝜔𝑟 + 𝜅

2

)
𝒄[𝜔] − √𝜅𝑐 𝒄in[𝜔],

which yields

𝒄[𝜔] =
−√𝜅𝑐 𝒄in[𝜔]
𝜅/2 − 𝑖Δ , (2.73)

where Δ ≡ 𝜔 − 𝜔𝑟 is the detuning between the input signal frequency

𝜔 and the cavity’s resonance frequency 𝜔𝑟 . The reflection coefficient

𝑆11 = 𝒄out/𝒄in then follows:

𝑆11 =
(𝜅𝑖 − 𝜅𝑐)/2 − 𝑖Δ
(𝜅𝑖 + 𝜅𝑐)/2 − 𝑖Δ

,

=
2𝜅𝑐

𝜅𝑖 + 𝜅𝑐
1

1 + 𝑖 𝜅𝑖+𝜅𝑐
2Δ

+ 𝜅𝑖 − 𝜅𝑐
𝜅𝑖 + 𝜅𝑐

.

(2.74)

This equation shows that:

• The linewidth (FWHM) of the resonance is set by the total loss rate

𝜅 = 𝜅𝑖 + 𝜅𝑐 .
• The dip depth in |𝑆11| is (𝜅𝑖 − 𝜅𝑐)/(𝜅𝑖 + 𝜅𝑐), reflecting the balance

between intrinsic and external losses.

Dispersive shift readout. We send an input probe tone 𝑠in(𝑡) = 𝑠in(𝑡) 𝑒 𝑖𝜔𝑑 𝑡
into the readout resonator and record the reflected output 𝑠out(𝑡) =
𝑆11(𝜔𝑑) 𝑠in(𝑡). Its amplitude and phase encode the qubit state via the

response function 𝑆11(𝜔𝑑). In Fig. 2.18, we plot 𝑆11(𝜔𝑑) versus detun-

ing Δ = 𝜔𝑑 − 𝜔𝑟 for the qubit prepared in |𝑔⟩ (blue) and |𝑒⟩ (yellow).

Each trace is a Lorentzian centered at 𝜔𝑟 ± 𝜒 with width 𝜅+. This state-

dependent response is the fundamental readout mechanism in circuit

QED and underlies the fluxonium readout described in Sec. 3.2.3.

IQ plane readout. Practically, one don’t need to sweep the drive fre-

quency to distinguish between states, instead for a fixed probe frequency

𝜔𝑑 the reflected signal
2

𝑠out(𝑡) = 𝑆11(𝜔𝑑) 𝑠in(𝑡)

differs for the two qubit states. In an ideal, noiseless world, one could read

out the state from 𝑠out(𝑡) at a single instant, but thermal and amplifier

noise scatter each sample. To accumulate the information, we integrate
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the envelope over a readout window 𝜏 (typically 3–7 𝜇s), producing the

single complex outcome

𝑆 =

∫ 𝜏

0

𝑠out(𝑡)d𝑡.

Plotting Re[𝑆] (the in-phase 𝐼) versus Im[𝑆] (the quadrature 𝑄) in the IQ

plane yields two Gaussian clusters—one for |𝑔⟩ (left), one for |𝑒⟩ (right),

as shown in Fig. 2.19. We then classify each new measurement by its

nearest cluster center. When the clusters overlap minimally, as in Fig. 2.19,

a single measurement is sufficient to determine the state, leading to a

single-shot readout.
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Fig. 3.1: Lumped-element equivalent cir-
cuit of the fluxonium qubit. It consists

of a capacitor (𝐶), an inductor (𝐿), and

a Josephson junction (𝐽) connected in

parallel. The phase 𝜑̂ is the supercon-

ducting phase difference between the

left and right nodes. Depending on the

gauge choice, an additional phase offset

𝜑ext may be included in the Josephson-

junction or inductive terms.

[Man+09]: Manucharyan et al. (2009),

‘Fluxonium: single Cooper pair circuit

free of charge offsets’, Science

1: 𝜑ext may equivalently be introduced

in the inductive term; here we include it

in the Josephson cosine by choice.

Fluxonium theory 3
The heavy fluxonium qubit is the primary platform employed in this

thesis to achieve resonant coupling with a few-MHz mechanical resonator.

This chapter introduces the theory of the fluxonium qubit, its underlying

physical principles, and relevant considerations.

Outline. This chapter begins with introducing the fluxonium qubit

and its different regimes. We aim to build an intuition behind the main

fluxonium parameters, and explain how one can achieve fluxonium with

the lowest transition frequency as low as a few MHz. We then introduce

the main coupling scheme in order to control the fluxonium qubit

experimentally. Finally, we introduce the main decoherence mechanisms

and their impact on the qubit coherence.

3.1 Fluxonium fundamentals

The fluxonium qubit was first proposed in 2009 by Manucharyan et
al. [Man+09] as an extension of the transmon architecture, wherein a

large inductor—referred to as a superinductor—is placed in parallel with

the shunt capacitor, suppressing offset-charge noise. In this section, we

will explore the theoretical foundations of the fluxonium qubit, focusing

on its Hamiltonian, energy landscape, and transitions, with the goal of

building an intuitive understanding of its characteristic parameters. At

the end of this section, we will describe the heavy fluxonium regime,

which is the focus of this work.

3.1.1 Fluxonium Hamiltonian

The lumped-element circuit of the fluxonium (see Fig. 3.1) can be ob-

tained by augmenting the transmon Hamiltonian (Eq. 2.37) with an

inductive term (Eq. 2.20). Since this inductive contribution enters only

as an additional potential energy term, it does not modify the canonical

momentum operator previously derived for the transmon. Concretely,

the full Hamiltonian reads
1

𝑯 = 4𝐸𝐶𝒏2︸ ︷︷ ︸
kinetic

energy

+ 𝐸𝐿

2

𝝋2︸︷︷︸
harmonic

potential

−𝐸𝐽 cos

(
𝝋 − 𝜑ext

)︸               ︷︷               ︸
anharmonic

potential

, (3.1)

where

• 𝐸𝐶 ≡ 𝑒2/2𝐶 is the capacitive energy, associated with the capacitance

𝐶.

• 𝐸𝐽 is the Josephson energy of the junction.

• 𝐸𝐿 ≡ (Φ0/2𝜋)2/𝐿 ≡ 𝜙2

0
/𝐿 is the inductive energy determined by

the inductance 𝐿.

https://arxiv.org/abs/0906.0831
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[Zha+21]: Zhang et al. (2021), ‘Univer-

sal fast flux control of a coherent, low-

frequency qubit’, Physical Review X

1: This expression is valid for an arbi-

trary nonlinear oscillator characterized

by a linear capacitance 𝐶 and a nonlin-

ear inductance. Further discussion on

this topic can be found in [Man12, p. 96].

The relation can be derived by evaluat-

ing the matrix elements using the com-

mutation relationship: ⟨𝑖|[𝝋,𝑯]|𝑗⟩ =

ℏ𝜔𝑗𝑖 ⟨𝑖|𝝋|𝑗⟩ = 𝑖8𝐸𝐶 ⟨𝑖|𝒏|𝑗⟩.
[Man12]: Manucharyan (2012), ‘Superin-

ductance’, Thesis

2: Note that while we often represent

the capacitance as a single element, other

components, such as small junction ca-

pacitance, coupling capacitors, stray ca-

pacitance in the array, and the stray ca-

pacitance of the leads, also contribute to

the total capacitance, which is included

in 𝑒2/(2𝐸𝐶 ) [Mas+12, p. 47].

• 𝒏 and 𝝋 are the dimensionless charge and phase operators, respec-

tively, obeying [𝝋, 𝒏] = 𝑖.

• 𝜑ext ≡ Φext/𝜙0 is the external phase bias introduced by the mag-

netic flux Φext threading the qubit loop.

Unlike the Cooper-pair box/transmon, where an isolated superconduct-

ing island renders the phase variable 𝜑 compact (𝜑 ≡ 𝜑 + 2𝜋) and

thereby enforces an integer-valued conjugate charge operator 𝑛̂ ∈ ℤ

(Cooper-pair number on the island), the fluxonium circuit is shunted

by a large inductance. The resulting inductive energy
1

2
𝐸𝐿𝜑2

is not

2𝜋-periodic, so in the standard node-flux formulation 𝜑 is naturally

treated as a non-compact coordinate on ℝ. Consequently, the canonical

conjugate 𝑛̂ corresponds to a continuous capacitor charge (in units of 2𝑒)

and has a continuous spectrum. This should not be conflated with the

discreteness of Cooper-pair tunneling through the Josephson junction:

tunneling events remain quantized, but 𝑛̂ in the fluxonium Hamiltonian

denotes the continuous canonical charge rather than a literal counter of

transferred Cooper pairs.

At first glance, the fluxonium Hamiltonian appears similar to that of the

transmon, and it is not immediately obvious why it exhibits insensitivity

to static charge offsets. Intuitively, this insensitivity arises because the

charge node (island) is no longer galvanically isolated: it is shunted by

a large inductance. This connectivity effectively eliminates the island’s

charge-offset degree of freedom. Indeed, any static offset charge 𝑁offset =

2𝑒 𝑛offset can be removed by the unitary transformation 𝒏 → 𝒏 − 𝑛offset,

implemented via𝑈 = 𝑒 𝑖𝑛offset
𝝋

. This transformation leaves the fluxonium

Hamiltonian invariant due to the unbounded nature of the phase operator

𝝋. In contrast, this procedure does not apply to the transmon Hamiltonian,

as 𝝋 in that context is a compact variable with 2𝜋 periodicity, rendering

the operator 𝑈 non-single-valued. As a result, while the Cooper-pair

box only achieves partial charge insensitivity in the large-𝐸𝐽/𝐸𝐶 limit

(transmon regime) and primarily for the lowest-lying eigenstates, the

fluxonium Hamiltonian displays genuine charge-offset insensitivity. In

its original conception [Man+09], the fluxonium was operated in a regime

characterized by the energy scale hierarchy 𝐸𝐽 > 𝐸𝐶 > 𝐸𝐿. In this work,

however, we focus on the so-called heavy fluxonium regime [Zha+21],

where the hierarchy is 𝐸𝐽 ≫ 𝐸𝐶 > 𝐸𝐿.

Note that the canonical commutation relation [𝝋, 𝒏] = 𝑖 implies that the

matrix elements of 𝝋 and 𝒏 are related by
1
:

𝑛𝛼𝛽 =
𝑖ℏ𝜔𝛼𝛽𝐶

(2𝑒)2 𝜑𝛼𝛽 =
𝑖ℏ𝜔𝛼𝛽

8𝐸𝐶
𝜑𝛼𝛽 , (3.2)

where 𝒏𝛼𝛽 = ⟨𝛼|𝒏|𝛽⟩, 𝝋𝛼𝛽 = ⟨𝛼|𝝋|𝛽⟩ are the matrix elements between

the qubit states |𝛼⟩ and |𝛽⟩, 𝜔𝛼𝛽 = 𝜔𝛼 − 𝜔𝛽 is the transition frequency,

and 𝐶 is the total capacitance of the qubit
2
.

In the next subsections, we will explore why this particular regime is of

interest and what it reveals about the behavior of the fluxonium. We’ll

examine how the different parameters—𝐸𝐽 , 𝐸𝐶 , 𝐸𝐿, and 𝜑ext—contribute

to shaping the qubit’s energy landscape, with the goal of building an

intuitive understanding of the fluxonium qubit and its transitions.

https://arxiv.org/abs/2002.10653
https://bpb-us-w2.wpmucdn.com/campuspress.yale.edu/dist/2/3627/files/2021/07/Manucharyan-Vladimir-Superinductance-Yale-2012.pdf
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Fig. 3.2: Fluxonium potential at 𝜑ext = 0

as a function of 𝜑 for 𝐸𝐽 = 4.82 GHz and

𝐸𝐿 = 0.128 GHz. The harmonic potential

𝐸𝐿
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is plotted with dashed lines.
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Fig. 3.3: Fluxonium potential at dif-
ferent 𝜑ext: 𝑈(𝝋, 𝜑ext) =

𝐸𝐿
2
𝝋2 −

𝐸𝐽 cos(𝝋−𝜑ext), for𝐸𝐿 = 0.128 GHz and

𝐸𝐽 = 4.82 GHz. The potential is shown

over 𝝋 ∈ [−20, 20] for several values

of 𝜑ext. The dashed line shows the har-

monic confinement from the inductive

term.

3.1.2 Fluxonium spectrum: Plasmon/Fluxon transitions

Let us begin by examining the fluxonium potential, which is the sum of

a global parabolic confinement,
1

2
𝐸𝐿𝜑2

, and a periodic Josephson term,

−𝐸𝐽 cos(𝜑 − 𝜑ext). The cosine creates an infinite array of wells centered

near 𝜑 = 2𝜋𝑚 + 𝜑ext, whose depths are controlled by the ratio 𝐸𝐽/𝐸𝐿.

Classically, each well (labeled by integer 𝑘) hosts an equilibrium at 𝜑min,𝑘 ,

determined by

𝜕𝑈

𝜕𝜑

���
𝜑

min,𝑘

= 𝐸𝐿 𝜑min,𝑘 + 𝐸𝐽 sin

(
𝜑min,𝑘 − 𝜑ext

)
= 0.

At this point, a persistent current

𝐼𝑘 = 𝐼𝑐 sin

(
𝜑min,𝑘 − 𝜑ext

)
flows around the loop. We call these localized classical states “fluxons.”

In an ideal superconducting ring, such a current would remain perfectly

constant, flowing clockwise or counterclockwise depending on the sign

of the phase difference. However, the inclusion of the Josephson junction

permits 2𝜋 phase-slips that allow the system to tunnel between adjacent

wells. These phase-slip events—i.e. the tunneling of a fluxon through the

junction—are central to the quantum dynamics of the fluxonium.

When𝐸𝐽 ≫ 𝐸𝐿—the typical fluxonium regime—deep cosine wells appear

within a shallow global parabolic confinement (see Fig. 3.2(a)). In contrast,

if 𝐸𝐿 becomes comparable to or larger than 𝐸𝐽 (i.e., 𝐸𝐽/𝐸𝐿 ≲ 1), the

quadratic term dominates and the potential resembles a broad harmonic

well with minor ripples from the cosine (see Fig. 3.2(b)). Since this latter

regime behaves like a weakly perturbed harmonic oscillator, we focus on

the more relevant regime 𝐸𝐽 ≫ 𝐸𝐿, where the cosine structure becomes

important.

A defining feature of the fluxonium qubit is its tunability via the external

magnetic flux 𝜑ext. As this parameter is varied continuously from 0

to 2𝜋, the shape of the potential energy landscape 𝑈(𝝋, 𝜑ext) changes

significantly (see Fig. 3.3). At 𝜑ext = 0, the potential consists of a dominant

central well due to the alignment of the cosine minima with the origin

(see Fig. 3.3(a)). As 𝜑ext increases toward 𝜋, the landscape gradually

transforms into a symmetric double-well potential, with two minima

centered near 𝝋 ≈ ±𝜋 (see Fig. 3.3(c)).

To understand the nature of the transitions in such a potential, consider

a representative intermediate value such as 𝜑ext = 0.25𝜋 (see Fig. 3.3(b)).

Here, the wells are generally well-separated and deep enough to support

localized eigenstates (provided 𝐸𝐽 > 𝐸𝐶). In this regime, relevant qubit

transitions can be broadly classified into two types, based on the spatial

localization of the wavefunctions involved.

The first class includes transitions that occur within a single potential

well—e.g., from the ground state to the first excited state localized in

the same well (see Fig. 3.4(a)). These transitions closely resemble those

in a transmon qubit, involving no jumps in the average phase ⟨𝝋⟩, and

are thus referred to as plasmon-like transitions. Their frequencies are
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Fig. 3.4: Plasmon/Fluxon transitions in
fluxonium. The first five energy lev-

els of the fluxonium qubit and their

corresponding wavefunctions, for 𝐸𝐽 =
12 GHz, 𝐸𝐶 = 2 GHz, 𝐸𝐿 = 0.128 GHz,

and 𝜑ext = 0.3𝜋. Black arrows indicate

plasmon-like transitions (a) and fluxon-

like transitions (b).
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Fig. 3.5: Illustration of the fluxonium
wavefunctions at 𝜑ext = 𝜋. Top: the lo-

calized left and right wavefunctions |𝐿⟩
and |𝑅⟩ (which are not eigenstates of

the fluxonium Hamiltonian). Middle: the

true eigenstates |𝑔⟩ and |𝑒⟩, which form

symmetric and antisymmetric superposi-

tions of |𝐿⟩ and |𝑅⟩, respectively. Bottom:

the corresponding fluxonium potential.

All wavefunctions and the potential are

plotted in arbitrary units.

primarily determined by the local curvature of the potential and are

well-approximated by the plasma frequency:

ℏ𝜔𝑝 =
√

8𝐸𝐶𝐸𝐽 .

The second class consists of transitions between states whose wavefunc-

tions are localized in different wells (see Fig. 3.4(b)). These are known

as fluxon-like transitions because they involve a significant change in the

average phase ⟨𝝋⟩, corresponding to the addition or removal of a flux

quantum in the loop. In this case, the energy difference between states is

governed by the relative depths of the wells. When the wavefunctions

are well-localized in adjacent wells, the transition energy can be approx-

imated by comparing the parabolic offset between wells located near

𝝋 ≈ 𝜑ext and 𝝋 ≈ 𝜑ext − 2𝜋. This gives:

ℏ𝜔01 ≈
𝐸𝐿

2

(
(𝜑ext − 2𝜋)2 − 𝜑2

ext

)
= 2𝜋2𝐸𝐿

(
1 − 2|𝜑ext|

𝜋

)
. (3.3)

This expression highlights the approximate linear dependence of the

fluxon transition frequency on both 𝐸𝐿 and the external phase 𝜑ext, away

from the symmetry points 𝜑ext = 0 and 𝜑ext = 𝜋. Although this formula

is a rough approximation, it already shows that as 𝜑ext increases from

0 to 𝜋, the fluxon transition frequency decreases. This makes 𝜑ext = 𝜋
an especially interesting operating point, where the lowest transition

frequency reaches a minimum.

This behavior is confirmed by numerical diagonalization of the full Hamil-

tonian. In the following sections, we will explore this special case in more

detail. This point—known as the flux frustration point—corresponds to a

symmetric double-well potential, where the energy splitting is dominated

by quantum tunneling between nearly degenerate wells.

State labeling convention. In what follows, we focus on the lowest four

energy levels of the fluxonium. The ground and first excited states are

denoted |𝑔⟩ and |𝑒⟩, respectively, and the next two levels are labeled | 𝑓 ⟩
and |ℎ⟩ (the subsequent letters after “e” in the alphabet).

3.1.3 Flux Frustration Point: 𝜑ext = 𝜋 (Φ𝑒𝑥𝑡 = Φ0/2)

Ground and first excited states. The flux frustration point, where

the external flux Φ𝑒𝑥𝑡 equals half a flux quantum (i.e. 𝜑ext = 𝜋), is of

particular operational significance for fluxonium qubits. This point is

attractive because it features reduced sensitivity to flux noise (first-order

insensitivity, 𝜕𝜔𝑔𝑒/𝜕𝜑ext = 0) and allows for very low qubit transition

frequencies, as we will detail in following.

At 𝜑ext = 𝜋, the potential becomes:

𝑈(𝝋,𝜋) = 𝐸𝐿

2

𝝋2 − 𝐸𝐽 cos(𝝋 − 𝜋) = 𝐸𝐿

2

𝝋2 + 𝐸𝐽 cos(𝝋). (3.4)

The cosine term has minima at 𝝋 = ±𝜋,±3𝜋, . . ., while the inductive

term provides a global parabolic confinement. Together, these produce
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1: The parity operator𝑷 is unitary (𝑷2 =

𝟙) and acts as

𝑷 |𝜓𝛼(𝜑)⟩ = |𝜓𝛼(−𝜑)⟩ = 𝑝𝛼 |𝜓𝛼(𝜑)⟩ ,
⇔ 𝑷 |𝛼⟩ = 𝑝𝛼 |𝛼⟩ ,

where 𝑝𝛼 = ±1 is the state’s parity (eigen-

value of 𝑷). Since Hamiltonian is invari-

ant under parity transformation

[𝑯 ,𝑷]
���
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Fig. 3.6: Fluxonium spectrum at differ-
ent 𝐸𝐽/𝐸𝐶 with constant 𝐸𝐿.

a symmetric double-well potential whose two lowest-energy wells lie

at 𝝋± ≈ ±
(
1 − 𝐸𝐿

2𝐸𝐽

)
𝜋, (i.e. around ±𝜋 but pulled slightly inward by the

ratio 𝐸𝐿/𝐸𝐽 ). Classically, this potential supports states localized in the left

(|𝐿⟩) and right (|𝑅⟩) wells, corresponding respectively to anticlockwise

(⟨𝝋⟩ < 0) and clockwise (⟨𝝋⟩ > 0) circulating currents. Quantum

tunneling through the barrier dresses these localized states into the first

two fluxonium eigenstates, which form symmetric and antisymmetric

superpositions:

|𝑔⟩ = 1√
2

(
|𝐿⟩ + |𝑅⟩

)
, |𝑒⟩ = 1√

2

(
|𝐿⟩ − |𝑅⟩

)
,

as illustrated in Fig. 3.5.

Parity symmetry and selection rules. Notably, at 𝜑ext = 𝜋, the fluxo-

nium Hamiltonian Eq. 3.4 is invariant under the parity transformation
1

𝑷 : 𝝋 ↦→ −𝝋,

Hence, the eigenstate |𝛼⟩ is characterized by its parity 𝑝𝛼 ∈ {±1} (+1

for symmetric, −1 for antisymmetric). This symmetry enforces selection

rules: matrix elements of the odd operator 𝝋 vanish between same-parity

states,

⟨𝜓𝛼|𝝋|𝜓𝛽⟩ ↦→ ⟨𝜓𝛼(−𝜑)| − 𝝋|𝜓𝛽(−𝜑)⟩ = − ⟨𝜓𝛼|𝝋|𝜓𝛽⟩ , if 𝑝𝛼 = 𝑝𝛽 .

Thus, transitions between same-parity levels are forbidden. Concretely,

among the first four levels only these transitions are allowed: |𝑔⟩ → |𝑒⟩,
|𝑔⟩ → |ℎ⟩, |𝑒⟩ → | 𝑓 ⟩, and | 𝑓 ⟩ → |ℎ⟩.

First-order insensitivity to flux noise. Moreover, this reflection sym-

metry renders the qubit transition frequency 𝜔𝑔𝑒 first-order insensitive

to flux noise at 𝜑ext = 𝜋. Indeed,

ℏ
𝜕𝜔𝑔𝑒

𝜕𝜑ext

= ⟨𝑒|𝜕𝜑ext
𝑯 |𝑒⟩ − ⟨𝑔|𝜕𝜑ext

𝑯 |𝑔⟩ .

Since 𝜕𝜑ext
𝑯 = 𝐸𝐽 sin 𝝋 anticommutes with 𝑷 (𝑷 sin 𝝋𝑷 = − sin 𝝋),

one has

⟨𝛼|𝜕𝜑ext
𝑯 |𝛼⟩ = − ⟨𝛼|𝜕𝜑ext

𝑯 |𝛼⟩ = 0, ∀𝛼,

and thus 𝜕𝜔𝑔𝑒/𝜕𝜑ext = 0. Consequently, the fluxonium qubit not only

inherits inherent immunity to static charge offsets, but also becomes

first-order insensitive to flux noise at the frustration point 𝜑ext = 𝜋. This

operating condition is known as the flux sweet spot, which we adopt as

our primary bias point throughout this work.

3.1.4 Heavy Fluxonium Regime

Previously, we have shown that increasing the charging energy 𝐸𝐶 is

analogous to increasing the mass of a particle in a harmonic potential: the

larger 𝐸𝐶 , the more tightly the wavefunctions confine within each well,
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yielding smaller intrawell level spacings. At the flux-frustration point

𝜑ext = 𝜋, however, the lowest transition |𝑔⟩→|𝑒⟩ is not an intrawell exci-

tation but a fluxon transition—arising from quantum tunneling between

the left and right wells. In the following, we develop a more detailed

intuitive picture of the fluxon tunneling mechanism that underlies this

transition.

We consider the potential near the minima at 𝜑0 = ±𝜋. Neglecting 𝐸𝐿
for simplicity, we expand the cosine around the minimum:

𝐸𝐽 cos(𝜑) ≈ −𝐸𝐽 +
𝐸𝐽

2

(𝜑 − 𝜑0)2 ,

which yields local harmonic left and right wells of the form 𝑉𝐿,𝑅(𝜑) ≈
𝐸𝐽
2
(𝜑 ∓ 𝜋)2. The ground state wavefunctions in each well (|𝐿⟩ and |𝑅⟩)

are approximately Gaussian:

𝜓𝐿,𝑅(𝜑) =
1

(𝜋𝜑2

zpf
)1/4

exp

(
−(𝜑 ∓ 𝜋)

2

2𝜑2

zpf

)
, 𝜑zpf =

(
2𝐸𝐶

𝐸𝐽

)
1/4
. (3.5)

The qubit transition frequency 𝜔𝑔𝑒 = (𝐸𝑒 − 𝐸𝑔)/ℏ is set by the tunnel

splitting between these two states and is approximately proportional to

the overlap integral ⟨𝐿|𝑅⟩:

ℏ𝜔𝑔𝑒 ∼ ⟨𝐿|𝑅⟩ ∼ exp

(
−
√
𝐸𝐽/𝐸𝐶

)
. (3.6)

More accurate expressions for 𝜔𝑔𝑒 at 𝜑ext = 𝜋 can be obtained via the

WKB approximation. An early result (neglecting 𝐸𝐿) was derived by

Koch et al. [Koc+07, Eq. 2.5], giving:

ℏ𝜔𝑔𝑒 ≈ ℏ𝜔𝑝 · 𝜆 ·
(
𝐸𝐽

𝐸𝐶

)
1/4

exp

©­«−
√

8𝐸𝐽

𝐸𝐶

ª®¬ , (3.7)

where 𝜆 is a numerical prefactor. A significantly improved WKB ap-

proximation, incorporating the inductive energy 𝐸𝐿 and showing excel-

lent agreement with numerical simulations, was recently developed by

Vakhtel et al. [Vak+24, Eq. 6, Fig. 6] and Ardati et al. [Ard+24, Eq. 6]. It

reads:

𝜔𝑔𝑒 = 4𝜔𝑝

(
2𝐸𝐽

𝜋2𝐸𝐶

) 1

4

exp

©­«−
√

8𝐸𝐽

𝐸𝐶
+ 14𝜁(3)𝐸𝐿

𝜔𝑝

ª®¬ , (3.8)

where 𝜁(3) ≈ 1.20205 is Apéry’s constant. This expression shows that,

at 𝜑ext = 𝜋, the qubit transition frequency 𝜔𝑔𝑒 depends exponentially

on the ratio

√
𝐸𝐽/𝐸𝐶 . Consequently, even small variations in 𝐸𝐽 or 𝐸𝐶

produce large shifts in 𝜔𝑔𝑒 , making the transition both extremely tunable

by design and sensitive to fabrication tolerances.

By deliberately increasing the ratio 𝐸𝐽/𝐸𝐶 , one can push 𝜔𝑔𝑒 far below

the typical gigahertz range into the megahertz range. This is the essence

of the heavy fluxonium regime [Zha+21]. While standard fluxonium already

http://arxiv.org/abs/cond-mat/0703002
https://arxiv.org/abs/2310.03102
https://arxiv.org/abs/2402.04495
https://arxiv.org/abs/2002.10653
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Fig. 3.7: Lumped-element equivalent
circuit of the fluxonium qubit coupled
capacitively to a drive line.

operates with 𝐸𝐽 ≳ 𝐸𝐶 > 𝐸𝐿, the heavy fluxonium pushes this hierarchy

further—typically by engineering 𝐸𝐶 to be particularly small, which

is achieved by adding a large shunt capacitance (𝐶 = 𝑒2/(2𝐸𝐶)). The

resulting parameter hierarchy is

𝐸𝐽 ≫ 𝐸𝐶 > 𝐸𝐿

with 𝐸𝐿 still being the smallest scale. In Fig. 3.6, we hold 𝐸𝐽 and 𝐸𝐿 fixed

and vary 𝐸𝐶 , showing that 𝜔𝑔𝑒 decreases rapidly as 𝐸𝐶 is reduced.

The practical realization of such low-frequency qubits was convincingly

demonstrated by Zhang et al. [Zha+21], who fabricated heavy fluxonium

qubits with transition frequencies as low as 14 MHz while maintaining

good coherence. This low-frequency operation is especially attractive

for applications involving resonant coupling to systems that naturally

operate in the MHz range, such as the nanomechanical resonators used

in this work. In 2023, we demonstrated [Naj+24] that we could fabricate

heavy fluxonium qubits with frequencies around 2 MHz, achieving a

charge sensitivity of 33 µe/
√

Hz. This result served as a proof of concept

that heavy fluxonium can be used to couple to nanomechanical resonators

and gave us the confidence to pursue this line of research further and

achieve the results presented in this thesis.

Note that the final spectrum of the heavy fluxonium qubit (see Fig. 3.6(c))

is highly anharmonic compared to a transmon: only the |𝑔⟩→|𝑒⟩ transi-

tion lies in the MHz range, while all higher transitions reside in the GHz

band. This pronounced separation isolates the qubit levels({|𝑔⟩ , |𝑒⟩})
from thermally unpopulated levels, facilitating both fast control pulses

and high-fidelity readout.

3.2 Fluxonium Control and Readout

The isolated fluxonium qubit has limited utility unless its state can be

both manipulated and measured. In Sec. 2.4.4 we introduced the basic

principles of qubit control, and in Sec. 2.5.3 we outlined fundamental

readout techniques. In this section, we derive the mechanisms we previ-

ously took for granted. We begin by examining direct capacitive coupling

to a microwave drive line for qubit state manipulation (Sec. 3.2.1). We

then turn to inductive coupling via a dedicated flux-bias line to tune

the external flux 𝜑ext (Sec. 3.2.2). Finally, we analyze the dispersive

interaction between the fluxonium and an auxiliary LC resonator, the

workhorse for nondestructive readout (Sec. 3.2.3).

3.2.1 Direct Capacitive Coupling. Fluxonium Drive

To interact with and control the qubit, we drive it by applying a time-

dependent voltage source𝑉𝑑(𝑡) to the fluxonium via a coupling capacitor

𝐶𝑑 (see Fig. 3.7). This capacitive connection injects charge into the qubit

node, creating an electric-dipole interaction that directly drives transitions

between its energy levels.

https://arxiv.org/abs/2002.10653
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007
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Hamiltonian derivation. Using the previously derived expressions

for the fluxonium qubit’s energy (Eq. 3.1) and the capacitor’s energy

(Eq. 2.17), the system’s Lagrangian can be expressed as:

L =
𝐶𝑞

2

¤Φ2 + 𝐸𝐽 cos

(
Φ −Φext

𝜙0

)
+ Φ2

2𝐿︸                                    ︷︷                                    ︸
Fluxonium

+ 𝐶𝑑
2

( ¤Φ −𝑉𝑑(𝑡))2︸              ︷︷              ︸
Drive coupling

. (3.9)

By applying the Legendre transformation and introducing the canonical

variable 𝑄 with
¤Φ =

𝑄+𝐶𝑑
𝐶Σ

, where 𝐶Σ = 𝐶𝑑 + 𝐶𝑞 , we can represent the

Hamiltonian of the system (discarding constant terms) as:

𝑯 =
(𝑄 + 𝐶𝑑 ·𝑉𝑑)2

2𝐶Σ

− 𝐸𝐽 cos

(
𝚽 −Φext

𝜙0

)
+ 𝚽2

2𝐿
. (3.10)

Using the dimensionless charge and flux operators, 𝒏 = 𝑸/2𝑒 and

𝝋 = 𝚽/𝜙0, we retain the inductive energy 𝐸𝐿 = 𝜙2

0
/𝐿 and redefine the

capacitive energy to include the full capacitances as 𝐸𝐶 = 𝑒2/2𝐶Σ. This

yields the Hamiltonian:

𝑯 = 4𝐸𝐶(𝒏 + 𝑛𝑑)2 − 𝐸𝐽 cos(𝝋 − 𝜑ext) +
𝐸𝐿

2

𝝋2

= 𝐻fluxonium + 8𝐸𝐶 · 𝑛𝑑 · 𝒏︸       ︷︷       ︸
𝐻′

, (3.11)

where the charge induced by the capacitive drive is 𝑛𝑑 = 𝐶𝑑𝑉𝑑/2𝑒. This

Hamiltonian demonstrates that a simple capacitive drive offsets the

charge.

Two-level system projection. The fluxonium is driven by a resonant

pulse at the target transition frequency. By applying the rotating-wave

approximation, we discard all nonresonant terms and retain only the

resonant coupling. Consequently, we restrict our analysis to an effective

two-level system, since the other energy levels lie far off resonance.

We begin by projecting the full system Hamiltonian onto the two-level

subspace spanned by the states |𝛼⟩ and |𝛽⟩. Defining the projector

𝑷𝛼𝛽 = |𝛼⟩ ⟨𝛼| + |𝛽⟩ ⟨𝛽| ,

any operator 𝑶 is reduced as 𝑷𝛼𝛽 𝑶 𝑷𝛼𝛽 . In particular, for a drive voltage

𝑉𝑑(𝑡) = 𝑉0 cos

(
𝜔𝑑𝑡 + 𝜙

)
, the projected Hamiltonian becomes

𝑯 = 𝑷𝛼𝛽 𝑯 𝑷𝛼𝛽 =
ℏ𝜔𝛼𝛽

2

𝝈𝑧︸    ︷︷    ︸
Qubit

+ ℏΩ cos

(
𝜔𝑑𝑡 + 𝜙

)
𝝈𝑥︸                    ︷︷                    ︸

Drive coupling

. (3.12)

Here we have omitted any overall constants that only shift the zero

of energy and defined the dressed qubit frequency 𝜔𝛼𝛽 with the Rabi

frequency (coupling strength) Ω.

𝜔𝛼𝛽 = 𝜔𝛼𝛽 + 8

𝐸𝐶

ℏ
𝑛𝑑 (𝑛𝛽𝛽 − 𝑛𝛼𝛼), Ω =

8𝐸𝐶

ℏ

𝐶𝑑 𝑉0

2𝑒
. (3.13)
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Fig. 3.8: Lumped-element equivalent
circuit of the fluxonium qubit coupled
inductively to a flux line.

The term proportional to 𝑛𝑑(𝑛𝛽𝛽−𝑛𝛼𝛼) describes a small, time-dependent

shift of the qubit frequency (a dynamic Stark shift). Since this shift

oscillates at the drive frequency or faster, we will neglect it under the

rotating wave approximation (RWA) in what follows.

Rotating-wave approximation. To remove the strong time dependence

at the drive frequency 𝜔𝑑 , we move into a frame rotating about the 𝑧-axis

at 𝜔𝑑. We define the unitary

𝑼 (𝑡) = 𝑒 𝑖(𝜔𝑑 𝑡/2) 𝝈𝑧 ,

under which the Hamiltonian transforms as

𝑯 ↦→ 𝑯 ′ = 𝑼 𝑯 𝑼† + 𝑖ℏ 𝑑𝑼
𝑑𝑡

𝑼†.

Using 𝑖ℏ 𝑑𝑼
𝑑𝑡 𝑼

† = − ℏ𝜔𝑑
2

𝝈𝑧 , we find

𝑼
ℏ𝜔𝛼𝛽

2

𝝈𝑧𝑼† + 𝑖ℏ
𝑑𝑼
𝑑𝑡

𝑼† =
ℏ (𝜔𝛼𝛽 − 𝜔𝑑)

2

𝝈𝑧 .

We next transform the coupling term,

𝑯coupling = ℏΩ cos

(
𝜔𝑑𝑡 + 𝜙

)
𝝈𝑥 =

ℏΩ

2

(
𝑒 𝑖(𝜔𝑑 𝑡+𝜙) + 𝑒−𝑖(𝜔𝑑 𝑡+𝜙)

)(
𝝈+ + 𝝈−

)
.

Using the identity 𝑒 𝑖𝜃 𝝈𝑧 𝝈± 𝑒−𝑖𝜃 𝝈𝑧 = 𝑒±2𝑖𝜃 𝝈± , and omitting the terms

oscillating at ±2𝜔𝑑, we obtain

𝑼 𝑯coupling 𝑼† =
ℏΩ

2

(
cos 𝜙 𝝈𝑥 + sin 𝜙 𝝈𝑦

)
.

Qubit drive Hamiltonian. Under the rotating wave approximation

(RWA) we discard the rapidly oscillating components, leaving only the

slowly varying drive terms. Putting these pieces together yields the final

effective Hamiltonian in the rotating frame,

𝑯Drive =
ℏ 𝛿𝜔

2

𝝈𝑧 +
ℏΩ

2

(
𝝈𝑥 cos 𝜙 + 𝝈𝑦 sin 𝜙

)
, (3.14)

where the detuning is defined as the difference between the qubit

frequency and the drive frequency, 𝛿𝜔 = 𝜔𝛼𝛽 − 𝜔𝑑. The Hamiltonian

was discussed in Sec. 2.4.4, where we show that it leads to coherent qubit

oscillations at the generalized Rabi frequency Ω𝑅 =
√
𝛿𝜔2 +Ω2

. Since

Ω ∝ 𝑉0, adjusting the drive amplitude 𝑉0 directly controls the qubit

rotation rate.

3.2.2 Inductive coupling: flux line

For a fluxonium qubit, precise control of the external flux 𝜑ext is essential.

To achieve this, we inductively couple the fluxonium loop to a flux-bias

line. A current 𝐼f through the flux line threads the loop with a flux 𝑀𝐼f,
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[Man12]: Manucharyan (2012), ‘Superin-

ductance’, Thesis

where 𝑀 is the mutual inductance. The fluxonium Hamiltonian then

becomes:

𝑯 = 4𝐸𝐶 𝒏2 − 𝐸𝐽 cos 𝝋 + 𝐸𝐿
2

(
𝝋 + 𝑀 𝐼f

𝜙0︸︷︷︸
𝜑ext

)
2

. (3.15)

Defining 𝜑ext = 𝑀𝐼f/𝜙0 makes clear that adjusting 𝐼f directly controls the

external flux bias. Practically, we calibrate 𝑀 by measuring the current

𝐼2𝜋
f

required to change 𝜑ext by 2𝜋, yielding

𝑀 =
Φ0

𝐼2𝜋
f

=
ℎ

2𝑒 𝐼2𝜋
f

. (3.16)

3.2.3 Readout Dispersive Shift

To read out the fluxonium qubit, we capacitively couple it to a microwave

resonator and infer its state from the resonator’s dispersive frequency pull

(see Sec. 2.5.3). We begin by deriving the full qubit–resonator Hamiltonian

from the circuit Lagrangian. Next, we follow Sec. 3.2.1 of [Man12] to apply

second-order perturbation theory and obtain the analytic expression for

the dispersive shift 𝜒𝛼𝛽. Finally, we validate and illustrate these results

through a numerical evaluation of 𝜒ge for representative heavy-fluxonium

parameters.

Coupling Hamiltonian derivation. The fluxonium qubit and its read-

out resonator are coupled capacitively via the capacitor 𝐶𝑠 (see Fig. 3.9).

We introduce the generalized flux variables of the qubit (Φ𝑞) and readout

(Φ𝑟) flux variable, as well as the capacitance matrix

𝐶𝑀 =

(
𝐶𝑞 + 𝐶𝑠 −𝐶𝑠
−𝐶𝑠 𝐶𝑟 + 𝐶𝑠

)
, Φ =

(
Φ𝑞

Φ𝑟

)
, (3.17)

where 𝐶𝑞 and 𝐶𝑟 are, respectively, the bare qubit and resonator capaci-

tances. The Lagrangian is then

L =
1

2

¤Φ𝑇𝐶𝑀 ¤Φ︸      ︷︷      ︸
Kinetic energy

− Φ2

𝑟

2𝐿𝑟︸︷︷︸
Resonator potential

−
Φ2

𝑞

2𝐿𝑞
+ 𝐸𝐽 cos

(
Φ𝑞 −Φext

𝜙0

)
.︸                            ︷︷                            ︸

Fluxonium potential

(3.18)

The conjugate charge operators are defined by

𝑄𝑇 =
𝜕L
𝜕 ¤Φ

= ¤Φ𝑇 𝐶𝑀 , 𝑄 =

(
𝑄𝑞

𝑄𝑟

)
.

Inverting,
¤Φ = 𝐶−1

𝑀
𝑄, where

𝐶−1

𝑀 =
1

𝐶2

Σ

(
𝐶𝑟 + 𝐶𝑠 𝐶𝑠

𝐶𝑠 𝐶𝑞 + 𝐶𝑠

)
, 𝐶2

Σ
≡ 𝐶𝑟𝐶𝑠 + 𝐶𝑞 (𝐶𝑟 + 𝐶𝑠).

https://bpb-us-w2.wpmucdn.com/campuspress.yale.edu/dist/2/3627/files/2021/07/Manucharyan-Vladimir-Superinductance-Yale-2012.pdf
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The dressed mode frequencies follow from the quadratic part of L:

𝜔2

𝑞 =
(𝐶−1

𝑀
)00

𝐿𝑞
, 𝜔2

𝑟 =
(𝐶−1

𝑀
)11

𝐿𝑟
,

and the corresponding mode impedances are

𝑍𝑞 =

√
𝐿𝑞 (𝐶−1

𝑀
)00. 𝑍𝑟 =

√
𝐿𝑟 (𝐶−1

𝑀
)11 ,

The off-diagonal entries of 𝐶−1

𝑀
give the coupling coefficient

𝑔̃ =
(𝐶−1

𝑀
)01 + (𝐶−1

𝑀
)10

4

√
𝑍𝑟 𝑍𝑞

=
𝐶𝑠

2𝐶2

Σ

√
𝑍𝑟 𝑍𝑞

.

Performing the Legendre transform and promoting (Φ𝑖 , 𝑄𝑖) to operators

(𝚽𝑖 ,𝑸 𝑖)with [𝚽𝑖 ,𝑸 𝑗] = 𝑖ℏ 𝛿𝑖 𝑗 (with 𝑖 ∈ {𝑞, 𝑟}), one obtains

𝑯 =
1

2

𝐿𝑅 𝜔2

𝑟 𝑸
2

𝑅 +
𝚽2

𝑟

2𝐿𝑅
| Resonator

+ 1

2

𝐿𝐽 𝜔
2

𝑞 𝑸
2

𝑞 +
𝚽2

𝐽

2𝐿𝐽
− 𝐸𝐽 cos

(
𝚽𝑞 −Φext

𝜙0

)
| Fluxonium

+ 2 𝑔̃
√
𝑍𝑅 𝑍𝑞 𝑸𝑅 𝑸𝑞 | Coupling

(3.19)

Rewriting the resonator in terms of its ladder operators 𝒄 and 𝒄† (Eq. 2.23)

and the fluxonium in its charge–phase basis (Eq. 2.35), the total Hamilto-

nian becomes

𝑯 = ℏ𝜔𝑟𝒄†𝒄 | Resonator

+ 4𝐸𝐶 𝒏2 + 1

2

𝐸𝐿 𝝋
2 − 𝐸𝐽 cos(𝜑 − 𝜑ext) | Fluxonium

+ 𝑖 𝑔 𝒏
(
𝒄† − 𝒄

)
. | Coupling

(3.20)

where the renormalized coupling is

𝑔 = 4𝑒 𝑔̃

√
ℏ𝑍𝑞

2

.

Dispersive shift. The interaction Hamiltonian between the fluxonium

qubit and the readout resonator is

𝑯 int = 𝑖 𝑔 𝒏
(
𝒄† − 𝒄

)
,

where 𝑔 is small compared to the relevant detunings (the dispersive

regime). We therefore treat 𝑯 int as a perturbation on the uncoupled

eigenbasis {|𝛼, 𝑛⟩}, with 𝛼 the qubit state and 𝑛 the cavity Fock state.

The unperturbed energies are

𝐸
(0)
𝛼,𝑛 = 𝐸𝛼 + 𝑛 ℏ𝜔𝑟 ,
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Fig. 3.10: Contributions to 𝜒𝛼 for a
fluxonium with 𝐸𝐽 = 4.3 GHz, 𝐸𝐶 =

0.47 GHz, 𝐸𝐿 = 0.17 GHz, 𝜑ext = 𝜋, and

𝜔𝑟 = 5.8 GHz.
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Fig. 3.11: Convergence of 𝜒ge/𝑔2
ver-

sus number of fluxonium levels 𝑁 in-

cluded in the sum-over-states expres-

sion (Eq. 3.22). Curves correspond to

different (𝐸𝐽 , 𝐸𝐶 ) pairs, normalized so

𝜒ge/𝑔2 → 1 at large 𝑁 .

and including corrections up to second order,

𝐸𝛼,𝑛 = 𝐸
(0)
𝛼,𝑛 + 𝛿𝐸(1)𝛼,𝑛 + 𝛿𝐸(2)𝛼,𝑛 .

The first-order correction vanishes,

𝛿𝐸(1)𝛼,𝑛 = ⟨𝛼, 𝑛|𝑯 int|𝛼, 𝑛⟩ = 0,

since ⟨𝑛|𝒄|𝑛⟩ = ⟨𝑛|𝒄†|𝑛⟩ = 0. The second-order shift is

𝛿𝐸(2)𝛼,𝑛 =
∑
𝛽≠𝛼
𝑚≠𝑛

��⟨𝛼, 𝑛|𝑯 int|𝛽, 𝑚⟩
��2

𝐸
(0)
𝛼,𝑛 − 𝐸(0)𝛽,𝑚

(3.21)

Because 𝒄 + 𝒄† only connects neighboring Fock states, the sum over 𝑚

reduces to nearest neighbors

𝛿𝐸(2)𝛼,𝑛 = 𝑔2

∑
𝛽≠𝛼

[ 𝑛 |𝑛𝛼𝛽|2

𝐸𝛼 −
(
𝐸𝛽 − ℏ𝜔𝑟

) + (𝑛 + 1) |𝑛𝛼𝛽|2

𝐸𝛼 −
(
𝐸𝛽 + ℏ𝜔𝑟

) ] ,
where 𝑛𝛼𝛽 is the charge matrix element between the fluxonium states

|𝛼⟩ and |𝛽⟩. When the fluxonium is in state |𝛼⟩, it shifts the bare cavity

frequency 𝜔𝑟 by an amount 𝜒𝛼. Equivalently, 𝜒𝛼 is the change in cavity

frequency between 𝑛 and 𝑛+1 photons in the cavity, given the qubit state

|𝛼⟩. Hence, introducing the fluxonium transition frequencies ℏ𝜔𝛼𝛽 =

𝐸𝛼 −𝐸𝛽 , the difference in cavity frequency between two fluxonium states,

dispersive shift, is

𝜒𝛼𝛽 = 𝜒𝛼 − 𝜒𝛽 ,

𝜒𝛼 = 𝑔2

∑
𝛽≠𝛼

��𝑛𝛼𝛽��2 2𝜔𝛼𝛽

𝜔2

𝛼𝛽 − 𝜔2

𝑟

.
(3.22)

This expression holds in the dispersive regime, defined by

��𝜔𝛼𝛽 − 𝜔𝑟

��≫ 𝑔,

or equivalently 𝜒𝛼/𝑔 ≪ 1.

Numerical evaluation. Fig. 3.10 shows the matrix elements 𝑛𝛼𝛽 and

their detunings from the resonator, |𝜔𝛼𝛽 − 𝜔𝑟 |, for our fluxonium qubit

coupled to a resonator at 5.8 GHz. These detunings typically exceed the

coupling strength 𝑔 (on the order of 100 MHz), validating the dispersive

approximation. As noted in Sec. 3.1.3, transitions between states of the

same parity are forbidden, producing the checkerboard-like pattern in

Fig. 3.10a.

Although the fundamental |𝑔⟩ → |𝑒⟩ transition of our heavy fluxonium

lies at a few megahertz, the dispersive frequency pull 𝜒ge remains strongly

influenced by virtual excitations through higher-energy levels. To quantify

this effect, we compute 𝜒ge using the standard sum-over-states expression

(Eq. 3.22) while systematically increasing the number of fluxonium levels

included. Fig. 3.11 shows the normalized dispersive shift as a function

of the number of levels for a parameter sweep 𝐸𝐽 ∈ [3, 6] GHz and

𝐸𝐶 ∈ [0.3, 0.6] GHz. In all cases, convergence of 𝜒ge requires inclusion of

at least ten excited states. Since analytic approximations for the high-lying
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matrix elements are not available, these results rely entirely on numerical

evaluation.
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Fig. 3.12: Colormap of 𝜒ge/𝑔2 and 𝜔ge

at 𝜑ext = 𝜋 for varying fluxonium pa-

rameters. The coupling strength 𝑔 is ex-

pressed in units of rad s
−1

. The dashed

white line indicates a constant qubit fre-

quency, 𝜔𝑔𝑒/2𝜋 = 4 MHz.

Finally, in Fig. 3.12, we display the normalized dispersive shift 𝜒ge/𝑔2

at the flux sweet spot for a range of fluxonium parameters. The plot

highlights parameter regions where transitions are close to resonance

with the cavity, leading to a breakdown of the dispersive approximation,

and regions where the dispersive shift remains stable. Outside these

resonance zones, the shift remains nearly constant for a given transition

frequency, enabling parameter tuning to focus primarily on achieving

the desired frequency—except in cases where strong hybridization must

be avoided.

3.3 Fluxonium Decoherence

Up to this point, we have treated our circuits as perfectly isolated, neglect-

ing any interaction with the external world. In realistic superconducting

circuits, however, both engineered couplings to control and readout

apparatus and unavoidable interactions with environmental degrees of

freedom introduce dissipation and dephasing.

In this chapter, we begin by formulating the dynamics of an open quantum

system using the Lindblad master equation, which captures both energy

relaxation and pure dephasing processes. We introduce the standard

coherence metrics—the energy-relaxation time𝑇1 and the dephasing time

𝑇∗
2
—which quantify a qubit’s lifetime and phase memory, respectively,

and establish the notation used throughout this thesis.

We then analyze the intrinsic decoherence mechanisms specific to the

fluxonium qubit, detailing how dielectric loss, inductive loss, quasiparti-

cle generation, and phase slips arise from material properties and circuit

design.
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Fig. 3.13: Equivalent circuits for a noisy
resistor. (a) A "noisy" resistor at a non-

zero temperature with internal John-

son–Nyquist thermal noise. (b) An equiv-

alent circuit representation consisting of

a voltage source with spectral density

𝑆𝑉𝑉 [𝜔] in series with a noiseless resis-

tor 𝑅 (Thévenin equivalent circuit). (c)
An equivalent circuit representation con-

sisting of a current source with spectral

density𝑆𝐼𝐼 [𝜔] in parallel with a noiseless

resistor 𝑅 (Norton equivalent circuit).

[Sch+02]: Schoelkopf et al. (2002),

‘Qubits as Spectrometers of Quantum

Noise’, NATO Science Series

[Cle14]: Clerk (2014), ‘Quantum noise

and quantum measurement’, Les

Houches Lecture Notes

3.3.1 Fermi’s Golden Rule for Linear Interaction

Although we have discussed how to incorporate losses into the equa-

tions of motion (using jump operators; see Sec. 2.4.5), we have not yet

introduced dissipative elements into the circuit itself. In the following,

we derive the decoherence rate of a fluxonium qubit linearly coupled to

its environment using the convenient form of Fermi’s golden rule. The

resulting “plug-and-play” expression will then be applied to compute

decoherence rates for various loss channels.

Fermi’s Golden Rule for spectral noise density. Consider a supercon-

ducting circuit coupled to an external environment. The interaction is

described by a coupling Hamiltonian, denoted 𝑯 ′. For small perturba-

tions, we can assume that the coupling Hamiltonian 𝑯 ′ is linear in both

the circuit and the environmental bath operators. The general form of

such a coupling is then

𝑯 ′ = 𝑔 ×𝚲env ×𝑶 , (3.23)

where 𝑔 is a coupling constant, 𝑶 is an operator associated with the

superconducting circuit, and 𝚲env is an operator associated with the

environmental bath. For a bath in a mixed state, described by the density

matrix

∑
𝜇 𝑝𝜇 |𝜇⟩ ⟨𝜇|, Fermi’s golden rule gives the transition rate between

two circuit states, |𝛼⟩ and |𝛽⟩, as:

Γ 𝛼→𝛽 =
2𝜋
ℏ

∑
𝜇,𝜈

𝑝𝜇


 ⟨𝛼, 𝜇|𝑯 ′|𝛽, 𝜈⟩ 

2

𝛿(𝐸𝛼𝜇 − 𝐸𝛽𝜈) (3.24)

Here, |𝛼, 𝜇⟩ represents the joint state of the fluxonium in state |𝛼⟩ and the

bath in state |𝜇⟩. The total energy of this joint state is 𝐸𝛼𝜇. In the zeroth-

order of perturbation theory, this energy is the sum of the individual

energies of the circuit and the bath: 𝐸𝛼𝜇 = 𝐸𝛼 + 𝐸𝜇. The Dirac delta

function, 𝛿(𝐸), ensures the conservation of energy during the transition.

By substituting the expression for the coupling Hamiltonian 𝑯 ′ and

using the relationship for the transition frequency, ℏ𝜔𝛼𝛽 = 𝐸𝛼 − 𝐸𝛽, we

can rewrite the rate as:

Γ 𝛼→𝛽 =
𝑔2

ℏ2



 ⟨𝛼|𝑶|𝛽⟩ 

2

𝑆
ΛΛ
[𝜔𝛼𝛽] (3.25)

The term 𝑆
ΛΛ
[𝜔𝛼𝛽] is the spectral noise density of the bath operator 𝚲env

evaluated at the transition frequency. According to the Wiener-Khinchin

theorem, it can be derived from the𝚲env autocorrelation function [Sch+02,

Eq. 18][Cle14, Eq. 2.13], and is given by:

𝑆
ΛΛ
[𝜔𝛼𝛽] = 2𝜋ℏ

∑
𝜇,𝜈

𝑝𝜇


 ⟨𝜇|𝚲env|𝜈⟩



2

𝛿(ℏ𝜔𝛼𝛽 − (𝐸𝜈 − 𝐸𝜇))

Intrinsic Losses Coupling Term. So far, we have assumed purely

imaginary (nondissipative) impedances; losses arise when the real part

of 𝑍 is nonzero, as in a resistor. At finite temperature 𝑇, a resistor exhibits

thermal fluctuations known as Johnson–Nyquist noise. This noise can be

http://arxiv.org/abs/cond-mat/0210247
https://www.physics.mcgill.ca/~clerk/PDFfiles/LesHouchesNotesAC.pdf
https://www.physics.mcgill.ca/~clerk/PDFfiles/LesHouchesNotesAC.pdf
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[Cle+10]: Clerk et al. (2010), ‘Introduc-

tion to Quantum Noise, Measurement

and Amplification’, Reviews of Modern

Physics

n >

φ >

φext

JE

LE

CE IIS

Fig. 3.14: Equivalent circuit for fluxo-
nium intrinsic noises. The circuit con-

sists of a standard fluxonium where ev-

ery element can have a real part of its

impedance, shunted by a current source

𝑰env with spectral density 𝑆𝐼𝐼 [𝜔].

Tab. 3.1: Impedances, 𝑍(𝜔), and Admit-

tances, 𝑌(𝜔), of Basic Circuit Elements

Component 𝑍(𝜔) 𝑌(𝜔)
Resistor 𝑅 1/𝑅

Capacitor 1/(𝑖𝜔𝐶) 𝑖𝜔𝐶
Inductor 𝑖𝜔𝐿 1/(𝑖𝜔𝐿)

1: The voltage noise spectral density is

related by:

𝑆 env

𝑉𝑉
[𝜔] = Re[𝑍env(|𝜔|)]2𝑆 env

𝐼𝐼
[𝜔],

where 𝑍env = 1/𝑌env is the impedance

of the environment.

[Sch+02]: Schoelkopf et al. (2002),

‘Qubits as Spectrometers of Quantum

Noise’, NATO Science Series

2: A derivation of the spectral current

noise density can be found in [Sch+02,

Chap. 3] or [Wat99, Lect. 20]. However,

here is a small hint to help remember

it. The quantum noise from a resistor

can be modeled using its quantum de-

scription as a bath of harmonic oscilla-

tors (Caldeira–Leggett model). The en-

ergy of the states around 𝜔 is given by

the energy of a single state, ℏ𝜔, mul-

tiplied by the density of states, which

is (coth (ℏ𝜔/2𝑘𝐵𝑇) + 1) /2. The spectral

density of the current must have units of

amperes squared per hertz, equivalent

to energy per ohm. This dimensional

analysis leads to Eq. 3.28.

3: Note that

coth

ℏ|𝜔|
2𝑘𝐵𝑇

= 1 + 2𝑛BE(|𝜔|),

where 𝑛BE is the Bose-Einstein distribu-

tion.

modeled in two equivalent ways [Cle+10, Fig. 16]: as a voltage source with

spectral density 𝑆𝑉𝑉 [𝜔] in series with a noiseless resistor (Fig. 3.13(b)),

or as a current source with spectral density 𝑆𝐼𝐼[𝜔] in parallel with a

noiseless resistor (Fig. 3.13(c)).

To account for the intrinsic losses of the fluxonium qubit, such as those

arising from a dielectric substrate at a specific bath temperature, we

introduce a model where a noise current source, 𝑰env, is placed in parallel

with the qubit circuit, as shown in Fig. 3.14. This source is characterized

by a spectral density 𝑆𝐼𝐼[𝜔]. In this framework, all dielectric losses are

captured by assigning a real component to the impedance (or, equivalently,

the admittance) of the circuit elements (as will be discussed in following

subsections).

The environmental noise current, 𝑰env, induces a flux 𝚽env = 𝐿𝑰env across

the fluxonium inductance. Consequently, the inductive energy term

transforms as:

𝐸𝐿

2

𝝋2 −→ 𝐸𝐿

2

(
𝝋 + 𝚽env

𝜙0

)
2

From this, we can extract the interaction Hamiltonian between the

fluxonium and its environment:

𝐻′ = 𝐸𝐿
𝐿𝑰env

𝜙0

𝝋 = 𝜙0︸︷︷︸
𝑔

× 𝑰env︸︷︷︸
𝚲env

× 𝝋︸︷︷︸
𝑶

. (3.26)

Intrinsic Losses Transition Rate. We identify the terms in analogy

with the general form of a system-bath coupling Hamiltonian shown in

Eq. 3.23. Applying Fermi’s Golden Rule, as formulated in Eq. 3.25, yields

the transition rate between states |𝛼⟩ and |𝛽⟩:

Γ int

𝛼𝛽 =
𝜙2

0

ℏ2



 ⟨𝛼|𝝋|𝛽⟩ 

2

𝑆 env

𝐼𝐼 [𝜔𝛼𝛽] =
1

(2𝑒)2


 ⟨𝛼|𝝋|𝛽⟩ 

2

𝑆 env

𝐼𝐼 [𝜔𝛼𝛽], (3.27)

where 𝑆 env

𝐼𝐼 [𝜔𝛼𝛽] is the two-sided quantum current noise spectral density

of the operator 𝑰env. This current noise spectral density
1

is given by

[Sch+02, eq. 28]
2
:

𝑆 env

𝐼𝐼 [𝜔] = ℏ𝜔Re[𝑌env(|𝜔|)]
(
coth

(
ℏ𝜔

2𝑘𝐵𝑇

)
+ 1

)
, (3.28)

where Re[𝑌env] is the real part of the admittance of the lossy element.

The total transition rate between two states, Γ𝛼𝛽, is the sum of the rates

for absorption and emission. To simplify the final expression, we define

the one-sided spectral density, 𝑆env

𝐼𝐼
[|𝜔|], which combines contributions

from positive and negative frequencies:
3
:

𝑆env

𝐼𝐼 [|𝜔|] = 𝑆
env

𝐼𝐼 [|𝜔|] + 𝑆
env

𝐼𝐼 [−|𝜔|]

= 2ℏ|𝜔| Re[𝑌env(𝜔)] coth

(
ℏ|𝜔|
2𝑘𝐵𝑇

)
.

(3.29)

https://arxiv.org/abs/0810.4729
https://arxiv.org/abs/0810.4729
http://arxiv.org/abs/cond-mat/0210247
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Fig. 3.15: Dielectric losses as a function
of external flux, based on tan 𝛿 ∼ 10

−5
.

𝜑ext, in yellow, and as a function of the

transition frequency, 𝜈𝑖 𝑗 , in blue. (a, b,
c) show the losses for the transitions

|𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and |𝑔⟩ → |ℎ⟩,
respectively.

1: The loss tangent tan 𝛿 for certain inter-

faces, such as the metal-substrate inter-

face, can be higher, with values around

3 × 10
−4

[Mel+20]. However, most of the

field is distributed across regions with

much lower loss tangents, often on the or-

der of 10
−6

. For our estimation, we take a

middle value, tan 𝛿 ≈ 10
−5

(𝑄
diel

= 10
5
).

More on this can be found in [Mel+20]

and [Pop+14, Tab. 2].

This allows us to write the total transition rate in a compact form:

Γint

𝛼𝛽 = Γ int

𝛼𝛽 + Γ int

𝛽𝛼 =
1

(2𝑒)2


 ⟨𝛼|𝝋|𝛽⟩ 

2

𝑆env

𝐼𝐼 (|𝜔𝛼𝛽|) (3.30)

Substituting specific environmental admittances 𝑌env(𝜔) into these ex-

pressions enables evaluation of various loss channels. For the following

numerical estimates, we use the following fluxonium parameters:

𝐸𝐽 = 4.82 GHz, 𝐸𝐶 = 0.418 GHz, 𝐸𝐿 = 0.128 GHz,

which yield transition frequencies 𝜔𝑔𝑒 ≈ 2.1 MHz, 𝜔𝑒 𝑓 ≈ 3.56 GHz and

𝜔𝑔ℎ ≈ 3.62 GHz.

3.3.2 Dielectric Losses in the Capacitor

Dielectric losses arise from the qubit’s interaction via the electric field

with the dielectric material on which it is fabricated. These losses can be

modeled by a lossy capacitor, where the permittivity of the material is

complex, 𝜖 = 𝜖0 − 𝑖𝜖1. The admittance of such a capacitor is given by:

𝑌diel = 𝑖|𝜔| 𝜖0 − 𝑖𝜖1

𝜖0

𝐶 = 𝑖|𝜔|𝐶 + |𝜔|𝐶 tan 𝛿, (3.31)

where 𝐶 is the lossless capacitance of the qubit. The loss tangent, tan 𝛿 =

𝜖1/𝜖0, characterizes the material’s dielectric losses. It is often referred to

as the inverse of the dielectric quality factor, 𝑄diel = 1/tan 𝛿.

The real part of the admittance, which accounts for dielectric losses, is:

Re[𝑌diel(𝜔)] = |𝜔|𝐶 tan 𝛿. (3.32)

Using the relationship 𝐶 = 𝑒2/(2𝐸𝐶), the decoherence rate due to dielec-

tric losses is expressed as:

Γdiel

𝛼𝛽 =
ℏ𝜔2

𝛼𝛽

4𝐸𝐶
· tan 𝛿 · | ⟨𝛼|𝝋|𝛽⟩ |2 · coth

(
ℏ|𝜔𝛼𝛽|
2𝑘𝐵𝑇

)
. (3.33)

For an aluminium circuit fabricated on silicon, we estimate
1

tan 𝛿 ≈ 10
−5

,

corresponding to𝑄diel = 10
5
. Note that 𝐸𝐶 reflects the total capacitance of

the qubit, which includes contributions from various interfaces, making

tan 𝛿 an effective average across different material interfaces.

We obtain the upper bounds on the decoherence rates due to dielectric

losses, as illustrated in Fig. 3.15. At the flux frustration point, these bounds

are given by:

𝑇diel

𝑔𝑒 ≳ 826 𝜇s,

𝑇diel

𝑒 𝑓 ,𝑔ℎ
≳ 4.34 𝜇s.

(3.34)

Based on the measurement of the fluxonium decoherence (Chap. 7),

we believe that dielectric losses are significant source of decoherence
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Fig. 3.16: Inductive losses as a function
of external flux, based on tan 𝛿𝜇 ∼ 2 ×
10
−9

. 𝜑ext, in yellow, and as a function of

the transition frequency, 𝜈𝑖 𝑗 , in blue. (a,
b, c) show the losses for the transitions

|𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and |𝑔⟩ → |ℎ⟩,
respectively.

[Pop+14]: Pop et al. (2014), ‘Coherent sup-

pression of electromagnetic dissipation

due to superconducting quasiparticles’,

Nature

for the transitions |𝑔⟩ → |ℎ⟩ and |𝑒⟩ → | 𝑓 ⟩ (lower-to-upper manifold

transitions).

3.3.3 Resistive Losses in the Inductor

Similarly, we can determine the losses induced by magnetic field interac-

tions. These losses are modeled using the complex permeability of the

inductance, 𝜇 = 𝜇0 − 𝑖𝜇1.

This leads to the admittance of the lossy inductor being:

𝑌ind =
(
𝑖|𝜔|𝐿 + |𝜔|𝐿 tan 𝛿𝜇

)−1

, (3.35)

where 𝐿 is the total inductance of the qubit, and the permeability loss

tangent is defined as tan 𝛿𝜇 = 𝜇1/𝜇0.

The real part of the admittance is:

Re[𝑌ind(𝜔)] =
1

|𝜔|𝐿 ·
tan 𝛿𝜇

1 + tan
2 𝛿𝜇

|𝜔|2𝐿2

≃
tan 𝛿𝜇

|𝜔|𝐿 . (3.36)

The decoherence rate due to inductive losses is then:

Γind

𝛼𝛽 =
2𝐸𝐿

ℏ
· tan 𝛿𝜇 · | ⟨𝛼|𝝋|𝛽⟩ |2 · coth

(
ℏ|𝜔𝛼𝛽|
2𝑘𝐵𝑇

)
. (3.37)

The functional difference between inductive losses, Re[𝑌ind(𝜔)], and

capacitive losses, Re[𝑌diel(𝜔)], lies in a factor of 𝜔2
. Inductive losses

increase more rapidly with lower frequencies, Γind

𝛼𝛽 /Γdiel

𝛼𝛽 ∝ 1/𝜔2
, making

them more significant for low-frequency transitions.

The value of tan 𝛿𝜇 is less commonly reported in the literature compared

to the dielectric loss tangent tan 𝛿. Based on available data, we estimate

tan 𝛿𝜇 ≲ 2 × 10
−9

(𝑄ind = 5 × 10
8
) [Pop+14, Tab. 2].

This results in the following upper bounds on the decoherence rates due

to inductive losses, as illustrated in Fig. 3.16. At the flux frustration point,

these bounds are given by:

𝑇 ind

𝑔𝑒 ≳ 42 𝜇s,

𝑇 ind

𝑔ℎ, 𝑒 𝑓
≳ 652 ms.

(3.38)

Based on the measurement of the fluxonium decoherence (Chap. 7), we

believe that the inductive losses are a significant source of decoherence

of the lowest-frequency qubit transitions.

3.3.4 Phase-Slip Losses in the Junction Array

Another source of decoherence arises from the fabrication approach of the

superinductance, which consists of many Josephson junctions connected

in series. The total phase across the array is the sum of the phases across

all the junctions: 𝜑𝑎 =
∑
𝑖 𝜑𝑖 . Due to the 2𝜋 periodicity of Josephson

junctions, each junction can undergo a ±2𝜋 phase slip, referred to as

https://www.nature.com/articles/nature13017
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a quantum phase slip (QPS). Multiple phase slips occurring along the

array lead to spatial interference effects caused by the Aharonov-Casher

effect [AC84]. This phenomenon is referred to as coherent quantum phase

slips (CQPS) [Man+12].

The phase-slip energy 𝜖ps associated with quantum fluctuations of the

phase across a single Josephson junction can be determined using the

generalized WKB approximation [Man+12, ref. 24] [Ran+24, Eq. 1]:

𝜖ps𝑖
= 2

√
2

𝜋

√
8𝐸𝐽𝑖𝐸𝐶

4

√
8𝐸𝐽𝑖
𝐸𝐶

exp

©­«−
√

8𝐸𝐽𝑖
𝐸𝐶

ª®¬ , (3.39)

where 𝐸𝐽𝑖 is the Josephson energy of a single junction 𝑖 in the array. For a

homogeneous array, 𝐸𝐽𝑖 can be expressed as 𝐸𝐽𝑖 = 𝐸𝐿 × 𝑁JJs, where 𝑁JJs

is the total number of junctions in the superinductance array.

The total CQPS energy 𝐸CQPS across the array is given by summing over

the phase-slip energies of all junctions, including the Aharonov-Casher

phase 𝜂𝑔,𝑖 :

𝐸CQPS =

𝑁∑
𝑖=1

𝜖ps,𝑖𝑒
−𝑖2𝜋𝜂𝑔,𝑖 . (3.40)

For a homogeneous array, the CQPS energy can be approximated as

|Re[𝐸CQPS]| ≤ 𝑁JJs𝜖ps. For large 𝑁JJs, the Aharonov-Casher phases 𝜂𝑔,𝑖
can be treated as random variables. By the central limit theorem, prob-

ability distribution of Re[𝐸CQPS] is Gaussian with a standard deviation

𝜎CQPS ≈
√
𝑁JJs/2𝜖ps[Ran+24, Sec. II.D]. Thus, under quasi-static noise

[Ith+05, Eq. 16], the dephasing rate is

Γ
CQPS

𝜑 ≈ 𝜋
√
𝑁JJs𝜖ps|F𝛼𝛽| ≲

√
2𝜋𝑁JJs|F𝛼𝛽|, (3.41)

where F𝛼𝛽, the "structure factor" associated with the CQPS process, is

given by:

F𝛼𝛽 ≈ ⟨𝜓𝛽|𝑒−𝑖2𝜋𝒏|𝜓𝛽⟩ − ⟨𝜓𝛼|𝑒−𝑖2𝜋𝒏|𝜓𝛼⟩

≈
∫ ∞

−∞
𝑑𝜑𝜓𝛽(𝜑)𝜓𝛽(𝜑 − 2𝜋) −

∫ ∞

−∞
𝑑𝜑𝜓𝛼(𝜑)𝜓𝛼(𝜑 − 2𝜋),

(3.42)

where 𝜓𝛽(𝜑) represents the eigenstate 𝛽 of the fluxonium Hamiltonian

in phase space (Eq. 3.1).

We obtained that the dephasing rate depends exponentially on the ratio√
𝐸𝐽1/𝐸𝐶 (Eq. 3.39). Using the plasma frequency 𝐸𝑝 =

√
8𝐸𝐽1 𝐸𝐶 , one

may write

√
𝐸𝐽1/𝐸𝐶 ∝ 𝐸𝐽1/𝐸𝑝 . Since 𝐸𝐽1 ∝ 𝐴 and 𝐸𝐶 ∝ 1/𝐴, the plasma

frequency 𝐸𝑝 is independent of the junction area 𝐴, while the ratio

𝐸𝐽1/𝐸𝑝 scales linearly with 𝐴. For our fabrication parameters (an array

of 𝑁JJs = 360 junctions of area 𝐴 = 0.67 𝜇m
2

and plasma frequency

𝐸𝑝/ℎ = 13.9 GHz) we find 𝐸𝐽1/𝐸𝑝 ≃ 3.3, yielding

𝑇
CQPS

𝜑 ≈ 2.4 s. (3.43)

Thus CQPS is not a limiting factor for our qubit. However, due to the

exponential dependence on

√
𝐸𝐽1/𝐸𝐶 , even a modest reduction of the

junction area can bring 𝑇
CQPS

𝜑 into the microsecond regime. For instance,

https://link.aps.org/doi/10.1103/PhysRevLett.53.319
http://arxiv.org/abs/1012.1928
http://arxiv.org/abs/1012.1928
http://arxiv.org/abs/2404.02989
http://arxiv.org/abs/2404.02989
https://arxiv.org/abs/cond-mat/0508588
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Fig. 3.17: Quasiparticle-induced losses
as a function of external flux. 𝜑ext (yel-

low) and transition frequency 𝜈𝑖 𝑗 (blue).

(a), (b), (c) show losses for the transitions

|𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and |𝑔⟩ → |ℎ⟩,
respectively.
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Fig. 3.18: Quasiparticle tunneling losses
through the junction array. 𝜑ext (yel-

low) and transition frequency 𝜈𝑖 𝑗 (blue).

(a), (b), (c) show losses for transitions

|𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and |𝑔⟩ → |ℎ⟩,
respectively.

choosing 𝐴 = 0.25 𝜇m
2

gives 𝐸𝐽1/𝐸𝑝 ≃ 1 and, numerically, 𝑇
CQPS

𝜑 ≈ 8 𝜇s,

which would be a significant limiting factor. The small junction area was

the main issue in one of the first devices we fabricated.

Another crucial aspect is that fabrication inhomogeneity may produce a

single junction smaller than the target size, which then acts as a "weak

link" through which fluxons preferentially tunnel, dominating the overall

dephasing rate. When, after fabrication, we observe coherence times

much shorter than expected, junction non-uniformity becomes a primary

suspect. To investigate this, we typically perform scans using an atomic-

force microscope (AFM) or an electron microscope. An example of such

an AFM scan is shown later in Fig. 6.6.

3.3.5 Quasiparticle Losses

Quasiparticle population. Another source of decoherence arises from

quasiparticle tunneling across the small Josephson junction. The nor-

malized quasiparticle density, relative to the density of Cooper pairs in

thermal equilibrium, can be expressed as [Cat+11, Eq. 19]:

𝑥qp =
√

2𝜋𝑘𝐵𝑇/Δ𝑒−Δ/𝑘𝐵𝑇 , (3.44)

whereΔ is the superconducting gap, withΔ/𝑘𝐵 = 2.1 K for aluminium. At

cryogenic temperatures, this population is negligibly low, approximately

10
−19

at 50 mK. However, experimental observations consistently show

that the population exceeds the thermal equilibrium value, typically in

the range of (10
−7 , 10

−5) [Ste21, p. 42][Pop+14, p. 3]. This discrepancy

is attributed to factors such as cosmic radiation, radioactive decay, and

insufficient filtering and shielding in experimental setups.

Quasiparticle-induced losses in the junction. Quasiparticle-induced

losses in the Josephson junction are nonlinear. Using the quasiparticle

Hamiltonian and Fermi’s Golden Rule, the decoherence rate can be

approximated as [Cat+11, Eq. 32]
1
:

Γ
qp

𝛼𝛽 =

���⟨𝛼| sin

(𝝋 − 𝜑ext

2

)
|𝛽⟩

���2 𝑆qp(𝜔𝛼𝛽), (3.45)

where 𝑆qp[𝜔] = 𝑆qp[𝜔] + 𝑆qp[−𝜔] is the single-sided spectral density of

quasiparticles.

The spectral density 𝑆qp

, at low temperatures 𝑘𝐵𝑇 ≪ Δ, is given by

[Cat+11, Eq. 35]:

𝑆qp[𝜔] =
16𝐸𝐽

𝜋ℏ
exp

(
− Δ

𝑘𝐵𝑇

)
exp

(
− ℏ𝜔

2𝑘𝐵𝑇

)
𝐾0

(
ℏ|𝜔|
2𝑘𝐵𝑇

)
, (3.46)

where 𝐾0(𝑥) is the modified Bessel function of the second kind with

asymptotic forms:

𝐾0(𝑥) ≃
{
− ln(𝑥/2) − 𝛾𝐸 , 𝑥 ≪ 1,

𝑒−𝑥
√
𝜋/2𝑥, 𝑥 ≫ 1,

(3.47)
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and 𝛾𝐸 = 0.577 is the Euler-Mascheroni constant.

The single-sided spectral noise density 𝑆qp(𝜔) is then given by:

𝑆qp[𝜔] =
16𝐸𝐽

𝜋ℏ
exp

(
− Δ

𝑘𝐵𝑇

)
𝐾0

(
ℏ|𝜔|
2𝑘𝐵𝑇

) (
𝑒
− ℏ𝜔

2𝑘𝐵𝑇 + 𝑒
ℏ𝜔

2𝑘𝐵𝑇

)
. (3.48)

A more typical form of the spectral density emerges in the high-frequency

limit, where ℏ𝜔 ≫ 𝑘𝐵𝑇. Under this condition, the modified Bessel func-

tion can be approximated as 𝐾0(ℏ𝜔/2𝑘𝐵𝑇) ≃
√

𝜋𝑘𝐵𝑇
ℏ𝜔 𝑒−ℏ𝜔/2𝑘𝐵𝑇 . Substitut-

ing this approximation, the spectral density simplifies to:

𝑆
qp

𝜔≫𝑇[𝜔] =
16𝐸𝐽√
𝜋ℏ

exp

(
− Δ

𝑘𝐵𝑇

)√
𝑘𝐵𝑇

ℏ𝜔

=
8𝐸𝐽

𝜋ℏ
𝑥qp

√
2Δ

ℏ𝜔
.

(3.49)

While the high-frequency assumption holds for typical transmon qubits

and higher transitions in fluxonium qubits, it does not apply to the

lowest transition of our heavy fluxonium qubit, where ℏ𝜔 ≪ 𝑘𝐵𝑇. In this

low-frequency limit, the modified Bessel function can be approximated

as 𝐾0(ℏ𝜔/2𝑘𝐵𝑇) ≃ ln(4𝑘𝐵𝑇/ℏ𝜔) − 𝛾𝐸. Substituting this approximation,

the spectral density becomes:

𝑆
qp

𝜔≪𝑇[𝜔] =
32𝐸𝐽

𝜋ℏ
exp

(
− Δ

𝑘𝐵𝑇

) (
ln

(
4𝑘𝐵𝑇

ℏ𝜔

)
− 𝛾𝐸

)
, (3.50)

Notably, at 𝜑ext = 𝜋, the matrix element vanishes, resulting in a zero de-

coherence rate. However, the decoherence rate acquires finite values near

the 𝜋-flux point. Therefore, we evaluate it at 𝜑ext = 0.999𝜋1
. Furthermore,

based on prior observations of superconducting qubits, we assume the

quasiparticle population is higher than the equilibrium prediction, with

𝑥qp ∼ 10
−5

. This corresponds to an effective temperature of𝑇
qp

eff
∼ 187 mK.

Under these conditions, the decoherence rates due to quasiparticle tun-

neling through a single-standing junction at 𝜑ext = 0.999𝜋, as shown in

Fig. 3.17, are given by:

𝑇
qp

𝑔𝑒 ≳ 80 ms,

𝑇
qp

𝑔ℎ, 𝑒 𝑓
≳ 16.3 𝜇s.

(3.51)

Quasiparticle-induced losses in the superinductance array. Quasi-

particles can also induce losses due to tunneling through the junctions

in the superinductance array. In this case, the total decoherence rate is

the sum over all junctions[Cat+11, p. 13] and can be simplified under

the assumption of small 𝜑/𝑁 . Assuming identical junctions, each with

energy 𝐸𝐿 × 𝑁JJA, the final expression for the decoherence rate is:

Γ
qp

𝑖 𝑗 =

���⟨𝑖|𝝋
2

|𝑗⟩
���2 𝑆qp

𝐽𝐽
(𝜔𝑖 𝑗), (3.52)

where the spectral density 𝑆
qp

𝐽𝐽
is the same as for a single junction (Eq. 3.48,

Eq. 3.49, Eq. 3.50), but with 𝐸𝐽 replaced by 𝐸𝐿
2
.

http://arxiv.org/abs/1106.0829
https://theses.hal.science/tel-03509612
https://www.nature.com/articles/nature13017
http://arxiv.org/abs/1106.0829
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Fig. 3.19: Charge line induced decoher-
ence. Losses due to qubit coupled ca-

pacitively to the environment via charge

drive line as a function of external flux,

𝜑ext, in yellow, and as a function of the

transition frequency, 𝜈𝑖 𝑗 , in blue. Panels

(a), (b), and (c) show the losses for the

transitions |𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and

|𝑔⟩ → |ℎ⟩, respectively.

Unlike sin((𝝋 − 𝜑ext)/2), the 𝝋/2 matrix element does not vanish at half

flux, making it a potential limiting factor at 𝜑ext = 𝜋. For the chosen

parameters, at 𝜑ext = 𝜋 and assuming 𝑥qp ∼ 10
−6

(𝑇
qp

eff
∼ 156 mK), the

calculated decoherence rates are:

𝑇
qp in JJs

𝑔𝑒 ≳ 172 𝜇s,

𝑇
qp in JJs

𝑔ℎ, 𝑒 𝑓
≳ 30 ms.

(3.53)

Conclusion. We conclude that quasiparticle losses, both in the small

junction and in the superinductance array, do not constitute a significant

source of decoherence for our qubit. However, as we will see in Chap. 7,

the decoherence of the lower-to-upper manifold transitions is slightly

affected by what we attribute to quasiparticle losses. Although we have

not performed a detailed analysis to determine the exact quasiparticle

population, a rough estimate suggests it is on the order of 10
−5

to

5 × 10
−5

.

3.3.6 Losses Due to Capacitive Coupling to a Lossy
Channel

Introducing additional coupling to the environment results in increased

decoherence of the qubit. To derive the decoherence rate due to capacitive

coupling to the control and readout lines, we apply Fermi’s Golden Rule

Eq. 3.25 and use the interaction Hamiltonian from Eq. 3.11:

𝐻′ = 8𝐸𝐶
𝐶𝑑
2𝑒︸  ︷︷  ︸

𝛼

· 𝑉𝑑︸︷︷︸
Λenv

· 𝒏︸︷︷︸
𝑶

. (3.54)

This leads to the following expression for the decoherence rate:

Γ𝑖 𝑗 = Γ𝑖 𝑗 + Γ𝑗𝑖 =

= 𝜋
𝐶2

𝑑

𝐶2

Σ

𝑅

𝑅CP

𝑄

𝜔𝑖 𝑗 coth

ℏ𝜔𝑖 𝑗

2𝑘𝑇

��⟨𝑖|𝒏|𝑗⟩��2 =

=
𝐶2

𝑑

4𝜋
· 𝑅𝑅CP

𝑄 · 𝜔
3

𝑖 𝑗 coth

ℏ𝜔𝑖 𝑗

2𝑘𝑇

��⟨𝑖|𝝋|𝑗⟩��2 ,
(3.55)

where 𝑅 = 50 Ω is the effective impedance of the microwave line as

seen by the qubit through the coupling capacitor 𝐶𝑑, 𝑅
CP

𝑄
= ℎ/(2𝑒)2 is

the resistance quantum of a Cooper pair, and 𝐶Σ = 𝑒2/2𝐸𝐶 is the total

capacitance of the qubit.

Numerical evaluations of these losses, assuming a typical drive line

coupling of𝐶𝑑 = 1 fF near the flux frustration point, are shown in Fig. 3.19

for various qubit transitions. At 𝜑ext = 𝜋, the resulting relaxation times

are:

𝑇𝑔𝑒 ≳ 60 s,

𝑇𝑔ℎ, 𝑒 𝑓 ≳ 1.6 ms,
(3.56)

which are far too long to act as a limiting factor.
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Fig. 3.20: Flux line induced decoherence.
Losses due to the qubit’s inductive cou-

pling to the environment via the flux line,

as a function of external flux 𝜑ext (yel-

low) and transition frequency 𝜈𝑖 𝑗 (blue).

Panels (a), (b), and (c) show the losses

for transitions |𝑔⟩ → |𝑒⟩, |𝑒⟩ → | 𝑓 ⟩, and

|𝑔⟩ → |ℎ⟩, respectively.
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3.3.7 Losses Due to Inductive Coupling to a Lossy
Channel

The decoherence rate due to inductive coupling to the flux control line,

can be derived using Fermi’s Golden Rule Eq. 3.25 and the interaction

Hamiltonian from Eq. 3.15:

𝐻′ =
𝐸𝐿

𝜙0

𝑀︸︷︷︸
𝑔

· 𝐼f︸︷︷︸
𝚲env

· 𝝋︸︷︷︸
𝑶

. (3.57)

This gives the following expression for the decoherence rate:

Γ𝛼𝛽 = 4𝜋
𝑅CP

𝑄

𝑅

𝑀2

𝐿2

𝜔𝛼𝛽 coth

ℏ𝜔𝛼𝛽

2𝑘𝑇

��⟨𝛼|𝝋|𝛽⟩��2 , (3.58)

where 𝑅 = 50 Ω is the effective impedance of the microwave line as seen

by the qubit through the inductive mutual coupling 𝑀, 𝑅CP

𝑄
= ℎ/(2𝑒)2 is

the resistance quantum of a Cooper pair, and 𝐿 = 𝜙2

0
/𝐸𝐿.

Numerical evaluations of these losses, assuming a typical flux line

coupling of 𝑀 = Φ0/1.6 mA = 1.3 pH near the flux frustration point, are

shown in Fig. 3.20 for various qubit transitions. At 𝜑ext = 𝜋, the resulting

relaxation times are:

𝑇𝑔𝑒 ∼ 22 ms,

𝑇𝑔ℎ, 𝑒 𝑓 ∼ 170 ms,
(3.59)

which are far too long to act as a limiting factor.

3.3.8 Purcell Losses

Additional coupling of the qubit to its environment via the readout

cavity introduces an extra relaxation channel known as the Purcell

effect. Originally identified by Purcell in spin–cavity systems [PTP46],

this relaxation occurs through virtual resonator excitation: the qubit

decays into the external continuum seen through the resonator filter,

without significant real energy accumulation in the cavity. In circuit QED,

the Purcell decay rate, governed by the resonator linewidth 𝜅 and the

qubit–readout coupling 𝑔, has been derived by several complementary

approaches: master-equation (GKSL) and dressed-state analyses for two-

level systems [SGK14, Sec. II][Bla+04, Sec. II]; Fermi’s Golden Rule and

perturbation theory for transmon qubits [Koc+07, Sec. IV.B]; spectral-

density methods [Bla+04, Sec. V][Hou+08, Fig. 1]; and Fermi’s Golden

Rule combined with numerical Hamiltonian diagonalization [Zha+21,

App. G.5][Gro+18, App. C]. Here, we summarize the key result without

reproducing these derivations.

In the dispersive regime |Δ| ≡ |𝜔𝑞 − 𝜔𝑅| ≫ 𝑔, 𝜅, the zero-temperature

decay rate is [SGK14, Eq. 13]:

Γ𝑃 =
𝜅 𝑔2

Δ2 + (𝜅/2)2 ≈
𝑔2

Δ2

𝜅 (Δ≫ 𝜅), (3.60)
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where 𝑔 is the qubit–cavity coupling.

One must choose 𝑔, 𝜅, and detuning Δ = 𝜔𝑞 − 𝜔𝑅 to balance readout

speed and qubit protection. In the dispersive regime, the qubit induces a

frequency shift

𝜒 ∝ 𝑔2

Δ
,

so stronger coupling 𝑔 enhances readout contrast and helps overcome

the noise in the measurement line. However, larger 𝑔 also increases the

bare Purcell decay. One can suppress Γ𝑃 by reducing the cavity linewidth

𝜅, but smaller 𝜅 narrows the measurement bandwidth and prolongs

the integration time, which must remain much shorter than the qubit’s

coherence time. While increasing Δ also reduces Purcell losses, Δ is

typically already several gigahertz and cannot be made arbitrarily large.

The typical coupling strength in our system is 𝑔 ∼ 50 MHz, while the

cavity losses are 𝜅 ∼ 30 MHz. Nevertheless, The most effective remedy

is a Purcell filter: a bandpass network that passes the cavity frequency

𝜔𝑅 with minimal loss while strongly attenuating at the qubit frequency

𝜔𝑞 , thus preserving both readout performance and qubit lifetime. We

discuss such filter designs in the fluxonium design chapter (Chap. 5).

3.3.9 Conclusion

We suspect that material losses constitute the primary source of decoher-

ence for the fluxonium qubits used in our experiments. Unfortunately,

a detailed analysis of decoherence was only perfomed on the qubits

which coherence times approach the sub-microsecond scale, as then it

becomes limiting factor for our experiments. In this case we found that

decoherence is typically induced by phase slips due to asymmetry in

the junction array or by defects in the substrate surrounding the main

fluxonium elements.
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Mechanical resonator. In this work, we employ highly stressed sto-

ichiometric silicon nitride (Si3N4, or simplify “SiN”) membranes as

our mechanical resonators, owing to their exceptionally high quality

factors [Tsa+17; Gha+18; Cup+24; Ber+22] made possible by dissipa-

tion dilution [Fed+19]. SiN is largely transparent to both optical and

microwave fields, and can be fabricated in a variety of resonator geome-

tries—squares [YCS15], circles [Ser+18], nanostrings [Fau+12; Kum+21],

whispering-gallery modes [Bak+12], trampolines [Rei+16], frame mem-

branes [Sch+16], and more. Patterned resonators such as 1D phononic crys-

tals [Dav+13][Gha+18] or 2D phononic crystals [Tsa+17; Iva21][Ree+19]

further suppress losses.

My contribution. This PhD was started with an ambitious goal of

coupling phononic crystal membranes to superconducting qubits, which

given the high mechanical quality factors of these structures, would

allow to create long-lived membrane cat state when the strong coupling

regime is achieved. In the first year of my thesis, together with an

already former PhD student H. Patange, I’ve spend most of my time

on developing phononic-crystal membranes: design, fabrication, and

characterization. However, after several unsuccessful attempts to achieve

a flip-chip, we understood that starting directly with phononic crystal

membranes is too ambitious, so we have decided to switch to a simpler

square membranes. During this project, these membranes were fabricated

and primarily measured by H. Patange; it is discussed extensively in his

thesis [Pat25]. Despite the time spent, I will not talk about phononic-

crystal membranes in this thesis. However in this chapter I will briefly

summarize the theoretical background of square membranes needed for

better understanding our further decisions and overall workflow of this

project.

Outline. This chapter starts with the theoretical background of square

membrane resonators in Sec. 4.1, including equation of motion under

uniform tension, and analytical mode shapes and frequencies; we define

and compute the effective mass and the zero-point fluctuations for each

mode; we then discuss the energy dissipation mechanisms and the

mechanical quality factor, detailing intrinsic (material) losses, bending

(anchor) losses, and radiation (acoustic) losses; We then proceed to discuss

the specific design choices (Sec. 4.2) made for our SiN square membranes;

we perform FEM simulation of the mechanical modes (frequencies and

losses) to validate the design choices. Finally, we present the room-

temperature characterization with an optical interferometer, to validate

the design and fabrication.
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Fig. 4.1: Rectangular membrane side
view illustration with the variables used

in the derivation.

4.1 Mode Theory of a Rectangular SiN
Membrane

We consider a thin silicon-nitride (SiN) membrane of in-plane dimensions

𝑙𝑦 (along 𝑦) and 𝑙𝑧 (along 𝑧), thickness ℎ ≪ 𝑙𝑦 , 𝑙𝑧 , mass density 𝜌, and

uniform in-plane tensile stress 𝜎. The membrane is clamped along all

four edges at 𝑦 = ±𝑙𝑦/2 and 𝑧 = ±𝑙𝑧/2. Let’s denote the out-of-plane

displacement by 𝑢(𝑦, 𝑧, 𝑡). This section derives the Lagrangian, the

equation of motion, the analytic mode shapes and frequencies for a

purely tensioned (pinned) membrane, then incorporates finite bending

rigidity, which is the main source of mechanical loss in this system.

Finally we compute the expected quality factor 𝑄 of the membrane.

4.1.1 Lagrangian and Equation of Motion

A differential element of area (d𝑦 d𝑧) has mass (𝜌 ℎ d𝑦 d𝑧), where 𝜌 is the

volumetric mass density and ℎ is the thickness. In the tension-dominated

regime (neglecting bending rigidity), the kinetic energy surface density

is

T (𝑦, 𝑧, 𝑡) = 1

2

𝜌 ℎ
(
𝜕𝑡𝑢

)
2

,

and the potential (elastic) energy surface density due to tension is

V(𝑦, 𝑧, 𝑡) = 𝜎
2

[
(𝜕𝑦𝑢)2 + (𝜕𝑧𝑢)2

]
,

where 𝜎 is the in-plane tensile stress. Hence the Lagrangian density is

L = T − V =
𝜌 ℎ

2

(𝜕𝑡𝑢)2 −
𝜎
2

[
(𝜕𝑦𝑢)2 + (𝜕𝑧𝑢)2

]
. (4.1)

Integrating over the rectangular domainΩ = [− 𝑙𝑦
2
,
𝑙𝑦
2
]×[− 𝑙𝑧

2
, 𝑙𝑧

2
] yields

𝐿(𝑢) =
∬

Ω

L(𝑦, 𝑧, 𝑡)d𝑦 d𝑧

=
𝜌 ℎ

2

∬
Ω

(𝜕𝑡𝑢)2 d𝑦 d𝑧 − 𝜎
2

∬
Ω

[
(𝜕𝑦𝑢)2 + (𝜕𝑧𝑢)2

]
d𝑦 d𝑧.

(4.2)

Applying the Euler–Lagrange equation

𝜕

𝜕𝑡

(
𝜌 ℎ 𝜕𝑡𝑢

)
− 𝜎 (𝜕𝑦𝑦 + 𝜕𝑧𝑧) 𝑢 = 0 (4.3)

leads to the wave equation

𝜌 ℎ 𝜕𝑡𝑡𝑢(𝑦, 𝑧, 𝑡) = 𝜎
(
𝜕𝑦𝑦 + 𝜕𝑧𝑧

)
𝑢(𝑦, 𝑧, 𝑡), (4.4)

with clamped (Dirichlet) boundary conditions

𝑢
(
𝑦 = ± 𝑙𝑦

2
, 𝑧, 𝑡

)
= 𝑢

(
𝑦, 𝑧 = ± 𝑙𝑧

2
, 𝑡

)
= 0 , ∀𝑡. (4.5)
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Fig. 4.2: Membrane modes illustrations.
The grey areas illustrates the edges of

the membrane. This part is not covered

with Aluminium.

[Lei69]: Leissa (1969), Vibration of plates,
NASA

[YPR12]: Yu et al. (2012), ‘Control of Ma-

terial Damping in High- Q Membrane

Microresonators’, Physical Review Let-

ters

Define the wave speed 𝑐 =
√
𝜎/(𝜌 ℎ). Then Eq. 4.4 gives the following

equation of motion with pinned boundary conditions:

𝜕𝑡𝑡𝑢 = 𝑐2 (𝜕𝑦𝑦 + 𝜕𝑧𝑧) 𝑢, 𝑢
��
𝜕Ω= 0.

4.1.2 Pinned-Membrane Mode Shapes and Frequencies

Assume a separable solution 𝑢𝑚𝑛(𝑦, 𝑧, 𝑡) = 𝐴 × 𝑊𝑚𝑛(𝑦, 𝑧) × 𝑋𝑚𝑛(𝑡),
where 𝐴 is a normalization constant. Substituting into Eq. 4.4 yields

¥𝑋𝑚𝑛(𝑡)
𝑋𝑚𝑛(𝑡)

= 𝑐2

(𝜕𝑦𝑦 + 𝜕𝑧𝑧)𝑊𝑚𝑛(𝑦, 𝑧)
𝑊𝑚𝑛(𝑦, 𝑧)

= −𝜔2

𝑚𝑛 ,

where 𝜔 is the mode angular frequency. The spatial part𝑊(𝑦, 𝑧) therefore

satisfies

(𝜕𝑦𝑦 + 𝜕𝑧𝑧)𝑊(𝑦, 𝑧) + 𝑘2𝑊(𝑦, 𝑧) = 0, 𝑘 ≡ 𝜔
𝑐
,

subject to 𝑊 = 0 on 𝜕Ω. On Ω = [− 𝑙𝑦
2
,
𝑙𝑦
2
] × [− 𝑙𝑧

2
, 𝑙𝑧

2
], unnormalized

eigenfunctions are

𝑊𝑚𝑛(𝑦, 𝑧) = sin

(
𝑚 𝜋
𝑙𝑦

(
𝑦 +

𝑙𝑦

2

))
sin

(
𝑛 𝜋
𝑙𝑧

(
𝑧 + 𝑙𝑧

2

))
, 𝑚, 𝑛 ∈ ℕ. (4.6)

The corresponding wavenumbers and eigenfrequencies are

𝑘2

𝑚𝑛 =

(
𝑚 𝜋
𝑙𝑦

)
2

+
(
𝑛 𝜋
𝑙𝑧

)
2

, 𝜔𝑚𝑛 = 𝑐 𝑘𝑚𝑛 = 𝜋

√
𝜎
𝜌 ℎ

√
𝑚2

𝑙2𝑦
+ 𝑛

2

𝑙2𝑧
. (4.7)

The time-dependent part 𝑋𝑚𝑛(𝑡) satisfies

¥𝑋𝑚𝑛(𝑡) + 𝜔2

𝑚𝑛 𝑋𝑚𝑛(𝑡) = 0,

This means that membrane mode is a simple harmonic oscillator with

frequency 𝜔𝑚𝑛 .

4.1.3 Effect of Hard Clamping (Finite Bending Rigidity)

In realistic devices, the membrane’s edge is bonded to a substrate, impos-

ing not only 𝑢 = 0 but also zero slope at the edge (hard-clamp). Including

finite bending rigidity 𝐷 = 𝐸 ℎ3/[12(1 − 𝜈2)] (where 𝐸 is Young’s mod-

ulus and 𝜈 Poisson’s ratio), the mode shape 𝑊(𝑦, 𝑧) satisfies [Lei69,

Eq. 10.2]:[
(𝜕𝑦𝑦 + 𝜕𝑧𝑧) −

𝐷

𝜎

(
𝜕4

𝑦 + 𝜕4

𝑧 + 2 𝜕2

𝑦 𝜕
2

𝑧

) ]
𝑊(𝑦, 𝑧) + 𝑘2𝑊(𝑦, 𝑧) = 0 , (4.8)

subject to the boundary conditions at 𝑦 = ± 𝑙𝑦
2

or 𝑧 = ± 𝑙𝑧
2

: 𝑊 = 0

and 𝜕𝑛𝑊 = 0, where 𝜕𝑛𝑊 is the normal derivative at each edge. The

resulting mode profiles can be expressed approximately as a product of

one-dimensional functions [Iva21][YPR12, Eq. S25-S26]:

https://ntrs.nasa.gov/citations/19700009156
https://arxiv.org/abs/1111.1703
https://arxiv.org/abs/1111.1703
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Fig. 4.3: Membrane hard clamping
mode profile. Displacement profile of

the fundamental mode (1, 1) normalized

by the maximal displacement. The curves

were calculated for Λ = 10
−3 , 10

−2 , 10
−1

,

from dark blue to light blue.

[Fed+19]: Fedorov et al. (2019), ‘Gener-

alized dissipation dilution in strained

mechanical resonators’, Physical Review

B

𝑊𝑚𝑛(𝑦, 𝑧) = 𝛾𝑦(𝑚, 𝑦) 𝛾𝑧(𝑛, 𝑧), (4.9)

with

𝛾𝑞(𝑘, 𝑠) = sin

(
𝑘 𝜋
𝑙𝑞

(
𝑠 +

𝑙𝑞

2

))
+ 𝜖𝑘(𝑠)

𝑘Λ𝑞 𝜋

2

[
𝑒
− 𝑙𝑞−2 |𝑠|

Λ𝑞 𝑙𝑞 − cos

(
𝑘 𝜋
𝑙𝑞
(|𝑠| −

𝑙𝑞

2

)
)]
,

where 𝑞 ∈ {𝑦, 𝑧}, 𝑘 ∈ {𝑚, 𝑛}, 𝜖𝑘(𝑠) is a sign normalization factor and Λ𝑞

is the dilution factor [Fed+19],

𝜖𝑘(𝑠) =
{

1, 𝑠 < 0,

(−1)𝑘+1 , 𝑠 > 0,
Λ𝑞 =

√
𝐸 ℎ2

3 𝜎 𝑙2𝑞 (1 − 𝜈2)
,

This approximation holds for Λ𝑦𝑚 ≪ 1 and Λ𝑧𝑛 ≪ 1. In this regime,

bending energy is concentrated in a narrow edge region of width ∼ Λ𝑦 𝑙𝑦
and ∼ Λ𝑧 𝑙𝑧 , significantly altering the mode profile compared to the

purely pinned case (Λ → 0) (see Fig. 4.3). To reduce dissipation, one

minimizes the dilution factor Λ: since Young’s modulus 𝐸 and Poisson

ratio 𝜈 are fixed by the material, this entails increasing the pre-tension 𝜎
toward its fabrication limit. Importantly, hard clamping alters dissipation

without appreciably shifting the mode frequency, so its effect can be

neglected in total energy calculations.

4.1.4 Energy and Quality Factor

Given the mode effective mass (discussed in detail below), the total

mechanical energy stored in the membrane (𝑚, 𝑛)mode can be written,

in direct analogy with a harmonic oscillator, as

𝐸𝑚𝑛 =
1

2

𝑚eff
¤𝑋 2

𝑚𝑛 +
1

2

𝑚eff 𝜔2

𝑚𝑛 𝑋
2

𝑚𝑛 (4.10)

where the first term is the kinetic energy and the second term is the

potential energy stored in the mode.

To quantify dissipation, we introduce the quality factor 𝑄𝑚𝑛 , defined as

the ratio of the energy stored in the mode to the energy lost per cycle

Δ𝐸:

𝑄𝑚𝑛 = 2𝜋
𝐸𝑚𝑛

Δ𝐸
=

𝜔𝑚𝑛

Γ𝑚𝑛
(4.11)

where Γ𝑚𝑛 is the energy decay rate of the (𝑚, 𝑛)mode. Physically, 𝑄𝑚𝑛

measures how many oscillations occur before the energy decays by a

factor 𝑒−2𝜋 ≃ 1.8 × 10
−3

.

For the membranes used in this project (see Sec. 4.2), our estimates

show that dissipation is overwhelmingly set by bending (anchor) losses,

yielding a theoretical upper bound of

𝑄 ≈ 5 × 10
5

https://link.aps.org/accepted/10.1103/PhysRevB.99.054107
https://link.aps.org/accepted/10.1103/PhysRevB.99.054107
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[Pat25]: Patange (2025), ‘RF Transduc-

tion in a DC-Biased Superconducting

Electromechanical System’, Thesis

as detailed in Sec. 3.1.3.4 of Patange’s thesis [Pat25].

4.1.5 Mode Normalization and Effective Mass

The mode displacements 𝑢𝑚𝑛(𝑦, 𝑧, 𝑡) = 𝐴 × 𝑊𝑚𝑛(𝑦, 𝑧) × 𝑋𝑚𝑛(𝑡) are

solutions of the linear elasticity equations (Eq. 4.4), thus there is a freedom

in choosing the normalization constant 𝐴, leading to an ambiguity in the

motional mass 𝑚eff. To determine it, we start by calculating the kinetic

energy of the membrane mode:

𝑇𝑚𝑛 =
1

2

¤𝑋2

𝑚𝑛 𝐴
2

∬
ℎ𝜌𝑊2

𝑚𝑛(𝑦, 𝑧)d𝑦 d𝑧. (4.12)

Identifying with the harmonic oscillator kinetic energy, 𝑇 = 1

2
𝑚𝜆 ¤𝑋2

, we

define the effective mass as

𝑚eff,𝑚𝑛 = 𝐴2

∬
𝜌𝑊2

𝑚𝑛(𝑦, 𝑧)d𝑦 d𝑧 . (4.13)

For the mode of our interest (2, 1), this leads to the effective mass

𝑚eff,21 = 𝐴2 𝑀/4, where 𝑀 is the total mass of the membrane. Thus the

effective mass itself is determined up to a normalization factor 𝐴2
, which

we can fix. There is a convenient choice that will simplify the calculations

for the capacitive coupling scheme employed in this work. Imagine the

membrane is coupled to a capacitor with the area of overlap A and mean

distance 𝑑 between the membrane and the capacitor plate. Then the

capacitance of the capacitor is given by

𝐶𝑚(𝑋𝑚𝑛(𝑡)) =
∬

A

𝜖0

𝑑 + 𝐴𝑋𝑚𝑛(𝑡)𝑊𝑚𝑛(𝑦, 𝑧)
d𝑦 d𝑧

≈ 𝜖0A
𝑑

(
1 − 𝑋𝑚𝑛(𝑡)

𝑑A 𝐴

∬
A
𝑊𝑚𝑛(𝑦, 𝑧)d𝑦 d𝑧

)
.

(4.14)

We choose the normalization constant 𝐴 such that the integral of the

mode profile 𝑊𝑚𝑛(𝑦, 𝑧) over the overlap area equals the overlap area,

that is,

𝐴

∬
A
𝑊𝑚𝑛(𝑦, 𝑧)d𝑦 d𝑧 = A, (4.15)

which allows us to express the capacitance to first order in the displace-

ment as if it was a parallel-plate capacitor,

𝐶 ≃ 𝐶0

(
1 − 𝑋

𝑑

)
, (4.16)

where 𝐶0 = 𝜖0 A/𝑑 is the capacitance at the equilibrium position 𝑋 = 0.

With this normalization, the effective mass corresponds to the mass

of the membrane region sensed by the fluxonium electrodes, as if the

mode profile were uniform and the device formed an ideal parallel-

plate capacitor. For the mode (2, 1), this normalization yields 𝐴 = 1.3,

and hence 𝑚eff,21 = 2.3 ng for our membrane parameters provided in

Sec. 4.2.

https://theses.fr/s387081
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Fig. 4.4: Membrane design. (a) Top: sus-

pended SiN rectangular membrane in

orange (only the non metalized edge is

visible). Aluminium layer in gold. Silicon

substrate in blue. Bottom: square biasing

electrode lying on the substrate. (b) Op-

tical microscope image of the front-side

of the final device. The suspended mem-

brane and the biasing electrode sit on a

silicon mesa, the typical rough etch bot-

tom, arising from KOH etch can be seen

at the edges of the picture. (c) Optical

image of the same sample, seen from the

back side. The released metalized SiN

membrane can be seen at the top. Mirror

images on the four edges of the mem-

brane come from the smooth crystalline

planes obtained after etching with KOH

trough the substrate.

[Cap20]: Capelle (2020), ‘Electromechan-

ical cooling and parametric amplification

of an ultrahigh-Q mechanical oscillator’,

Thesis

[Iva21]: Ivanov (2021), ‘Optimization

of silicon nitride membranes for hy-

brid superconducting-mechanical cir-

cuits’, Thesis

1: In this calculation, we used 𝜌SiN =

3180 kg/m
3

and an effective stress 𝜎 ≈
1 GPa (the manufacturer specifies ≥
0.8 GPa, but fits to measured data and

FEM simulations in [Pat25] indicate

higher values).

[Pat25]: Patange (2025), ‘RF Transduc-

tion in a DC-Biased Superconducting

Electromechanical System’, Thesis

4.2 Membrane Design and Fabrication

4.2.1 Design and FEM simulations

In earlier works of our team [Cap20; Iva21], membrane resonance fre-

quencies lay in the few-hundred-kilohertz range. To achieve resonant

coupling to a fluxonium qubit operating at megahertz frequencies, we

deliberately designed a membrane with 𝜔21/2𝜋 ≈ 5 MHz. Substituting

into Eq. 4.7 yields lateral dimensions of approximately 110 × 140𝜇m
1
.

This was checked with FEM simulations using Comsol Multiphysics. The

resulting mode profiles with corresponding frequencies are shown in

Fig. 4.5.

For capacitive coupling, the membrane was metallized with a 30 nm

Al film, deliberately leaving the clamped edges metal-free to facilitate

alignment during flip-chip assembly and avoid additional bending losses.

The resulting metallized region measures 90 × 120𝜇m (see Fig. 4.4(a)).

Capacitive biasing is achieved via matching square electrodes patterned

on the membrane substrate and on the fluxonium chip (see the following

section), which together form the coupling capacitance. Finally, to simplify

the flip-chip assembly, all unnecessary substrate was removed by etching

(see Fig. 4.4(b)). Details of this fabrication process are discussed in the

thesis of H. Patange [Pat25].

https://theses.fr/2020SORUS045
https://theses.fr/2021SORUS546
https://theses.fr/s387081
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Simulated Frequency: 3.27 MHz Simulated Frequency: 4.79 MHz Simulated Frequency: 5.53 MHz(a) (b) (c)

Fig. 4.5: Simulated membrane mode shapes. Upper and lower panels show top and side views, respectively, of the three lowest-frequency

mode shapes of the membrane. The membrane parameters are 𝑙𝑥 = 140𝜇m, 𝑙𝑦 = 110𝜇m, ℎ = 0.9𝜇m, 𝜎 = 0.8 GPa, 𝜈 = 0.27, and

𝐸 = 270 GPa. All plots share the same colorbar and arbitrary amplitude shown here. These simulations are originally presented in [Pat25].
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Fig. 4.6: Illustration of the membrane
fabricating steps. See the main text for

details.

4.2.2 Membrane fabrication

A membrane fabrication process was developed previously in our group

by E. Ivanov [Iva20] and was further updated for the flip-chip by

H. Patange [Pat25]. In the following, we give a short overview of how

freestanding SiN membranes are fabricated.

• Starting material: Silicon wafers (280 𝜇m thick) coated on both sides

with 100 nm LPCVD SiN.

• Wafer thickness measurement: Measures silicon thickness to deter-

mine etch time and achieve the target membrane size.

• Backside lithography: Defines square windows in the backside SiN

by applying and patterning a resist mask aligned to the crystal

orientation.

• Backside RIE: Uses reactive-ion etching to remove the exposed SiN,

creating openings down to the silicon substrate.

• KOH etching: Immerses the frontside-protected wafer in 30% KOH

at 85
◦
C, anisotropically etching silicon to form V-shaped cavities and

release the SiN membrane.

• Membrane size adjustment: Optionally extends the KOH etch to

widen any undersized membranes along the (111) sidewalls.

• HF cleaning: Dips the wafer in dilute HF to remove residual etch

by-products and contaminants with 10% SiN thinning.

• Frontside lithography: Patterns the frontside by laser lithography

and KOH to remove 25 𝜇m of Si from the frontside, increasing the

further gap after the flip-chip outside of the membrane and pillars.

• Aluminium deposition: Patterns a bi-layer resist, evaporates alu-

minium to form metal pads, and lifts off the resist together with

unnecessary metal parts.

• Dicing: Cuts the wafer into 6 mm×6 mm chips under a protective

resist layer, then strips the resist in solvent.
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4.3 Room Temperature Characterization

Prior to flip-chip integration, each membrane is characterized at room

temperature to determine its mode shape, resonance frequency, and

quality factor using a high-sensitivity optical interferometer. In the first

year of this project, I fully rebuilt the interferometer originally built by

Ivanov [Iva21], simplifying the optical paths by eliminating redundant

mirrors and beam splitters, and replacing standard lenses with aspheric

optics. These changes reduced the beam waist on the membrane from

23 µm to 6 µm, substantially improving spatial resolution and signal

strength. We also rewrote the data acquisition software, implement-

ing automated beam-scanning routines and synchronized detection,

which transformed a previously manual, multi-day measurement into

an unattended overnight experiment.

In what follows, we first describe the interferometer hardware and

phase-sensitive detection scheme in Sec. 4.3.1, which I implemented

during the first year of my PhD, and then present the room-temperature

measurement results for our square membranes in Sec. 4.3.2.

4.3.1 Optical Interferometer Setup

The interferometer is designed to measure the local displacement of a

SiN membrane with shot-noise-limited sensitivity, enabling observation

of its thermal motion and reconstruction of its vibrational mode shapes

by scanning the beam focus across the membrane.

The optical layout is shown in Fig. 4.7. A 1064 nm Nd:YAG laser provides

the input beam. Ignore for now the amplitude modulator, which generally

is set to constant transmission. The beam goes through a 𝜆/2 waveplate

and a polarizing beam splitter PBS0, which controls the total intensity and

sets the polarization. The beam is then split by the PBS1 into the signal

arm, with field amplitude 𝛼s, and the local-oscillator (LO) arm, with

amplitude 𝛼LO. The relative intensity between the two arms is controlled

by a 𝜆/2 waveplate before the PBS1.

The signal beam 𝛼s passes through a dichroic mirror and focusing lens

before entering a vacuum chamber, where it reflects off the SiN membrane,

with a reflectivity of 30%. The dichroic mirror transmits the 1064 nm

beam while reflecting visible light, allowing simultaneous illumination

of the sample and imaging with a camera for alignment and focus. Upon

reflection, the signal beam acquires a phase shift 𝜙s(𝑋(𝑡)) that encodes

the membrane’s displacement 𝑋(𝑡) at specific position.

The LO beam 𝛼LO reflects from a mirror mounted on a piezo actuator,

acquiring a tunable phase 𝜙LO(𝑡). Quarter-waveplates (𝜆/4) in each arm

ensure that, on their return to the beamsplitter, the two beams exit toward

the detection port rather than back toward the laser.

After recombination it goes through a final 𝜆/2 to balance amplitude

and to couple the horizontally polarized 𝛼s with vertically polarized 𝛼LO.

Finally, the beam is split equally by PBS2 onto two photodiodes 𝑃𝐷1 and
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Fig. 4.7: Interferometer setup for room-temperature characterization of membrane resonators. The working principle is described in the

main text. In the experiment, light first passes through the AM inside an optical fiber, then enters the interferometer. This configuration

allows all interferometer components (except the vacuum chamber, AM, and laser) to be mounted on a motorized micro-positioning

stage for scanning the laser spot across the membrane surface. The local oscillator (LO) mirror, mounted on a piezo actuator, is driven by

a RedPitaya board.

[Neu+24]: Neuhaus et al. (2024), ‘Python

Red Pitaya Lockbox (PyRPL)’, Review of

Scientific Instruments

𝑃𝐷2. A differential amplifier subtracts the two photocurrents to produce

the difference signal:

Δ𝐼 = 𝐼1 − 𝐼2

∝ Re

[
𝛼s 𝛼LO 𝑒

𝑖
(
𝜙s(𝑋(𝑡))−𝜙LO(𝑡)

) ]
∝ 𝛼s 𝛼LO cos

(
𝜙s(𝑋(𝑡)) − 𝜙LO(𝑡)

)
.

(4.17)

Because the membrane oscillates about its equilibrium, we write the

signal phase as 𝜙s(𝑋(𝑡)) = 𝜙0

s
(𝑡) + 𝛿𝜙s(𝑋(𝑡)), where 𝜙0

s
(𝑡) captures

slow experimental drifts (e.g., macroscopic vibrations) and the phase

fluctuation is directly related to the membrane displacement 𝛿𝜙s(𝑋(𝑡)) =
4𝜋𝑋(𝑡)/𝜆, where 𝜆 is the wavelength of the laser. For 𝛿𝜙s(𝑋(𝑡)) ≪ 1,

expanding Eq. 4.17 gives

Δ𝐼 ∝ 𝛼s 𝛼LO

(
cosΔ𝜙(𝑡) − sinΔ𝜙(𝑡) · 𝛿𝜙s(𝑋(𝑡)) + 𝑂(𝛿𝜙2

s
)
)
. (4.18)

where Δ𝜙(𝑡) = 𝜙0

s
(𝑡) − 𝜙LO(𝑡). To eliminate the constant offset and be

linearly sensitive to the membrane’s displacement, we lock the phases

such that

𝜙0

s
− 𝜙LO =

𝜋
2

.

This condition is enforced by sending the low-frequency component ofΔ𝐼

into a RedPitaya board and running a PID lock in PyRPL [Neu+24], which

drives the piezo actuator. The high-frequency component of Δ𝐼 is routed

https://doi.org/10.1063/5.0178481
https://doi.org/10.1063/5.0178481
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Fig. 4.8: Spectrum and measured (2, 1) mode profile of the square membrane. (a) Power spectral density (PSD) of the thermal

displacement fluctuations of the membrane, measured with the room-temperature interferometer at the position marked by the yellow

cross in (b). First three modes are labeled. (b) Spatial mode profile reconstructed by taking the peak of PSD within a narrow window

around 𝜔21/2𝜋 = 5.43 MHz (blue band in (a)) for each (𝑦, 𝑧) position.
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Fig. 4.9: Ring-down measurement of the
(2, 1) vibrational mode. The plot shows

the power spectral density (PSD) of the

membrane’s displacement at the mode

frequency 𝜔21/2𝜋 = 5.43 MHz (blue)

overlaid with the fitted exponential de-

cay envelope (yellow). The data were

smoothed using a Savitzky–Golay filter.

The dataset was digitized from the origi-

nal rasterized figure in [Pat25, Fig. 3.9],

preserving its statistical properties.

directly to a spectrum analyzer to record the membrane’s displacement

noise spectrum 𝑆𝑋𝑋 .

4.3.2 Mode profile measurements

The interferometer is mounted on a motorized micro-positioning stage

with 1𝜇m resolution, enabling a raster scan of the laser spot across the

entire membrane surface and thus reconstruction of the full mode shapes.

To facilitate coarse alignment, a camera views the membrane through a

dichroic mirror that reflects visible light while transmitting the 1064 nm

beam.

The membrane with the same design that is later used in the flip-chip

integration was measured at room temperature [Pat25], yielding mode

frequencies

𝜔11/2𝜋 = 3.22 MHz, 𝜔12/2𝜋 = 4.73 MHz, 𝜔21/2𝜋 = 5.43 MHz.

Fig. 4.8 also shows the measured spatial profile of the antisymmetric

(2, 1)mode.

4.3.3 Quality factor measurements

To determine the mechanical quality factor 𝑄, we perform ring-down

measurements by resonant radiation-pressure excitation of a selected

mode via intensity modulation of the laser (using the fibered amplitude

modulator).

Once the drive is turned off, the mechanical amplitude decays exponen-

tially, and fitting decay of PSD yields𝑄 = 𝜔𝑚 𝜏, where 𝜏 is the measured

decay time constant. Measured quality factors are

𝑄11 ≈ 5.2 × 10
4 , 𝑄12 ≈ 6.6 × 10

4 , 𝑄21 ≈ 6.0 × 10
4.

In Fig. 4.9, we show an example of the measured ring-down signal for

the (2, 1)mode.
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Fig. 5.1: Symmetric qubit-membrane
coupling circuit. Schematic of a fluxo-

nium qubit formed by a Josephson junc-

tion 𝐽 in parallel with an inductance

𝐿 and capacitance 𝐶𝑞 . One terminal is

grounded through 𝐶𝑔 , while the other

is coupled to a mechanical membrane

via the position-dependent capacitance

𝐶𝑚(𝑋). The distance between the qubit

and the membrane is 𝑑 + 𝑋, where 𝑑
is the equilibrium separation and 𝑋 is

the membrane’s displacement. The mem-

brane is biased by a voltage source 𝑉𝑏 .

Mecaflux Chip Design 5
The coupling between the qubit and the membrane-the main theme of

this thesis-is achieved by a flip-chip assembly where the membrane chip

is placed on top of the fluxonium chip. This chapter aims to detail the

design of the fluxonium chip and its couplings.

My contribution. At the start of my PhD, I conducted experiments

with early generations of heavy fluxonium chips designed by senior

PhD student B.-L. Najera-Santos. It was a grounded heavy fluxonium

chip [Naj+24] that was designed to be coupled to the symmetric mode

of the membrane. However as we will show in the begin of this chapter,

coupling the qubit to the symmetric mode of the membrane introduced

significant common-mode noise to the qubit. To address this issue,

Dr. L. Balembois, current PhD student R. Rousseau, and I redesigned the

qubit to couple to an antisymmetric mode of the membrane.

Outline. This chapter starts with the simplest scheme: a single vacuum-

gap capacitor biased at voltage 𝑉𝑑 that linearly converts membrane

displacement of the first symmetric mode into charge on the qubit island.

We derive its interaction Hamiltonian to illustrate an additional voltage-

bias–induced noise on the qubit, which makes this idea impractical.

We then consider the antisymmetric coupling configuration, where two

opposing, equally biased capacitors transduce motion while canceling

common-mode noise. The Hamiltonian of this antisymmetric mode

constitutes the primary Hamiltonian for our qubit–membrane flip-chip

system.

We then introduce our approach to designing and simulating the QED

circuit. The physical fluxonium chip is inherently a two-dimensional

platform, with all circuit elements arranged in a planar layout. We present

a detailed overview of the layout employed in this work as well as examine

the environmental couplings.

5.1 Coupling to a Symmetric Membrane Mode

We begin with the simplest coupling mechanism. As before, we consider

a grounded fluxonium qubit, where one side of the junction is at ground

potential. The qubit is coupled to the membrane via an additional

capacitance 𝐶𝑚 created between the conducting pad of the qubit and the

metalized membrane. The membrane is biased at a voltage 𝑉𝑏 through a

direct connection to a DC source.

This configuration represents our first attempt at qubit-membrane cou-

pling. Understanding its shortcomings will help clarify the motivation

for the improved design presented in section Sec. 5.2.
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The potential part of the Lagrangian remains unaffected by the capacitive

coupling and is not involved in the Legendre transformation. We write

the kinetic part of the qubit-membrane system as:

𝑇 =
𝐶𝑔

2

¤Φ2 + 𝐶𝑚(𝑥)
2

(
𝑉𝑏 − ¤Φ

)
2

. (5.1)

Using the Legendre transformation, 𝜕𝑇/𝜕 ¤Φ = 𝑄, quantization, the

dimensionless phase operator 𝝋 = 𝚽/𝜙0, and the conjugate charge

operator 𝒏 = 𝑸/2𝑒, we can write the Hamiltonian of the system as:

𝑯 = 4𝐸𝐶(𝒙)
(
𝒏 + 𝑛𝑔(𝒙)

)
2+ 𝐸𝐿

2

𝝋2−𝐸𝐽 cos

(
𝝋 − 𝜑ext

)
−
𝐶𝑚(𝒙)𝑉2

𝑏

2

, (5.2)

where the potential energy is added from the uncoupled fluxonium

Hamiltonian, and:

𝐸𝐶(𝒙) ≡
𝑒2

2(𝐶𝑔 + 𝐶𝑚(𝒙))
, 𝑛𝑔(𝒙) ≡

𝐶𝑚(𝒙)
2𝑒
·𝑉𝑏 . (5.3)

For small displacements, the membrane capacitance can be approximated

as:

𝐶𝑚(𝑿 ) =
𝐶𝑚

1 + 𝑿/𝑑 ≈ 𝐶𝑚
(
1 −

2𝑥zpf

𝑑
𝒙

)
(5.4)

where 𝐶𝑚 is the equilibrium capacitance of the membrane, 𝑥zpf is the

zero-point fluctuation of the membrane, and 𝒙 ≡ 𝑿/2𝑥zpf ≡ (𝒂 + 𝒂†)/2
is the dimensionless displacement operator of the membrane. Thus, the

coupling term between the qubit and the membrane takes the form

𝑯coupling =
4𝐶𝑚 𝐸𝐶

𝑒

(
1 +

2𝐶𝑔

𝐶𝑔 + 𝐶𝑚
𝑥zpf

𝑑
𝒙
)
𝑉𝑏 𝒏 , (5.5)

where 𝐸𝐶 = 𝐸𝐶(𝑥 = 0). To include bias-line noise, we set𝑉𝑏 → 𝑉𝑏 + 𝛿𝑉𝑏 ,
which yields

𝑯coupling =
4𝐸𝐶 𝐶𝑚

𝑒

(
𝑉𝑏 + 𝛿𝑉𝑏 −

2𝐶𝑔

𝐶𝑔 + 𝐶𝑚
𝑥zpf

𝑑
(𝑉𝑏 + 𝛿𝑉𝑏)𝒙

)
𝒏. (5.6)

Here, the first term is the static charge offset from 𝑉𝑏 ; the second

term represents common-mode noise; the third term is the desired

qubit–mechanics coupling; and the final term is second-order noise. In

this grounded fluxonium configuration, fluctuations 𝛿𝑉𝑏 are directly

transduced into charge noise on the fluxonium, so there is no rejection of

the common-mode component. Moreover, since 𝑥zpf/𝑑 ∼ 10
−9

, the noise

contribution easily overwhelms the coupling.

Furthermore, the 𝑉2

𝑏
𝒙 term in Eq. 5.2 gives rise to a mechanical drive,

−
2𝐸𝐶 𝐶

2

𝑔 𝐶𝑚

𝑒2 (𝐶𝑔 + 𝐶𝑚)
𝑥zpf

𝑑

(
𝑉2

𝑏
+ 2𝑉𝑏 𝛿𝑉𝑏 + 𝛿𝑉2

𝑏

)
𝒙 ,

In particular, the cross term ∝ 𝑉𝑏 𝛿𝑉𝑏 𝒙 pumps the membrane motion.

Its prefactor is large enough that, experimentally, even a fraction of a volt

of offset bias drove the membrane above its thermal noise floor [Pat25],
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Fig. 5.2: Antisymmetric qubit-
membrane coupling circuit. Schematic

of a fluxonium qubit formed by a

Josephson junction 𝐽 in parallel with

an inductance 𝐿 and capacitance 𝐶𝑞 ,
bridging two nodes held at flux biases

𝜙2± 𝜙
1

2
. Each node is grounded through

a capacitance 𝐶𝑔 . An antisymmetric me-

chanical membrane mode—displaced

by ±𝑋 from its equilibrium separation

𝑑—serves as an electrode and couples

to both qubit nodes via capacitances

𝐶±𝑚(𝑋). The membrane node 𝜙3 is

biased by a DC voltage 𝑉𝑏 through a

coupling capacitor 𝐶𝑏 .

[Pat25]: Patange (2025), ‘RF Transduc-

tion in a DC-Biased Superconducting

Electromechanical System’, Thesis

precluding both sensitive thermal-motion detection and further ground-

state cooling.

At the outset of my PhD, we set out to realize this grounded-mode

coupling scheme. After several attempts and extensive filtering efforts,

it became clear that suppressing environmental 𝛿𝑉𝑏 noise to acceptable

levels was not feasible. We therefore adopted a new architecture in which

the qubit couples to a membrane’s antisymmetric mode, inherently can-

celing common-mode voltage fluctuations, as explained in the following

section.

5.2 Coupling to an Antisymmetric Membrane
Mode

To mitigate noise introduced by the membrane bias, we consider the

configuration shown in Fig. 5.2. Qubit–membrane coupling is achieved

via the two capacitors 𝐶+𝑚 and 𝐶−𝑚 [VML18], formed between the qubit’s

conducting pad and the metallized membrane. The membrane is biased

at a voltage 𝑉𝑏 through a coupling capacitor 𝐶𝑏 . This avoids a galvanic

connection between to bias the membrane, which cannot be guaranteed

in fabrication from our experience [Pat25]. The fluxonium qubit consists

of a floating superconducting loop that is symmetrically coupled to

ground through two identical capacitors 𝐶𝑔 . The electrical schematic is

shown in Fig. 5.2, where any additional parasitic capacitances have been

neglected. The dynamics are described by the membrane displacement

coordinate 𝑋 and the vector of effective flux-node coordinates

®Φ𝑇 =
(
Φ1 , Φ2 , Φ3

)
, (5.7)

where Φ1 is the flux across the qubit, and Φ2,3 denote the flux coordinates

at the coupling nodes in the absence of the fluxonium circuit (see

Fig. 5.2).

5.2.1 Hamiltonian derivation

We express the total Lagrangian as the sum of mechanical and electrical

contributions:

L = Lmec(𝑋, ¤𝑋) + Lelec(Φ1 ,
¤®Φ, 𝑋) , (5.8)

where overdots indicate time derivatives. The membrane Lagrangian is

that of a harmonic oscillator:

Lmec =
1

2

𝑚 ¤𝑋2 − 1

2

𝑚 𝜔2

𝑚 𝑋
2 , (5.9)

with 𝑚 the effective mass of the membrane and 𝜔𝑚 its resonance fre-

quency. The electrical Lagrangian is split into kinetic and potential parts,

https://theses.fr/s387081
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Lelec = 𝑇elec −𝑉elec:

𝑇elec =
𝐶𝑔

2

(
¤Φ2 − 1

2

¤Φ1

)
2

+
𝐶𝑔

2

(
¤Φ2 + 1

2

¤Φ1

)
2

+ 𝐶
+
𝑚

2

(
¤Φ3 − ¤Φ2 − 1

2

¤Φ1

)
2

+ 𝐶
−
𝑚

2

(
¤Φ3 − ¤Φ2 + 1

2

¤Φ1

)
2

+ 𝐶𝑏
2

(
𝑉𝑏 − ¤Φ3

)
2 +

𝐶𝑞

2

¤Φ2

1
, (5.10)

𝑉elec = −𝐸𝐽 cos

(
2𝜋Φ𝑞/Φ0

)
+

Φ2

1

2𝐿
. (5.11)

Here,𝐶𝑔 is the ground capacitance,𝐶𝑏 the membrane bias capacitance,𝐶𝑞
the qubit shunt capacitance,𝑉𝑏 the bias voltage, 𝐸𝐽 the Josephson energy,

Φ0 = ℎ/2𝑒 the flux quantum, and 𝐿 the inductance of the fluxonium.

For the Legendre transform we rewrite 𝑇elec in matrix form:

𝑇 =
1

2

3∑
𝑖 , 𝑗=1

¤Φ𝑖 𝑀𝑖 𝑗(𝑋) ¤Φ𝑗 − 𝐶𝑏 𝑉𝑏 ¤Φ3 , (5.12)

with the position-dependent capacitance matrix

𝑀(𝑥) =
©­­«

1

2
(𝐶𝑔 + 𝐶Σ

𝑚 + 2𝐶𝑞) 𝐶Δ
𝑚 −𝐶Δ

𝑚

𝐶Δ
𝑚 2 (𝐶𝑔 + 𝐶Σ

𝑚) −2𝐶Σ
𝑚

−𝐶Δ
𝑚 −2𝐶Σ

𝑚 𝐶𝑏 + 2𝐶Σ
𝑚

ª®®¬ ,
with 𝐶Σ

𝑚 ≡ (𝐶+𝑚 + 𝐶−𝑚)/2 and 𝐶Δ
𝑚 ≡ (𝐶+𝑚 − 𝐶−𝑚)/2 are symmetric and

antisymmetric combinations of the membrane-qubit capacitances. The

canonical flux-momenta are defined by 𝑄𝑘 = 𝜕𝑇/𝜕 ¤Φ𝑘 , where 𝑘 = 1, 2, 3.

This yields

¤Φ𝑘 =
∑

𝑀−1

𝑘𝑖
𝑄𝑖 , where 𝑄𝑖 = 𝑄𝑖 + 𝐶𝑏 𝑉𝑏 𝛿𝑖3 (5.13)

Here 𝛿𝑖 𝑗 is the Kronecker delta. The membrane momentum is simply𝑃𝑋 =

𝑚 ¤𝑋. Performing the Legendre transform, 𝐻 =
∑

3

𝑖=1
𝑄𝑖
¤Φ𝑖 + 𝑃𝑋 ¤𝑋 − L,

yields the Hamiltonian

𝐻 =
1

2

3∑
𝑖 , 𝑗=1

𝑄𝑖 𝑀
−1

𝑖 𝑗 𝑄 𝑗 − 𝐸𝐽 cos

(
2𝜋Φ1/Φ0

)
+

Φ2

1

2𝐿

+
𝑃2

𝑋

2𝑚
+ 1

2

𝑚 𝜔2

𝑚 𝑋
2. (5.14)

Since L (Eq. (5.8)) does not depend on Φ2 or Φ3, these coordinates are

cyclic and their conjugate charges are strictly conserved by Noether’s

theorem. Physically, these conserved quantities correspond to the static

charges on the fluxonium and membrane islands, and may therefore be

treated as fixed scalar parameters in the subsequent analysis.

We quantize the system by introducing the canonical variables for the

qubit phase 𝜑 and Cooper pair number 𝑛, along with the dimensionless

canonical variables for the membrane position 𝑥, momentum 𝑝 and 𝒂
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(𝒂†) the mechanical annihilation (creation) operators:

𝝋 = 2𝜋
𝚽1

Φ0

, 𝒙 =
𝑿

2𝑋zpf

=
𝒂 + 𝒂†

2

,

𝒏 =
𝑸

1

2𝑒
, 𝒑 =

𝑷
2𝑃zpf

= 𝑖
𝒂† − 𝒂

2

,

(5.15)

where 𝑋zpf =
√
ℏ/(2𝑚𝜔𝑚) and 𝑃zpf =

√
ℏ𝑚𝜔𝑚/2 are the membrane

zero-point fluctuations of position and momentum, respectively. These

variables satisfy the commutation relations [𝝋, 𝒏] = 𝑖 and [𝒙 , 𝒑] = 𝑖/2,

and operators from different sets commute. The capacitance matrix

depends on the membrane position, 𝑴−1

𝑖 𝑗
= 𝑴−1

𝑖 𝑗
(𝒙), and must therefore

be treated as an operator. In this basis the Hamiltonian assumes the

familiar form for a fluxonium coupled to a harmonic mode:

𝑯 = 4𝑬𝐶(𝒙)
[
𝒏 + 𝒏𝑔(𝒙)

]
2 − 𝐸𝐽 cos 𝝋𝑞 + 1

2
𝐸𝐿 𝝋

2

𝑞

+ ℏ𝜔𝑚

(
𝒑2 + 𝒙2

)
+ 𝑭𝑚(𝒙), (5.16)

where

𝐸𝐿 =

(
Φ0

2𝜋

)
2

1

𝐿
, 𝑬𝐶(𝒙) =

𝑒2

2

𝑴−1

11
(𝒙),

𝒏𝑔(𝒙) =
𝑒

4𝑬𝐶(𝒙)
3∑
𝑖=2

𝑄𝑖 𝑴−1

1𝑖 (𝒙).

This form of the Hamiltonian shows that the coupling between the

fluxonium and the membrane induces an additional charge 𝒏𝑔(𝒙) on the

fluxonium. The membrane also experiences an additional electrostatic

membrane shift potential 𝑯𝑚𝑠(𝒙), which, as will be shown later, leads

to a reduction of the membrane frequency. The general form of 𝑯𝑚𝑠 is

given by

𝑯𝑚𝑠 = 4𝑬𝐶𝒏2

𝑔 + 𝑭𝑚 =
1

2

3∑
𝑖 , 𝑗=2

𝑄𝑖 𝑴−1

𝑖 𝑗 𝑄 𝑗 . (5.17)

5.2.2 Qubit–membrane coupling

For small membrane displacements we perform a first-order expansion of

the coupling Hamiltonian in the dimensionless coordinate 𝒙, yielding

𝐻coupling = 8𝑬𝐶(𝒙) 𝒏𝑔(𝒙)

≈ 4𝐸𝐶
𝜕𝐶+𝑚
𝜕𝑥

𝑉eff(𝑉𝑏)
𝑒

𝒏 𝒙 ≡ 𝑔 𝒏 𝒙 ,
(5.18)

Here,

𝐸𝐶 =
𝑒2

𝐶𝑔 + 𝐶𝑚 + 2𝐶𝑞
(5.19)

is the unperturbed capacitive energy of the fluxonium (neglecting all

terms beyond linear order in 𝑥), and

𝜕𝐶±𝑚
𝜕𝑥

= 2𝑋zpf

𝜕𝐶±𝑚
𝜕𝑋
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relates the derivative with respect to the dimensionless coordinate 𝒙 back

to the physical membrane displacement 𝑋 . The effective bias, 𝑉eff(𝑉𝑏), is

given by:

𝑉eff(𝑉𝑏) =
𝐶𝑔 𝑉𝑏 −𝑄2/2 + (𝐶𝑔/𝐶𝑏)𝑄3

𝐶𝑔 + 𝐶𝑚 + 2 (𝐶𝑔 𝐶𝑚/𝐶𝑏)

−→
𝐶𝑔 𝑉𝑏 −𝑄2/2
𝐶𝑔 + 𝐶𝑚

,

(5.20)

where the last expression indicates the limit 𝐶𝑔/𝐶𝑏≪1. This indicates

that trapped charges, 𝑄2 and 𝑄3, act as an effective bias on the qubit.

Introducing the dilution factor 𝛽 = 𝐶𝑔/(𝐶𝑔 + 𝐶𝑚) and the offset voltage

𝑉offset = 𝑄2/2𝐶𝑔 , we have

𝑉eff(𝑉𝑏) = 𝛽(𝑉𝑏 −𝑉offset) (5.21)

Projecting onto the lowest two levels of the fluxonium and invoking

the rotating-wave approximation yields the Jaynes–Cummings Hamilto-

nian,

𝑯 𝐽𝐶/ℏ = 𝜔𝑚 𝒂†𝒂 +
𝜔𝑞

2

𝝈𝑧 + 𝑖
Ω

2

(
𝒂† 𝝈− − 𝝈+ 𝒂

)
, (5.22)

where the effective vacuum Rabi frequency is

Ω = 𝜔𝑞

��⟨𝑔|𝝋|𝑒⟩�� 𝑑𝐶+𝑚
𝑑𝑥

𝑉eff

2𝑒
. (5.23)

Here, 𝜔𝑞 is the qubit transition frequency and 𝝈± are the qubit raising

and lowering operators; the particular phase convention for 𝝋𝑞 has been

chosen to simplify later expressions.

5.2.3 Common-mode noise rejection

The antisymmetric bias-coupling scheme intrinsically suppresses voltage

noise from the bias line by converting any fluctuation 𝛿𝑉𝑏 into an identical

perturbation on both gap capacitors 𝐶+𝑚 and 𝐶−𝑚 . Because the qubit’s flux

variable Φ1 corresponds to the differential flux between its two pads,

a uniform shift of both electrode potentials does not affect the qubit,

whereas the mechanical antisymmetric mode involves opposite potentials

on the two electrodes and therefore couples to the qubit. This can be seen

from the symmetry of the system. Under left–right exchange the common-

mode noise is invariant (even), while both 𝒏 and 𝒙 change sign (odd),

so an even perturbation cannot drive these odd operators; thus neither

the qubit nor the mechanical mode experiences first-order dephasing

or excitation from 𝛿𝑉𝑏 . Consequently, the coupling Hamiltonian retains

only the differential component and can be written as

𝐻coupling ∝
(
𝑉𝑏 + 𝛿𝑉𝑏

)
𝒏 𝒙 ,

with no first-order common-mode noise term. Crucially, the Hamiltonian

also lacks the linear noise–driven mechanical drive term ∝ 𝑥 𝑉𝑏 𝛿𝑉𝑏 that

plagued the symmetric-mode scheme (see Sec. 5.1).

If the left and right ground capacitors differ by a small amount Δ𝐶𝑔 , a
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residual common-mode noise term appears, linear in this asymmetry:

− 4𝐶𝑚 𝐸𝐶

𝑒 (𝐶𝑚 + 𝐶𝑔)
Δ𝐶𝑔 (𝑉𝑏 + 𝛿𝑉𝑏) 𝒏 , Δ𝐶𝑔 ≡

𝐶𝑔,𝐿 − 𝐶𝑔,𝑅
2

.

5.3 Design Workflow for a QED Circuit

Before delving into the specifics of the design, it is worth providing an

overview of our design workflow, highlighting the tools and methods

used.

The design is created using the Python library HFSSdrawpy, which

enables script-based circuit generation. This allows parameterization

of the circuit, simplifying parameter sweeps and automatic redrawing.

The library outputs either a .gds file for fabrication or a design in Ansys

Multiphysics software.

We begin by simulating the capacitance of various components using An-

sys Q3D Extractor to evaluate 𝐸𝐶 . Subsequently, we perform eigenmode

simulations using Ansys HFSS (High Frequency Structure Simulator)

to determine coupling values and losses. The qubit junctions are not

optimized in these simulations, since their properties depend not only

on geometry but also on the fabrication process. Therefore, they are

excluded from Q3D simulations and modeled as linear inductances in

HFSS simulations. The coupling rates between the resonators (qubit,

readout resonator, and Purcell filter) are extracted from an eigenmode

simulation in which the frequency of the qubit plasmon resonance is

swept across that of the readout resonator, and the coupling strength is

obtained by fitting the anticrossing behavior of the eigenfrequencies.

The final fluxonium chip design is shown in Fig. 5.4. It consists of

the fluxonium qubit in the center, coupled differently to control and

readout lines. In the following, we will describe this in more details.

It also includes (i) test junctions to enable room-temperature junctions

measurements (this technique described in Sec. 6.2.5); (ii) 600 nm pillars

to ensure separation between the fluxonium and the membrane; (iii)

"plasma test" measurement line which consits of the microwave line

capacitively coupled to the both-size-opened 150 junctions chain, allowing

to measure the plasma frequency of junction (purly fabrication property)

𝜔𝑝 independently. The fluxonium chip is coupled to the membrane via a

flip-chip assembly, by putting the membrane at the pillars and creating

the device illustrated in Fig. 5.3.
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Fig. 5.3: 3D schematic of the mechanical-fluxonium device. A superconducting loop composed of a small Josephson junction (red) and

a superinductor (purple), is threaded by an external flux 𝜑ext (brown). The small junction is shunted by a capacitor (blue). One capacitor

electrode couples to a readout resonator (light pink) and the other to a control waveguide (cyan). The suspended SiN membrane,

metallized with Al (yellow), and the two fluxonium electrodes form a vacuum-gap capacitor. A charge gate (orange) provides DC bias

and drives to the membrane. For illustration purposes, the membrane substrate size has been shrunk, and the aspect ratio is not to scale.

Additionally, the pillars are not shown as they are far away from the qubit.
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Fig. 5.4: Overview of the chip design including the fluxonium qubit (b); Josephson junction array with cross junction (c); qubit-membrane

coupling alignment, where the membrane profile is illustrated with a blue-yellow gradient (d); charge and flux lines, membrane bias

line, Purcell filter, readout cavity, and test structures (test junctions, alignment crosses, and plasma test point). Pillars limit the flip-chip

distance.
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Fig. 5.5: Illustration of the isolated fluxonium qubit design. (a) Overall layout. (b) Zoomed-in view of the cross-junction and chain of

junctions. (c) Lumped-element equivalent circuit.

5.4 Isolated Fluxonium Design Overview

The isolated fluxonium qubit consists of a single Josephson junction (𝐽),

an inductance (𝐿), and a qubit capacitance (𝐶𝑞), as shown in Fig. 5.5(c).

The inductance is implemented using an array of Josephson junctions,

depicted in Fig. 5.5(b). With a sufficiently large number of identical

junctions, the flux distributes evenly, allowing each junction to operate

in a regime where it behaves linearly, effectively acting as an inductor.

To enable coupling with the antisymmetric vibrational mode of the

membrane, the qubit design incorporates a floating ground configuration.

This introduces an additional capacitance to ground, denoted as 𝐶𝑔 . The

qubit capacitance, 𝐶𝑞 , is formed by two large pads on opposite sides of

the Josephson junction array, as illustrated in Fig. 5.5(a) with diagonal

blue hatching. These pads feature extended sections that establish mutual

capacitance between them, while also protruding into the ground plane,

thereby contributing to 𝐶𝑔 . Consequently, the qubit’s total capacitance

includes both 𝐶𝑞 (between the pads) and 𝐶𝑔 (qubit to ground) (Eq. 5.19)

To achieve the desired qubit–membrane interaction, the qubit pads are

aligned with the antinodes of the membrane’s first antisymmetric mode,

as shown in Fig. 5.6(a). The membrane is suspended above the chip and

biased via a dedicated DC pad. The top view in Fig. 5.6(c) illustrates

the membrane’s placement above the chip, while Fig. 5.6(b) highlights

the metallized region of the membrane in close proximity to the qubit

pads.
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Membrane

Metallized part
of the membrane

Flip-chip. Side view

Qubit chip

(c) Flip-chip. Top view

Fig. 5.6: Coupling scheme between the membrane and the qubit. (a) Side view of the flip-chip assembly, showing the membrane above

the qubit chip. Hatched areas illustrate the capacitor electrodes of the qubit. (b) Metallized section of the membrane, consisting of

the SiN region where vibrations occur and a bias pad where the Si substrate remains. (c) Top view of the pad-to-membrane coupling

arrangement.
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Fig. 5.8: Zoomed view of the charge
coupling. The charge drive line is capac-

itively coupled to the qubit.

In our floating-fluxonium design (Fig. 5.7), the voltage across the vacuum-

gap capacitors 𝐶±𝑚 is not simply the applied bias𝑉𝑏 . Instead,𝑉𝑏 is divided

across the series combination of the bias-pad capacitance 𝐶𝑏 , the pair of

membrane capacitors 2𝐶𝑚 , and the two ground-reference capacitors 2𝐶𝑔 .

The resulting dilution factor is

𝛽 =
𝐶𝑔

𝐶𝑔 + 𝐶𝑚 +
2𝐶𝑔𝐶𝑚
𝐶𝑏

,

so that 𝑉eff = 𝛽𝑉𝑏 (Eq. 5.20). Maximizing 𝐶𝑏 therefore rigidly ties the

membrane potential to the bias line and is always beneficial. By similar

logic, one might attempt to increase 𝐶𝑔 to hold the fluxonium island

at ground. However, increasing 𝐶𝑔 also reduces the capacitive energy

of the fluxonium, given by Eq. 5.19. Imposing 𝜕𝑔/𝜕𝐶𝑚 = 0 at fixed 𝐸𝐶
shows that the optimum occurs when 𝐶𝑔 and 𝐶𝑚 contribute equally to

the total capacitance (𝐶𝑔 = 𝐶𝑚), while minimizing 𝐶𝑞 increases 𝐶𝑔 and

𝐶𝑚 for a fixed 𝐸𝐶 .

We used Ansys Q3D simulations to optimize the geometry of the qubit

capacitance pads. We fixed the vacuum-gap 𝑑 = 600 nm in our design

and aimed to tune the qubit frequency just below the membrane’s

mode frequency of approximately 4 MHz. However, in the experiment

the distance 𝑑 was found to vary between 1 and 3 𝜇m [Pat25], so the

final qubit–membrane chip did not reach the optimal coupling. We

attribute this larger-than-expected separation to thermal bending of the

fluxonium chip and mechanical bending of the membrane after chip

release. Improved control of 𝑑 during fabrication therefore provides a

straightforward path to enhance coupling in future experiments.

5.5 Qubit Control and Coupling

5.5.1 Charge drive line

To control the qubit via microwave signals, the qubit is capacitively

coupled to a drive line that connects directly to the external control

electronics, as theoretically described in Sec. 3.2.1. The coupling strength

https://theses.fr/s387081
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Fig. 5.10: Zoomed view of the readout
coupling. The readout line is capacitively

coupled to the qubit.
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Fig. 5.11: Avoided crossing of the qubit
and the readout resonator. The hy-

bridized eigenfrequencies 𝜔± exhibit

level repulsion as the effective linear in-

ductance of the junction is varied. As this

inductance is tuned, the plasmon-like

mode frequency varies and an avoided

crossing with the readout resonator

mode is observed, characterized by a

minimum frequency splitting of 2𝑔.

of this line must exceed the qubit’s decay rate to ensure efficient manipu-

lation, while excessive coupling can introduce additional losses. Using

Q3D simulations, we engineered the drive-line capacitance to 𝐶𝑑 = 0.2 fF,

which leads to a plasmon-like mode decay rate of 𝜅 = 2𝜋 × (926 Hz), as

determined by eigenmode HFSS simulations. This decay channel does

not become the dominant loss mechanism for the qubit, as discussed in

Sec. 3.3.6.

5.5.2 Flux line

Slow variations of the external flux 𝜑ext are applied using an external

coil placed near the sample, as shown in the following Fig. 6.27. Rapid

flux changes, however, are achieved via an on-chip flux line inductively

coupled to the qubit, as described in Sec. 3.2.2. The flux line terminates

close to the Josephson junction array, with its current splitting into two

opposite directions to ground, as illustrated in Fig. 5.9. To generate a

net magnetic flux through the array, the flux-line termination is made

asymmetric with respect to the array.

As with the charge drive, a trade-off arises: weaker coupling requires

higher currents, which can cause chip heating, while stronger coupling

increases qubit losses. Eigenmode HFSS simulations for this design yield

a plasmon-like mode decay rate of 𝜅 = 2𝜋 × (729 Hz), which is far from

being a dominant loss mechanism.

5.5.3 Readout line

Readout resonator. The qubit state is measured using an LC resonator,

whose frequency shifts in response to the qubit state, as described

in Sec. 7.5. The readout resonator is implemented as a 𝜆/4 coplanar-

waveguide resonator capacitively coupled to the qubit.

Unlike typical designs, where such long lines are wire-bonded along

their length, wire bonds near the qubit are not feasible in our case due to

the presence of the membrane above the chip. To prevent the division

of the ground plane near the qubit and minimize potential differences,

the design includes a ground-plane connection between the qubit’s

capacitor pad and the readout CPW resonator. The readout is designed

for strong coupling via a capacitance of 4.6 fF (simulated using Q3D),

resulting in a coupling strength of 𝑔𝑟/2𝜋 = 43 MHz, obtained by fitting

the avoided-crossing of the eigenfrequencies
1

from HFSS eigenmode

simulations.

Purcell Filter. To achieve both fast, high-contrast readout and strong

qubit protection, we insert a Purcell filter—a secondary resonator with

frequency 𝜔 𝑓—between the readout resonator and the transmission line.

We choose 𝜔 𝑓 ≈ 𝜔𝑟 but ensure it is far detuned from the qubit frequency

𝜔𝑞 . As a result, the readout mode decays rapidly through the filter at 𝜔𝑟 ,

whereas decay at 𝜔𝑞 is strongly suppressed.
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1: When two resonant modes 𝑎1 , 𝑎2 with

bare frequencies 𝜔1 , 𝜔2 are linearly cou-

pled with coupling strength 𝑔, they hy-

bridize and avoid crossing. The Hamil-

tonian

𝑯 = ℏ𝜔1

(
𝑎†

1
𝑎1 + 1

2

)
+ ℏ𝜔2

(
𝑎†

2
𝑎2 + 1

2

)
+ ℏ𝑔 (𝑎†

1
𝑎2 + 𝑎1𝑎

†
2
)

reduces in the single-excitation basis to

eigenfrequencies

𝜔± =
𝜔1 + 𝜔2

2

±
√(𝜔1 − 𝜔2

2

)
2

+ 𝑔2 .

Similarly to classical physics, at reso-

nance (𝜔1 = 𝜔2), the minimum splitting

2𝑔 is read off from the avoided-crossing

plot versus detuning to extract the cou-

pling strength (see Fig. 5.11).
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Fig. 5.12: Illustration of the effec-
tive leakage rate via the Purcell filter.
𝜅𝑟 (𝜔𝑑) vs. drive frequency, showing a

Lorentzian centered at 𝜔 𝑓 .
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theory of a bandpass Purcell filter for

qubit readout’, Physical Review A
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Readout of Superconducting Qubits’,

Physical Review Applied

500 520

Purcell meander width (µm)

5.4

5.5

5.6

5.7

F
re

q
u
e
n
c
y

(G
H

z
)

Fig. 5.13: Avoided crossing of the read-
out resonator and the Purcell filter.
To vary the detuning, the width of

the meander-shaped Purcell filter is ad-

justed, which changes its frequency in-

versely proportional to the width.

We model the readout mode 𝛼 and the filter mode 𝛽 as coupled harmonic

oscillators. In a frame rotating at the drive frequency 𝜔𝑑 , their equations

of motion are [SMK15, Sec. III]:

¤𝛼 = −𝑖 Δ𝑟𝑑 𝛼 − 𝑖 𝐺 𝛽 − 𝑖 𝜖𝑟 ,
¤𝛽 = −𝑖 Δ 𝑓 𝑑 𝛽 − 𝑖 𝐺∗ 𝛼 −

𝜅 𝑓

2

𝛽,
(5.24)

where

Δ𝑟𝑑 = 𝜔𝑟 − 𝜔𝑑 , Δ 𝑓 𝑑 = 𝜔 𝑓 − 𝜔𝑑 ,

𝜅 𝑓 is the linewidth of the filter resonator, 𝐺 is the readout-filter coupling

rate, and 𝜖𝑟 is the readout drive amplitude. In the adiabatic limit ¤𝛽 = 0, i.e.

when the filter mode damps (and dephases) much faster than it is driven

by the readout mode (𝜅 𝑓 ≫ |𝐺|, |Δ 𝑓 𝑑|), the filter amplitude follows

𝛽 =
−𝑖 𝐺∗

𝜅 𝑓 /2 + 𝑖 Δ 𝑓 𝑑
𝛼.

Substituting into Eq. 5.24 yields an effective single-mode equation for

𝛼:

¤𝛼 = −𝑖
(
Δ𝑟𝑑 + 𝛿𝜔𝑟

)
𝛼 − 𝜅𝑟

2

𝛼 − 𝑖 𝜖𝑟 ,

which describes the readout-resonator decoherence modified by the filter.

Here the filter induces both a frequency shift 𝛿𝜔𝑟 and an additional,

frequency-dependent decay 𝜅𝑟 of the readout mode:

𝜅𝑟(𝜔𝑑) =
4 |𝐺|2
𝜅 𝑓

1

1 +
(
2Δ 𝑓 𝑑/𝜅 𝑓

)
2

, (5.25)

The Fig. 5.12 shows 𝜅𝑟 as a function of the drive frequency 𝜔𝑑 . Physically,

𝜅𝑟 is the rate at which the readout mode leaks through the filter into

the line. It peaks when 𝜔𝑑 ≈ 𝜔 𝑓 , enabling fast readout, but is strongly

suppressed when 𝜔𝑑 is far detuned from 𝜔 𝑓 , thereby protecting the qubit.

We quantify the filter’s protection of the qubit by the Purcell factor:

𝐹 =
𝜅𝑟(𝜔𝑞)
𝜅𝑟(𝜔𝑟)

=
1 +

[
2 (𝜔𝑟 − 𝜔 𝑓 )/𝜅 𝑓

]
2

1 +
[
2 (𝜔𝑞 − 𝜔 𝑓 )/𝜅 𝑓

]
2

≪ 1,

demonstrating that decay at the qubit frequency is strongly attenu-

ated while decay at the readout frequency remains high. The reflection

coefficient 𝑆11 through the filter-resonator is given in [Wal+17, Eq. A.1].

The Purcell filter is implemented as a 𝜆/4 coplanar-waveguide resonator

that is inductively coupled to the readout resonator with coupling

rate 𝑔𝑟𝑝 = 2𝜋 × (14 MHz) (simulated using HFSS simulations, see

Sec. 7.5) and capacitively coupled to the environment via a 50 fF capacitor

(simulated using Q3D). HFSS simulations yield a Purcell-filter mode

decay rate of 𝜅 𝑓 = 2𝜋 × (29 MHz), a readout-resonator mode decay rate

of 𝜅𝑟(𝜔𝑟) = 2𝜋 × (23 MHz), and a direct plasmon-qubit mode decay

rate of 𝜅𝑟(𝜔𝑞) = 2𝜋 × (11 Hz). Thus, the Purcell filter protects the qubit

from direct Purcell losses, while the readout resonator still enables fast

qubit-state readout.

http://arxiv.org/abs/1504.06030
http://arxiv.org/abs/1701.06933
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Fabrication and experimental
setup 6

The fluxonium qubit is fabricated on an intrinsic silicon substrate using

standard microfabrication techniques and coupled to a membrane via

flip-chip assembly. The resulting mecaflux chip is mounted in a cryostat

and controlled by a Field-Programmable Gate Array (FPGA)–based unit.

This chapter provides both a general overview and a detailed description

of the fabrication process and experimental setup.

My contribution. During my PhD, qubit chips were fabricated first by

senior PhD student B.-L. Najera-Santos and later by Dr. L. Balembois. My

contribution to the fabrication of the qubit chips mainly involved stepping

in to parallelize and speed up the process. The cryostat experimental

setup was my primary responsibility from the very beginning to the end

of my PhD.

Outline. The first part of this chapter provides foundational insights

into junction fabrication, introducing the process for a general reader.

We then present a detailed fabrication recipe, outlining specific steps

to replicate our approach, and conclude with initial room-temperature

measurements of the qubit and flip-chip assembly.

The second part focuses on our experimental setup. First, we overview

the essential components, explaining how each element shields the qubit

from environmental disturbances and motivates our experimental setup

design. Finally, we give a detailed description of the complete setup.

6.1 Josephson junction fabrication

In our qubit circuit, the Josephson junctions serve as a non-linear element

𝐸𝐽 and as a building block in the chain that provides large inductance

𝐸𝐿. We begin our explanation with the fabrication process for a single

Josephson junction representing 𝐸𝐽 and then extend this concept to

describe the chain of junctions constituting 𝐸𝐿.

6.1.1 Niemeyer–Dolan bridge technique. Junction
geometry

The core of a Josephson junction consists of a three-layer structure, with

two superconducting layers separated by an insulating oxide layer (see

Sec. 2.2). The energy of the junction is determined by the thickness of

the oxide layer and the overlap area between the layers.

Josephson junctions were fabricated using the shadow evaporation

technique, specifically the Dolan bridge method [Dol77], in which a

suspended bilayer resist “bridge” defines a nanoscale aperture for two

angled Al deposits that overlap to form the tunnel barrier. Although

https://pubs.aip.org/aip/apl/article-abstract/31/5/337/45825/Offset-masks-for-lift-off-photoprocessing
https://pubs.aip.org/aip/apl/article-abstract/31/5/337/45825/Offset-masks-for-lift-off-photoprocessing
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[Pot+01]: Potts et al. (2001), ‘CMOS com-

patible fabrication methods for submi-

cron Josephson junction qubits’, IEE Pro-

ceedings - Science, Measurement and

Technology

[Man+25]: Manset et al. (2025), ‘Hyper-

inductance based on stacked Josephson

junctions’, Preprint

the resist overhang is delicate, a well-tuned recipe produces uniform,

high-quality junctions. An alternative is the Manhattan overlap tech-

nique [Pot+01], which eliminates bridges—trading mechanical robustness

for larger junction area. A current PhD student in our group, Paul Manset,

is developing a stacked-junction Manhattan variant [Man+25] to shrink

the footprint, but for this work we adhere to the established Dolan-bridge

process.

The basic concept of the Dolan bridge is illustrated in Fig. 6.1(a). We create

a suspended structure at a certain height above the wafer that serves as

a mask. Then, we evaporate aluminium at a 22-degree angle relative to

the wafer’s normal. This coats the wafer with the first aluminium layer,

as illustrated in Fig. 6.1(c, d). This layer is then oxidized by introducing

oxygen into the vacuum chamber for several minutes. Next, another

aluminium layer is evaporated at a -22-degree angle, as shown in Fig. 6.1(e,

f). At the intersection, we obtain the Josephson junction defined by the

overlap area and oxide layer.

To create the suspended structure, we use a bilayer resist technique,

where the bottom layer is more sensitive to the electron beam than the

top layer. This allows the top layer to remain after development, while

the bottom layer is removed. To obtain the desired structure shown in

Fig. 6.1(a), we can categorize it into the following areas, illustrated in

Fig. 6.1(b):

• Window: Areas where both layers are removed, allowing evapora-

tion on the wafer. Illustrated with inclined blue lines.

• Undercut: Areas where only the bottom layer is removed, with the

top layer serving as a mask for subsequent evaporation. Illustrated

with inclined white lines.

• Full protection: Areas where both layers of resist remain intact,

fully protecting the wafer. Illustrated in red.

https://doi.org/10.1049/ip-smt:20010395
https://doi.org/10.1049/ip-smt:20010395
https://doi.org/10.1049/ip-smt:20010395
https://arxiv.org/abs/2505.02764
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Fig. 6.1: Illustration of a single "cross" Josephson junction fabrication process. (a) presents a 3D view of the mask composed of two

resist layers (MMA and PMMA). (b) provides a top view of the mask, with three types of areas highlighted by inclined lines; refer to the

main text for further explanation. (c) and (d) show the first layer of evaporated aluminium. (e) and (f) illustrate the second layer of

evaporated aluminium and the overlap region with the first oxidised layer, which defines the junction.
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1μs

Fig. 6.2: Photo of a typical cross junc-
tion taken using an electron microscope.
In post-processing, inclined lines were

added to illustrate the two layers of evap-

orated aluminium. The first layer is high-

lighted in yellow, and the second layer

in blue.
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Fig. 6.3: Illustration of the geometrical
parameters of a single cross junction.
(a) shows the top view, while (b) pro-

vides the front view of a cross-section

through the middle of subfigure (a). The

top PMMA layer is depicted in red, with

the first and second evaporation layers

shown in yellow and blue, respectively.

1: We also neglect mask cluttering by

the first evaporation and edge effects.

This technique allows us to create the main non-linear element of the

circuit—a junction characterized by a Josephson energy𝐸𝐽 . It is sometimes

referred to as the "cross" or "black sheep" junction. In Fig. 6.2, we provide

an example of a typical junction observed under an electron microscope.

The two layers of aluminium are shown in yellow and blue. In this image,

one can clearly distinguish the two layers, with higher contrast at their

intersection.

For the bilayer technique to work, the exposure dose should be well-

calibrated, typically achieved through a dose test chip that is repeated

after any fabrication pause. This involves creating multiple junctions

with a sweep of exposure doses for each layer, followed by inspection

using an electron microscope. For the underexposed junction, the overlap

area lacks a well-defined rectangular shape, resembling blots. In the

overexposed junction, all angles appear overly smooth. The correctly

exposed junction, however, displays a well-defined rectangular shape

with sharp, straight edges and right angles.

To ensure that the two "fingers" of each evaporation cross correctly, we

require the horizontal finger of the second evaporation to cover and

extend beyond the vertical finger of the first evaporation, as illustrated

in Fig. 6.3(b). Using basic geometrical reasoning
1
, the condition on the

mask can be written as:

(2ℎMMA + ℎPMMA) tan𝜃 − 𝑏 − 𝑠 > 0, (6.1)

where ℎMMA and ℎPMMA are the heights of the MMA and PMMA resist

layers, respectively, 𝜃 is the angle of evaporation, 𝑏 is the width of the

bridge, and 𝑠 is the width of the vertical "finger", as illustrated in Fig. 6.3(a).

From this, we can also derive the expected area of the junction:

𝐴 = 𝑤 ∗ (𝑠 − ℎPMMA tan𝜃), (6.2)

where 𝑤 is the width of the horizontal finger.
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Fig. 6.4: Illustration of a chain of Josephson junction fabrication process. (a) presents a 3D view of the mask composed of two resist

layers (MMA and PMMA). (b) provides a top view of the mask, with three types of areas highlighted by inclined lines; refer to the main

text for further explanation. (c) and (d) show the first layer of evaporated aluminium. (e) and (f) illustrate the second layer of evaporated

aluminium and the overlap region with the first oxidised layer, which defines the junction. (g) displays a front view, highlighting the

geometrical parameters of the junction and the mask.
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Fig. 6.6: An AFM measurement of a
chain of junctions. In the top subfigure,

the profile of the surface is plotted, where

the junctions are clearly visible. In the

bottom subfigure, the mean along the

vertical axis is plotted. The wells in the

junction profile curve correspond to the

gaps in evaporation.
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Fig. 6.5: Photo of a typical chain of
junctions taken using an electron micro-
scope. In post-processing, inclined lines

were added to illustrate the two layers of

evaporated Aluminium. The first layer is

shown in yellow, and the second in blue.

Fig. 6.7: 3D model of a chain of junc-
tions reconstructed from an AFM mea-
surement. The model has been smoothed

and visualized with an aluminium tex-

ture for illustrative purposes.

6.1.2 Junction chain fabrication. Large inductance

The superinductance 𝐸𝐿 is implemented using 𝑁bridges Dolan bridges

in the same two-angle shadow-evaporation step as the small junctions

described in section 6.1. A mask with pitch 𝑃 and opening width 𝑏

defines these bridges. The first Al evaporation at +22
◦

produces a series

of aluminium stripes offset from the bridge openings (Fig. 6.5c,d), and

after oxidation, the second evaporation at −22
◦

deposits complementary

stripes shifted in the opposite direction (Fig. 6.5e,f). Each bridge thus

gives rise to two junctions—one centered under the bridge and one

between adjacent bridges—yielding 2𝑁bridges − 1 junctions in series. It is

critical to choose 𝑃 and 𝑏 so that all overlap regions have identical areas,

preventing any weak link where phase slips could preferentially occur

and thereby preserving qubit coherence.

The final geometrical size of the junctions is determined by the mask

itself and the evaporation angle 𝜃. All these parameters are illustrated in

Fig. 6.4(g). From this figure, we can derive the following relations for the

junction lengths:

𝐽1 = 2ℎMMA tan𝜃 − 𝑏
𝐽2 = 𝑃 − 𝑏 − 2(ℎMMA + ℎPMMA) tan𝜃

(6.3)

where 𝐽1 and 𝐽2 are the junction lengths in the chain, 𝑃 is the periodicity of

the chain, 𝑏 is the width of the bridge, ℎMMA and ℎPMMA are the heights

of the MMA and PMMA resist layers, respectively. These relations can

be rewritten as:

𝛿𝐽 ≡ 𝐽2 − 𝐽1 = 𝑃 − 2(ℎPMMA + 2ℎMMA) tan𝜃

𝐽 ≡ 𝐽2 + 𝐽1
2

= 𝑃/2 − (𝑏 + ℎPMMA tan𝜃)
(6.4)

Therefore, to ensure equal junctions in the chain, we require 𝛿𝐽 = 0.

This links fabrication parameters, such as ℎMMA and ℎPMMA, to design

parameters like 𝑏 and 𝑃.
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Fig. 6.8: Overview of the qubit chip
fabrication process. The mask geometry

highlights the main features, which have

been simplified and rescaled for better

visibility.

To verify that the junctions are uniform, we use plan-view SEM to capture

two-dimensional images (Fig. 6.5) and/or AFM topography to measure

the surface height profile (Fig. 6.6 and Fig. 6.7). The AFM scan of a

junction chain shows alternating wells and raised plateaus: each plateau

marks the overlap region of the two angled aluminium depositions,

while the wells correspond to single-layer regions from either the first-

or second-angle evaporation. Since each evaporation deposits a different

metal thickness, these single-layer regions appear at two different heights,

providing clear landmarks for measuring the lateral overlap. Comparing

the plateau widths confirms that all junction areas match within our

fabrication tolerance.

AFM measurements can be preferable when measuring a small number

of junctions, as unlike SEM, there is no need to pump the chamber before

measurement, and alignment is easier. However, AFM measurements

take much longer per measurement if one neglects this preparation time.

AFM also provides a non-destructive way to verify the geometry of the

junction, in contrast to SEM, where exposure to the electron beam can

modify the junctions’ properties.

In the next section, we will provide a detailed recipe for the fabrication

of the junctions and less complex structures.

6.2 Qubit chip fabrication. Workflow and recipe

The fabrication of a qubit circuit is a multi-step process; however, the

general approach for each step can be summarized as follows: we protect

selected areas with resist, perform a process over the entire wafer, and

then remove the resist. The technical details are typically defined by

material deposition limitations.

The qubit circuit fabrication process can be broadly divided into three

main stages, as illustrated in Fig. 6.8:

1. Fabrication of larger Niobium-deposited structures: larger struc-

tures like capacitor pads and coplanar waveguide resonators are

made with Niobium. Niobium (Nb) is deposited across the entire

wafer. Then, using resist and UV-laser lithography, we create a

mask to protect areas where Nb should remain. Nb is then removed

from non-target areas using reactive ion etching (RIE).

2. Fabrication of larger Aluminium-deposited structures: pillars

for a membrane. The wafer is coated with a bilayer of resist to

minimise edge effect during the subsequent lift-off process. Then,

using UV-laser lithography, a mask is created to define non-target

areas. Aluminium is evaporated across the wafer and subsequently

removed from non-target areas by a lift-off process, thanks to the

mask.

3. Fabrication of smaller Aluminium structures: Josephson junctions

and their interconnections. This follows the process described above

in Sec. 6.1. A suspended structure is fabricated using a bilayer resist.

Aluminum is then evaporated at different angles with controlled

oxidation between deposition steps, and finally the resist and excess

aluminum are removed.
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size of the cross junction 𝑤𝑐 is varied,
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of the 12 chips on the wafer estimated
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corresponding energy. Energy is in GHz

units. Fabrication uncertainties cause

nominally identical design parameters

to yield different energies, resulting in

variations of approximately 5% in 𝐸𝐽 and

3% in 𝐸𝐿. Name of the wafer: MF5.

For details on the original debugging and development of the fabrication

process, see Najera-Santos’s thesis [San24, Chap. 4]. The procedure has

since been updated—most notably with a revised pillar design—and

below we outline our current workflow, including all relevant parame-

ters.

6.2.1 Wafer scale fabrication

To reduce the influence of the fabrication uncertainties and increase the

yield of the fabrication process, we fabricate 12 (10.5𝜇×9.5μm) chips on a

single 2-inch wafer at once. Each chip contains a slightly different junction

geometry, allowing us to select the chip with the desired parameters after

the fabrication process.

In Fig. 6.9, we illustrate the arrangement of the chips on the wafer. In

the horizontal direction, 𝐸𝐿 is varied by changing the array width 𝑤𝐴, as

the final energy is proportional to the junction area. 𝑤𝐴 is varied from

1.6 𝜇m to 2.5 𝜇m. In the vertical direction, 𝐸𝐽 is varied by changing both

finger sizes of the cross junction 𝑤𝐶 , 𝑠𝐶 . The horizontal finger size, 𝑤𝐶 , is

varied from 100 nm to 175 nm, while the vertical finger size, 𝑠𝐶 , is kept at

𝑠𝐶 = 1.5×𝑤𝐶 . This leads to around 25% variation in 𝐸𝐽 and 𝐸𝐿, which is

sufficient to compensate for our fabrication uncertainties

In Fig. 6.10, we provide an example of the energy distribution of the

12 chips estimated at room temperature by measuring the resistance of

the junctions (method described in Sec. 6.2.5). Due to the uniformity

limitations in fabrication, the energy of junctions with the same nominal

geometrical parameters can vary. In this example of our recent wafer,

there is approximately a 2% variation in the nominally identical 𝐸𝐿 and

a 5% variation in the nominally identical 𝐸𝐽 .



6 Fabrication and experimental setup 84

0. Starting wafer

Si

1. Niobium sputtering

Si
Nb

2. Wafer cleaning

Si
Nb

3. Photoresist spin coating
and baking

Si
Nb

S1805

4. Photoresist exposure:
UV-laser lithography

Si
Nb

S1805

5. Photoresist development

Si
Nb

S1805

6. Dry-etching of Nb

Si
Nb

S1805

7. Cleaning remaining resist

Si
Nb

S1805

Fig. 6.11: Outline of the UV-laser lithog-
raphy process for the qubit chip. See the

main text for details.

6.2.2 Stage 1. Fabrication of structures over a micrometer:
UV-Laser Lithography

In this stage, we deposit Niobium (Nb) across the entire wafer, and

then use UV-laser lithography to create a mask and remove Nb from

non-target areas. By the end of this step, we have a silicon wafer with

large circuit parts made of Nb. This procedure closely resembles the

process used for SiN membrane fabrication.

The steps of this stage are illustrated in Fig. 6.11.

0. Starting wafer: The process begins with a 280-𝜇m-thick silicon

wafer with (100)-orientation and resistivity greater than 20 kΩ cm
2
.

10% Hydrofluoric acid (HF) cleaning is performed for 10 minutes

to remove natural silicon dioxide layer. It reduces[Mel+20, Table. 1]

the silicon surface loss tangent, tan 𝛿 (defined in Eq. 3.32), thereby

decreasing dielectric losses.

1. Niobium sputtering: A uniform layer of niobium (150 nm thick) is

deposited on top of the silicon wafer using sputtering.

2. Wafer cleaning: The wafer is then cleaned in a warm acetone bath

at 50°C, subjected to ultrasonic vibrations for approximately 10

minutes. It is then transferred to an isopropyl alcohol (IPA) solution

for 1 minute of ultrasonic bath. The wafer is dried with pressurized

nitrogen. If the wafer’s cleanliness is unsatisfactory, brief oxygen

plasma cleaning can be performed for a couple of minutes, followed

by repeating the bath cleaning steps.

3. Photoresist spin coating and baking: A layer of UV-reactive nega-

tive resist (S1805) is uniformly spread across the entire niobium-

coated wafer using spin coating at 4000 RPM for 1 minute to achieve

an expected thickness of 500 nm. The resist is baked at 115°C for 1

minute.

4. Photoresist exposure: UV-laser lithography: The areas where

Niobium (Nb) should remain for the final circuit are exposed to

UV lithography machine (Microtech Laserwriter LW405D) at a dose

of 100 mJ/cm
2
.

5. Photoresist development: The exposed resist is developed by

immersing the wafer in the MIF-319 developer for 1 minute with

gentle swirling. The wafer is then rinsed in water for 1 minute.

6. Dry-etching of Nb: The niobium not covered by photoresist is

removed via reactive ion etching (RIE) using SF6 plasma, with an

additional 10% of over-etching to ensure complete removal of small

Nb parts.

7. Cleaning remaining resist: The remaining resist is cleaned using

𝑂2 plasma for a few minutes. The wafer is then subjected to a

double bath cleaning using fresh acetone and IPA to ensure it is

clean for the next stage.
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Fig. 6.12: Outline of the pillars fab-
rication process. The starting point is

a wafer with Niobium (Nb) structures

(light grey rectangle) fabricated in the

previous stage. For more details, refer to

the main text.

6.2.3 Stage 2. Aluminium pillars deposition

In this step, we deposit the aluminium layer for the pillars.

The steps of this stage are illustrated in Fig. 6.12.

0. Starting point: The process begins with a clean wafer from the

previous stage.

1. Bilayer photoresist deposition: First, a positive photoresist LOR20B
is deposited using spin coating at a 5500 RPM for 60 seconds

(including 5 seconds of acceleration) in order to achieve an expected

height of 1.2 𝜇m. It’s then baked for 5 minutes at 165 °C A second

layer of positive photoresist S1805 is deposited on top using the

same spin coating technique at a speed of 4000 RPM for 60 seconds

in order to achieve an expected height of 500 nm. It’s baked for 1

minutes at 115 °C.

2. Photoresist exposure: UV-laser lithography: Since the goal is to

deposit Aluminium (Al) in specific areas to form pillars, these

areas are exposed to a ultraviolet laser, specifically the Laserwriter
LW405D from Microtech, delivering a dose of 100 mJ/cm

2
.

3. Photoresist development: The exposed resist is developed by

immersing the wafer in the MF-319 (TMAH based) developer and

gently swirling the beaker for one minute. The wafer is then rinsed

in water for one minute.

4. Aluminium evaporation: A 600 nm layer of aluminium is evapo-

rated using a Plassys MEB550 e-beam evaporator. A pressure under

10
−6

mbar is acceptable. Ion milling is not required. The evaporation

occurs perpendicular to the surface.

5. Removal of unwanted aluminium: The unwanted aluminium is

removed by dissolving the remaining resist. For this, the wafer is

submerged into NMP solution at room temperature overnight, or,

less preferably, by placing it in NMP at 80°C for 30 minutes.

6. Cleaning: The cleaning process is the same as step 7 in Stage 1.
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6.2.4 Stage 3. Josephson Junction Fabrication: Electron
beam lithography

In the final fabrication step, we fabricate the Josephson junctions. The

principle of the fabrication is explained in Sec. 6.1. Since these struc-

tures are small, the corresponding mask is patterned by electron-beam

lithography.

0. Starting point: The process begins with a clean wafer from the

previous stage.

1. Bilayer electro-resist deposition: A bilayer deposition is a crucial

step in creating Dolan bridges, which is one of the methods of

Josephson junction fabrication (Sec. 6.1.1). Initially, a thick layer

of the electro-sensitive resist MMA EL13 is deposited using spin

coating at a speed of 3000 RPM for 1 minute to achieve an expected

height of 700 nm. It is then baked for 1 minute at 195°C. Following

this, a thin layer of the electro-sensitive resist PMMA A3 is deposited

using the same spin coating method, but at a speed of 4000 RPM

for 1 minute to achieve an expected height of 100 nm. It is then

baked for 30 minutes at 195°C.

2. Resist exposure: E-beam lithography: The necessary areas are

exposed using electron beam lithography at a working voltage of

20 kV and pressure below 2 × 10
−5

mbar. The base exposure dose

is 280 𝜇C/cm
2

with a d-step of 10nm by 10nm. However, not all

parts receive the same dose. Dose tests should be conducted to

determine the exact dose for different design parts (Sec. 6.2.5).

3. Resist development: The exposed resist is developed in a mixture

of deionized water (di-H2O) and IPA at a 1:3 ratio, at 6°C for 90

seconds. Immediately afterward, the wafer is transferred into room

temperature IPA and dried with pressurized nitrogen.

4. Aluminium evaporation: The two layers of aluminium are evapo-

rated using the Plassys MEB550 machine. Pumping begins overnight

to achieve pressures under 2 × 10
−7

mbar. Next, ion milling is per-

formed to remove the native oxide layer on the wafer. Ions are

accelerated at 100 V with 35 mA current for 6 seconds. Too strong

ion milling can lead to increased decoherence due to dielectric

losses [Qui+14; Dun+17]. The first aluminium layer of 35 nm is

evaporated at an angle of -22° relative to the wafer’s normal vector.

This layer is then oxidized by bringing the vacuum chamber to

200 mbar of pure oxygen and waiting for 10 minutes. The chamber

is then pumped back to 5 × 10
−6

mbar, and a second aluminium

layer of 100 nm is evaporated at an angle of 22°. The same oxidation

process is performed, in order to have a controlled oxide layer.

5. Removal of unwanted aluminium: The unwanted aluminium is

removed by dissolving the remaining resist. For this, the wafer is

immersed into NMP solution at room temperature overnight, or,

less preferably, placed in NMP at 80°C for 30 minutes.
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ical Review Letters

1: Here are numerical values of the con-

stants needed in the formula:

• 𝑅𝑄 = 6.454 kΩ,

• Δ(Al30nm) = 50.3 GHz · ℎ.

Test
junctions

Fig. 6.13: Illustration showing the place-
ment of the test junctions that are fab-

ricated around the qubit. It consists of 6

junction chains illustrated in blue and 6

single junctions illustrated in yellow.
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Fig. 6.14: Illustration of the junction
probing connection and its correspond-
ing circuit. (a) shows an illustration of a

𝑁𝐽 test junctions with pads at the ends

that allow contact using pins from a

probe station connection. (b) shows an

equivalent circuit with substrate resis-

tance𝑅
sub

in parallel and cable resistance

𝑅𝐶 in series.

6.2.5 Room temperature junctions test

As soon as the wafer with different chips is fabricated, it is possible to

test the junctions and estimate 𝐸𝐽 and 𝐸𝐿 before putting the chip into the

cryostat.

We estimate these energies using the Ambegaokar-Baratoff relation [AB63],

which links the normal state junction resistance 𝑅
(𝑇𝑐 )
𝐽

at the critical tem-

perature 𝑇𝑐 , the superconducting gap Δ at 𝑇 = 0𝐾, and the resistance

quantum for Cooper pair 𝑅CP

𝑄
= 4𝑅𝐾 = ℎ

(2𝑒)2
1
:

𝐸𝐽 =
𝑅𝑄Δ

2𝑅𝑁
𝐽

When using the room temperature resistance, an empirical factor should

be applied, which is calibrated for each fabrication process and clean

room. With the process outlined above and the equipment available

in 2024 at the Paris ENS clean room, the calibration factor used is

𝑅
(𝑇𝑐 )
𝐽

= 1.45 𝑅
(𝑇𝑟𝑜𝑜𝑚 )
𝐽

. This calibration factor captures two main effects: (i)

the temperature dependence of the tunnel resistance, since our room-

temperature measurement must be scaled to the normal-state resistance

at𝑇𝑐 ; (ii) the difference between the superconducting gap Δfilm of our thin

aluminium films and the bulk gap Δ used in the Ambegaokar–Baratoff

relation.

Measuring the resistance of the junctions involved in the qubit circuit

itself is impractical and could lead to large uncertainties, due to not

negligible resistance of the substrate connected in parallel. Therefore,

around each chip, we fabricate 6 single-junctions and 6 junction chains

(see Fig. 6.13), which we measure using a probe station.

We apply a constant current through the junction/chain at 𝐼0 = 100 nA

with a compliance of 0.1 V to avoid any possible voltage spikes. We

measure the voltage drop 𝑉𝑚 across the junction and calculate the

resistance 𝑅𝑚 = 𝑉𝑚/𝐼0. However, since the Si substrate is also conductive

at room temperature, the actual resistance of the junctions must be

adjusted for this by measuring the resistance in the absence of junctions

(when all current flows through the substrate) and subtracting the

resistance of the connecting cables 𝑅𝐶 . The equivalent circuit of the

experimental setup is illustrated in Fig. 6.14.

Thus, with the junction and substrate 𝑅sub connected in parallel, the

resistance of the junctions can be found from:

𝑅𝐽 =
𝑅sub(𝑅𝑚 − 𝑅𝑐)

𝑅𝑠𝑢𝑏 − (𝑅𝑚 − 𝑅𝐶)

where 𝑅sub and 𝑅𝑚 are the resistances of the substrate and the total

resistance that was measured, respectively.

Thus, even though we are not measuring the actual junctions that

participate in the circuit, this method provides us with good estimations

of the qubit’s single junction energy 𝐸𝐽 and the junction chain energy

𝐸𝐿.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.10.486
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.10.486
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6.2.6 Flip-Chip Assembly

The membrane and fluxonium chips are assembled by a flip-chip pro-

cedure: the membrane chip is placed on top of the fluxonium chip and

seated onto its supporting pillars. The flip-chip assembly workflow, es-

tablished by H. Patange [Pat25, Chap. 5], employs an MJB4 mask aligner

for micropositioning and a custom-built holder. The chips are aligned

with a horizontal accuracy of 5 𝜇m before contact. Bonding is achieved

by applying drops of Dymax OP-67-LC UV-curing glue at the corners of

the membrane chip. The inter-chip gap is nominally defined by 600 nm

aluminium spacers on the fluxonium chip. Although room-temperature

Fizeau interferometry on unmetalized test samples confirms this spacing,

cryogenic qubit spectroscopy consistently reveals a gap of 1–3 𝜇m [Pat25],

which we attribute to differential bending under thermo-mechanical

stress.
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Quantum Technology

Qubit
here

4k

MXC
(10mK)

Still
(800mK)
CP
(100mK)

Fig. 6.15: Photo of the Bluefors cryostat
with its stages and corresponding tem-
peratures indicated. From top to bottom:

4 K, Still, Cold Plate (CP), and Mixing

Chamber (MXC).

6.3 Practices for Cryogenic Microwave
Experimental Setups

As shown in the previous fluxonium chapter (Sec. 3.3), different noise

levels are crucial factors that can ruin the coherence of our qubit [Kri+19].

Environmental noise, present due to the connection of the qubit to

electronics at room temperature or via environmental electromagnetic

fields, leads to qubit dephasing [Ith+05; Yeh+17; Yan+16; Koc+07] as

well as the creation of quasi-particles, causing dissipation and reduced

relaxation times [Cat+11; Bar+11; Cor+11; Pop+14; Kre+16; Yan+16]. Hence,

it becomes necessary to protect the qubit with various well-thermalized

attenuators, filters, and shields placed at different temperature stages of

the cryostat.

In our experimental setup, we used a dilution cryostat provided by Blue-

fors, which has stages with different temperature levels. The stages fully

accessible to the user are the 4K, Still, and MXC (Mixing Chamber) stages,

corresponding to temperatures of 4K, 800mK, and 10mK, respectively.

This is illustrated in Fig. 6.15. The sample is thermalized to the MXC

stage.

Fig. 6.16 shows the overall setup , comprising four descending RF lines,

one ascending RF line, and two DC lines, with RF pulse generation

and measurement handled by a Quantum Machines QOP FPGA. In this

section, we describe the key practices underlying our cryogenic microwave

experimental setup, motivating the setup design choices; the complete

experimental setup will be discussed in full detail in the next section.

We begin by examining strategies for reducing environmental electrical

noise and filtering the signal delivered to the qubit. We then outline

the main considerations for component thermalization and the ampli-

fication chain, demonstrating that amplifier stages should be ordered

by increasing noise contribution. Next, we explain the configuration

of the mixers used to upconvert and downconvert signals to the qubit

frequency, highlighting how imperfections in the mixing process can

introduce spurious tones. Finally, we discuss microwave packaging and

shielding techniques that ensure the qubit is properly thermalized and

isolated from external disturbances.

http://arxiv.org/abs/1806.07862
http://arxiv.org/abs/1806.07862
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Fig. 6.16: Wiring schematic of the experimental setup. The diagram shows the cabling and connections between the cryostat, FPGA

control unit, and signal generators. The qubit chip is placed at the bottom of the cryostat, where it is thermally linked to the MXC stage.
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Fig. 6.17: Attenuation connection
schematic. Illustration of an attenuator

on a descending line used to reduce ther-

mal noise. The input signal 𝑎𝑛−1, from

the previous stage, enters the attenua-

tor thermalized at temperature 𝑇𝑛 , yield-

ing an output signal denoted 𝑎𝑛 . In this

and subsequent illustrations, the temper-

ature decreases from top to bottom, i.e.,

𝑇𝑖−1
> 𝑇𝑖 .

6.3.1 Noise attenuation

Electrical noise due to one-dimensional blackbody radiation in cables,

known as Johnson-Nyquist noise, or 1/ 𝑓 noise, which can originate from

electrical instruments themselves, decreases the coherence time of a qubit.

For now, we will not delve into the details of the noise spectrum density,

as we aim to reduce it in general. For any numerical examples given, a

frequency of 1 GHz is chosen.

The typical signal power required to manipulate a qubit is quite low.

This allows us to generate a higher-power signal and attenuate it as it

descends to cryogenic temperatures. In the following discussion, we will

see how such attenuation can reduce the electrical noise coming from

room temperature to the qubit.

Consider a single attenuator placed on a descending line at stage 𝑠,

thermalized at temperature 𝑇𝑠 , as illustrated in Fig. 6.17. Denote the

ladder operators of the incoming and outgoing signals as 𝒂𝑠−1 and 𝒂𝑠 ,
respectively. Also denote the operators of the thermal noise due to the

attenuator as 𝒃𝑖𝑛,𝑠 . Then, the input-output equation can be written as

follows:

𝒂𝑠 =
√
Λ𝑠 · 𝒂𝑠−1 +

√
1 −Λ𝑠 · 𝒃𝑖𝑛,𝑠 (6.5)

Here, we used the power transparency Λ𝑖 ∈ [0, 1], which can be linked

to the conventional logarithmic attenuation 𝐴𝑖 with:

Λ𝑠 = 10
−|𝐴𝑠 |/10 → |𝐴𝑠 | = −10 · log

10
Λ𝑠 (6.6)

The input–output relation can be rewritten in terms of the photon

occupation number of an itinerant mode at frequency 𝜔:

𝑛𝑠(𝜔) = Λ𝑠 · 𝑛𝑠−1(𝜔) + (1 −Λ𝑠) · 𝑛𝐵𝐸(𝑇𝑠 , 𝜔) (6.7)

Here, we used the fact that thermal noise can be found from the

Bose–Einstein statistic, or ⟨𝒃†𝑖𝑛,𝑠𝒃𝑖𝑛,𝑠⟩ = 𝑛𝐵𝐸(𝑇𝑠) = 1

𝑒ℏ𝜔/𝑘𝐵𝑇𝑠−1

, where 𝑇𝑠 is

the temperature of the attenuator.
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Fig. 6.18: Reduced photon occupation
due to various attenuations. Photon oc-

cupation 𝑛𝑖 as a function of attenuation

𝐴 thermalized at different temperatures:

4 K in blue, 800 mK in yellow, and 10 mK

in orange. The input signal for every

level corresponds to the room tempera-

ture noise 𝑛𝐵𝐸(300K).
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Tab. 6.1: Cooling power limits at dif-
ferent stages of the Bluefors BF-LD250
cryostat. The temperature in parentheses

indicates the steady-state temperature of

the corresponding stage when the speci-

fied power is absorbed.

Stage

T 𝑃𝑐𝑜𝑜𝑙𝑖𝑛𝑔
name

4K 2.9K 1.5 W (4.2K)

Still 830mK 40 mW (1.2mK)

MXC 9mK 15 𝜇W (20mK)

Photon occupation equation (Eq. 6.7) is illustrated in Fig. 6.18, where the

photon noise occupation 𝑛𝑖 is shown as a function of the logarithmic

attenuation |𝐴| = −10 · log
10
Λ, for the attenuator thermalized to different

temperatures. The input signal corresponds to the thermal population at

room temperature, 𝑛𝐵𝐸(300K).

The figure demonstrates that for each stage, further increasing attenuation

beyond a certain point does not lead to significant improvement. It

also shows that photon noise occupation reduces significantly when

attenuation is applied at lower temperatures. However, as we’ll see in the

following section, due to its limited cooling power at lower levels, it is

not feasible to place all attenuation at the lowest temperature stage, and

thus attenuation must be distributed accordingly across all stages.

6.3.2 Cooling Power
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Fig. 6.19: Effective noise temperature and dissipated energy for different distributions of a total attenuation of 60 dB with an input
power of 0 dBm at the top stage. . This plot shows (i) the final effective noise temperature—calculated from the photon occupation

𝑛𝑖—and (ii) the energy dissipated at each cryogenic stage for various ways of distributing the attenuation.

When a signal is sent into the cryostat, the power dissipated in the atten-

uator, 𝑃disp = (1 −Λ𝑖)𝑃𝑖−1, is not negligible, since it must be transferred

out from the cryostat, which has its cooling limits. These limits, defined

by the manufacturer, are listed in Tab. 6.1. As a result, this setup imposes

restrictions on the maximum attenuation that can be applied at each

stage.

The final attenuation for each line is defined by the following factors:

the total power needed to interact with the qubit, the cooling power

limits of the cryostat, and practical limitations on the output power of

the source. Thus, different lines have different total attenuations, which

will be explained in more detail in the following.

For now, to provide more intuition and demonstrate the importance of

placing attenuation at lower-temperature stages, consider, for example,
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Johnson-Nyquist noise spectrum at 𝑇 =

10mK. Black dashed line indicates the

thermal noise cutoff frequency, 𝑘𝐵𝑇/ℎ.
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Fig. 6.21: Transmission (𝑆21) of the
homemade Eccosorb absorber. Mea-

sured transmission as a function of fre-

quency from 0 to 15 GHz at room temper-

ature. The most relevant frequency range

for Eccosorb filters lies above 15 GHz;

however, our measurements were lim-

ited by the available experimental equip-

ment.
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a total maximum attenuation of −60 dB and examine how it should

be distributed across the different stages. In Fig. 6.19, the final noise

temperature is plotted alongside the energy dissipated at each stage for

various attenuator distributions. The energy dissipated at each stage is

normalized to the maximum available cooling power to illustrate how

close we operate to this limit. The final effective noise temperature is

given by

𝑇eff =
ℏ𝜔

𝑘𝐵 ln

(
1 + 1/𝑛𝑠

) ,
where 𝑛𝑠 is the photon noise occupation. The dissipated energy is

calculated assuming an input power of 0 dBm at the top stage, which

corresponds approximately to the maximum output power of our pulse

controller (FPGA).

This figure shows that placing more attenuation at the warmer stages

results in an increased final noise temperature. When attenuation is

placed at the MXC stage, the dissipation energy is closer or exceeds

the cooling power limit, which, with many lines, can influence the final

steady-state temperature. While here we are not limited by the cooling

power, adding more attenuation beyond a certain point does not lead

to significant improvement in the final noise temperature. This explains

the common cryostat configuration: 20 dB at 4K, 10 dB at Still, and the

remaining at MXC.

6.3.3 Filtering

Up to now, the frequency dependency of the noise wasn’t considered.

However, when the final power of the signal dictates the global atten-

uation, we can additionally attenuate frequencies outside the required

pulse range.

Firstly, the one-sided voltage noise spectral density of the Johnson-

Nyquist noise emitted by a resistor 𝑅 can be written as follows:

𝑆𝑡ℎ(𝜔, 𝑇𝑖) = 4𝑅 ℏ |𝜔| 1

𝑒ℏ|𝜔|/𝑘𝐵𝑇𝑖 − 1

(6.8)

This decays rapidly with higher frequencies (ℏ|𝜔| > 𝑘𝐵𝑇), but it is not

the only noise source in the system. For example, there are additional

1/ 𝑓 noise sources with different cut-off frequencies [Ith+05; Koc+07]. For

further reasoning, there is no need to go into the details of their nature

and reconstruct an exact spectral density profile. Instead, we can imagine

a flat initial noise level and explore how to filter it out.

The required operating range of our qubit was globally attenuated.

However, the bandwidth of the XMA cryogenic attenuators used (2082-

6418-(Attenuation)-CRYO) ranges from DC to ∼ 18 GHz. To attenuate

any higher frequency noises [Ser+19; Cor+11], each line is connected

through Eccosorb filters, which are placed as close as possible to the

sample. These filters are homemade, composed of Eccosorb CR-110 epoxy

(ranged 26+GHz) and encased in a copper box for proper thermalization

and shielding. The frequency performance of this filter up to 18GHz is

shown in Fig. 6.21. To reduce QP-induced dissipation, it is crucial to place

https://arxiv.org/abs/cond-mat/0508588
http://arxiv.org/abs/cond-mat/0703002
http://arxiv.org/abs/1903.00113
http://arxiv.org/abs/1108.1383
http://arxiv.org/abs/1108.1383
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Fig. 6.22: Thermalization braid
schematic. Schematic showing an atten-

uator (or any filter) thermally connected

to the cryostat via thermalization braids

of length 𝐿 and cross-sectional area

𝐴. The temperature drop between the

cryostat stage and the attenuator is

represented by Δ𝑇.

Fig. 6.23: Photo of a thermalization
braid used. Here, it connects the Ec-

cosorb filter to the mixing-chamber

(MXC) stage of the cryostat.

Tab. 6.2: Thermal conductivity at 4K
of typical materials for thermalization
braids. Here, ETP CU stands for Electro

Tough-Pitch Copper and OFHC CU for

Oxygen-free high thermal conductivity

copper.

Name k [W/(m · K)]
ETP CU (50 RRR) 2 · 10

2

OFHC CU (100 RRR) 6.5 · 10
2

OFHC CU (300 RRR) 2 · 10
3

OFHC CU (2000 RRR) 10
4

these filters within any cryoperm and aluminium shields, which will be

discussed later. To further suppress thermal radiation, infra-red blocking

filters can be used [Kre+16; Gee23].

Each port has its own operational range, so filters are used to suppress

noise at frequencies outside the operating range.

6.3.4 Thermalization bridges

Up to this point, we have assumed that the microwave components placed

at specific stages are at the same temperature as the stage itself. However,

this is not always the case due to the limited thermal conductivity

between the stage and the component. In practice, proper thermalization

of each element must be done to improve thermal conductivity. This

can be achieved by either screwing components directly to the cryostat

platforms or using thermalization braids to connect components to the

platforms (see an illustration in Fig. 6.22).

Here, we will not delve into precise calculations for thermalization but

instead provide basic justifications for the decisions made.

The heat flux, denoted by 𝑞, through the thermalization braids can be

calculated using the thermal conductivity formula:

𝑞 = −𝑘Δ𝑇
𝐿

(6.9)

where Δ𝑇 is the temperature difference between the two ends of the

thermalization braid, 𝐿 is its length, and 𝑘 is its thermal conductivity.

Therefore, the cooling power provided by a braid can be determined

from:

𝑃𝑐𝑜𝑜𝑙𝑖𝑛𝑔 = 𝑞 · 𝐴 = −𝑘𝐴Δ𝑇

𝐿
(6.10)

where 𝐴 represents the cross-sectional area of the connection. From this

basic estimation, we can conclude that:

• The thermalization braids should be relatively short.

• The cross-sectional area should be large enough. This also implies

that washers should be of comparable size and everything must be

tightly screwed to maximize contact.

• Materials with a high 𝑘 value, such as OFHC CU with high RRR

(Residual Resistance Ratio), should be used.

A table of different materials with their thermal conductivity values is

provided in Tab. 6.2.

In practice, we initially made a mistake by underestimating the material

choice and the cross-sections of the braids. When we increased the

thickness of the thermalization braids and switched from ETP copper

to OFHC copper, we successfully reduced the temperature of our qubit

holder from 30-40 mK to 15-20 mK. See Fig. 6.23 for an example of a

thermalization braid used in our setup.

https://arxiv.org/abs/1608.06273
https://arxiv.org/abs/1608.06273
https://www.proquest.com/docview/1495984234
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Fig. 6.24: Amplification chain schematic.
Each amplifier is thermalized at a differ-

ent cryostat stage (dashed lines). Each

amplifier, with gain 𝐺𝑖 , amplifies its in-

put signal 𝑃𝑖−1
and adds its own noise

𝑃N

𝑖
. The output of the stage is then

𝑃𝑖 = 𝐺𝑖
(
𝑃𝑖−1
+ 𝑃N

𝑖

)
.

Another improvement was the use of bulkhead attenuators (4880-5523-
(Attenuation)-CRYO, XMA Corp) that can be directly screwed onto the

cryostat platforms. This ensures better thermalization without the need

for additional thermalization braids.

6.3.5 Signal amplification

The only line in our setup that cannot be protected by attenuation and

filtering is the output readout line, which brings the signal from the

readout cavity out of the cryostat to room temperature. This signal is

too weak compared to the noise level at room temperature and must be

amplified. In the following, we will examine how the chain of amplifiers

influences the signal-to-noise ratio (SNR) of the signal. Here, we only

consider the signal traveling in the upward direction: from the lowest

temperature levels to room temperature. All entering noise traveling in

the opposite direction is suppressed by circulators as will be discussed

later.

Consider a single amplifier with gain 𝐺1 illustrated in Fig. 6.24. The total

input 𝑃0 can generally be written as the sum of the signal 𝑃S

0
and noise

already in the system 𝑃N

0
:

𝑃0 = 𝑃S

0
+ 𝑃N

0
(6.11)

Thus, the input signal-to-noise is SNR0 = 𝑃S

0
/𝑃N

0
. The amplifier, thermal-

ized at temperature 𝑇1, contributes its own noise to the output, 𝐺1 𝑃
N

1
,

where, by convention, the amplifier noise 𝑃N

1
is input-referred, i.e. as if

injected directly at the input. Consequently, the total output power 𝑃1

is

𝑃1 = 𝐺1 · ( 𝑃S

0︸︷︷︸
Information

+𝑃N

0
+ 𝑃N

1︸    ︷︷    ︸
Noise

) (6.12)

The SNR of the output is then:

SNR1 ≡
𝑃S

0

𝑃N

0
+ 𝑃N

1

(6.13)

This reveals that the SNR after the amplifier decreases due to the noise

added by the amplifier itself. This result might seem counterintuitive

at first glance and motivates examining what happens when the signal

passes through an additional amplifier, as shown in Fig. 6.24. Here, 𝑃1 is

the input to the second amplifier, which has gain 𝐺2 and input-referred

noise 𝑃N

2
. The output of the second amplifier is then:

𝑃2 = 𝐺2 · (𝑃1 + 𝑃N

2
) =

= 𝐺2𝐺1 · ( 𝑃S

0︸︷︷︸
Information

+𝑃N

0
+ 𝑃N

1
+ 𝑃N

2
/𝐺1︸                 ︷︷                 ︸

Total noise

) (6.14)

Therefore, the SNR at the output of the second amplifier is:

SNR2 =
𝑃S

0

𝑃N

0
+ 𝑃N

1
+ 𝑃N

2

𝐺1

(6.15)
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This highlights the importance of the amplification chain, as the noise

contribution from the second amplifier is reduced by a factor of 𝐺1.

In other words, while the SNR after an amplifier does decrease due

to added noise, the amplifier’s primary purpose is to boost the signal

enough to surpass subsequent noise contributions in the chain. This

principle leads to a practical rule for designing an amplification chain:

place high-performance, low-noise amplifiers with high gain at the start

of the chain, after which more affordable amplifiers can be used.

In our setup, we use a traveling-wave parametric amplifier (TWPA) as

the first amplifier in the chain. The TWPA is one of the best amplifiers

currently available, providing 20 dB of gain with only a few photons

of added noise. This ensures that the noise contributed by the second

amplifier—a high-electron-mobility transistor (HEMT) operated at 4 K

with approximately 10 quanta of added noise—is only a marginal fraction

of the total noise.

6.3.6 Mixer Configuration

Our FPGA controller handles signals 𝜔IF in the intermediate-frequency

range (−350 MHz < 𝜔IF < 350 MHz). To operate in the 3–6 GHz band,

we use an external local oscillator at frequency 𝜔𝐿𝑂 and IQ mixers

to upconvert IF signals into the GHz range 𝜔RF = 𝜔𝐿𝑂 + 𝜔IF, and to

downconvert RF outputs back to IF. However, real mixers introduce

unwanted spurious tones if not properly balanced.

An IQ mixer multiplies two baseband inputs 𝐼(𝑡) and 𝑄(𝑡) by in-phase

and quadrature LO signals, producing an output

𝑉out(𝑡) = 𝐼(𝑡) cos(𝜔LO𝑡) −𝑄(𝑡) sin(𝜔LO𝑡)

For ideal single-sideband up-conversion, one chooses

𝐼(𝑡) = 𝐴 cos(𝜔IF𝑡), 𝑄(𝑡) = 𝐴 sin(𝜔IF𝑡),

which yields

𝑉out(𝑡) = 𝐴 cos

[
(𝜔LO + 𝜔IF)𝑡

]
and suppresses both the LO (𝜔LO) and the lower sideband (𝜔LO −𝜔IF).

Imperfections and Spur Generation. In practice, the DACs and mixer

introduce [SL08, p. 144][Sab98, p. 2][Mic15]:

• DC offsets 𝐼0 , 𝑄0 in the baseband paths (i.e., the low-frequency I

and Q channels before upconversion),

• Amplitude imbalance 𝛿 between I and Q,

• Phase error 𝜀 from deviation from the exact 90
◦

phase shift.

To quantify the spurious tones generated by these imperfections, we

substitute the imperfect low-frequency I and Q signals (the baseband sig-

nals) into the mixer’s output expression and collect terms at 𝜔LO (carrier

leakage) and 𝜔LO − 𝜔IF (image tone). One models the imperfections as

𝐼(𝑡) = 𝐴 cos(𝜔IF𝑡) + 𝐼0 , 𝑄(𝑡) = 𝐴(1 + 𝛿) sin(𝜔IF𝑡 + 𝜀) +𝑄0.

https://link.springer.com/book/10.1007/978-1-4020-6903-1
https://accelconf.web.cern.ch/e98/papers/wep09a.pdf
https://markimicrowave.com/technical-resources/application-notes/5-ways-to-compensate-for-passive-iq-mixer-imbalance/
https://markimicrowave.com/technical-resources/application-notes/5-ways-to-compensate-for-passive-iq-mixer-imbalance/
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Fig. 6.25: Chip shielding assembly.
Schematic of the shielding screens sur-

rounding the chip holder (labelled

“chip”). The holder is mounted on a

copper frame, which is gold-plated to

prevent oxidation and enhance thermal

contact, and is thermalized to the mixing-

chamber (MXC) stage via thermalization

braids. Nested 𝜇-metal and aluminium

screens enclose the chip to block external

magnetic and electromagnetic interfer-

ence.
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This yields carrier leakage at 𝜔LO:

𝑉LO(𝑡) = 𝐼0 cos(𝜔LO𝑡) −𝑄0 sin(𝜔LO𝑡),

which depends only on the DC offsets (𝐼0 , 𝑄0). The image tone at𝜔LO−𝜔IF

appears approximately as

𝑉img(𝑡) ≈ −
𝐴

2

[
𝛿 cos

(
(𝜔LO − 𝜔IF)𝑡

)
+ 𝜀 sin

(
(𝜔LO − 𝜔IF)𝑡

) ]
,

whose amplitude scales as 𝐴
√
𝛿2 + 𝜀2/2.

Cable Matching To minimize additional phase and amplitude skew, the

I/Q coaxial cables should have identical length and loss. At ∼ 350 MHz,

the wavelength in typical coaxial cable is 𝜆 ≈ 0.6 m.

Automated Two-Step Calibration Uncalibrated IQ mixers typically

achieve only ∼ 20 dB suppression of the carrier and image. The Quantum

Machine Interface (QMI) applies per-channel DC offsets and a 2 × 2

complex correction matrix to compensate for amplitude imbalance 𝛿 and

phase error 𝜀. We automate the calibration by driving a continuous-wave

IQ tone and using a spectrum analyzer to monitor spurs:

1. Offset nulling: Adjust (𝐼0 , 𝑄0) via gradient descent to minimize

the LO peak at 𝜔LO.

2. Image suppression: With DC offsets fixed, adjust the amplitude

and phase entries of the correction matrix to minimize the lower

sideband at 𝜔LO − 𝜔IF.

After convergence, both carrier leakage and image are suppressed by

> 40 dB, yielding a clean single-sideband mixer response.

6.3.7 Microwave Packaging and Shielding

The qubit chip is glued and wire-bonded onto a printed circuit board

(PCB), which is then integrated into a copper sample holder known as

JAWS (Joint Assembly for the Wiring of Superconducting circuits). This

holder was designed by Marius Villier from the LPENS group [Vil23]. It

protects the qubit from spurious modes. Once the JAWS is closed, the

formed cavity has box modes with frequencies above 10 GHz. This is

higher than both the qubit and readout modes, providing protection.

Shielding the qubit from stray electric and magnetic fields is essential to

preserve coherence [Kre+16]. We employ a nested two-layer enclosure

(Fig. 6.25): it consists of an outer Cryoperm shield that passively attenuates

ambient magnetic fields, and an inner superconducting Al shield that

repels residual magnetic flux via the Meissner effect [NP14; Son+09].

The Al shield resides inside the Cryoperm to ensure that it transitions to

the superconducting state in a nearly zero magnetic field. These shields

consist of two parts: a top cover that is rigidly attached to the cryostat

mixing chamber, and a can (an open-top cylinder) that can be easily

removed to access the sample. The sample itself is placed on a copper

frame that is thermally anchored to the lowest stage of the cryostat.

https://hal.science/tel-04209718
https://arxiv.org/abs/1608.06273
https://arxiv.org/abs/1608.06273
http://arxiv.org/abs/1405.0256
https://arxiv.org/abs/0812.3645
https://arxiv.org/abs/0812.3645
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Fig. 6.26: Illustration of the cryostat sealing process. Each Each step adds a shielding screen. From left to right, the cans are thermalized

at 800 mK, 4 K, and 50 K, before sealing the vacuum enclosure.

Qubit's
JAWS

Coil

DC Cables
used

Fig. 6.27: Photo of the external coil used

to set the external magnetic field and con-

trol 𝜑ext. The coil is made of 300 turns of

NbTi superconducting wire, with a final

approximate inductance of 𝐿 ≈ 4 mH.

1: We used the Yokogawa 7651 model to

adjust the flux offset and the Yokogawa
GS200 model for the membrane DC bias.

The mixing-chamber stage is shielded from blackbody radiation from

the upper stages by successive metallic enclosures (see Fig. 6.26). The

first shield is a copper can attached to the 800 mK still plate. Since the

radiative power scales as 𝑇4
, the radiation emitted by this shield toward

the CP and MXC plates is negligible in terms of heat load. Next are two

aluminium shields thermalized at the 4 K and 50 K plates. As discussed

in Sec. 6.3.1, distributing the heat load across successive stages prevents

exceeding the cryogenic capacity of the lowest stages. Finally, the cryostat

vacuum enclosure serves as a Faraday cage, isolating the interior from

external electromagnetic noise.

6.4 Assembled Microwave Setup

Our qubit chip has four ports: RF charge drive, RF readout, RF+DC flux,

DC membrane bias. A complete illustration of our microwave setup is

shown in Fig. 6.16.

To eliminate any DC offset, we use DC-blocks on every RF line at room

temperature. To generate the RF pulses required for controlling or reading

the qubit state, we utilize a Quantum Orchestration Platform (QOP) called

OpX from Quantum Machine. This platform allows us to create any type

of signal with its resolution and conduct analog-to-digital conversion to

read the reflected signal within a 350 MHz bandwidth.

DC lines

DC lines are used to connect the coil around the qubit and to bias the

membrane. The coil, made of 300 turns of NbTi superconducting wire

(see Fig. 6.27), is placed next to the sample to create the magnetic flux and

control 𝜑ext. We used superconducting cables to connect it. This choice

is critical, as any cables with considerable resistance would heat up and

emit radiation.

For each connection, we use two DC lines for voltage and ground that

descend in twisted pairs. They are thermalized by the manufacturer at

the MXC stage. We use a Yokogawa
1

voltage source to generate a constant
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Fig. 6.28: Flux line connection
schematic. This line enables adjustment

of the qubit’s external flux, 𝜑ext.

DC voltage or current. Minimizing noise on the DC lines is essential:

flux noise couples directly to qubit fluctuations, while noise on the

membrane-bias line drives unwanted membrane motion and accelerates

qubit relaxation. The DC flux line connected to the coil is filtered by a

room-temperature low-pass filter with a cutoff frequency of 1.4 Hz and

by the coil itself, 𝜔cutoff/2𝜋 = 50Ω/2𝜋𝐿 ≈ 2 kHz. The membrane bias

line is filtered with a QDevil RF low-pass filter with a cutoff frequency of

10 kHz.

Flux Line

This line connects the Quantum Machines (QM) system to the qubit flux

port, enabling fast control of the external flux 𝜑ext without being limited

by the long response time of the external coil, 𝜏 = 𝐿/(50 Ω) ≈ 80 𝜇s.

However, as a backup to this external coil, we also required the on-chip

flux line to provide a tuning range spanning several periods of the device

response (up to 4𝑉2𝜋). To avoid excessive heating when delivering such

drive powers, we implemented no attenuation at the MXC and still stages,

while adding 20 dB of attenuation at the 4 K stage. In retrospect, retaining

full-period tuning capability via this line is unnecessary, and the isolation

of this line can be improved in future iterations.

To additionallyreduce noise, we added a low-pass filter with a 500 MHz

cutoff (VLFX-500). This sets a minimum ramp timescale of 1/ 𝑓 ≈ 2 ns,

which is not an experimental limitation. In practice, the ramp duration is

typically of order 100 ns to avoid non-adiabatic effects.

The characterization of the flux line transmission at room temperature is

shown in Fig. 6.29.
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Fig. 6.29: Characterization of the flux
line transmission at room temperature,

measured with a spectrum analyzer.
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Fig. 6.30: Charge line connection
schematic. This line drives the qubit

through a capacitively coupled port.

Charge Line

This line is used to manipulate the qubit. It is connected to the qubit

charge port and is directly coupled to the capacitor of the fluxonium on

the chip. Therefore, shielding this line from thermal noise is crucial.

From Eq. 3.13, we can estimate the power needed to flip the qubit at a Rabi

frequency of 2 MHz to ∼ (−60 dBm), which, given the maximal power of

QM of ∼ (−20 dBm), results in a total attenuation on this line of 40 dB. To

retain headroom, we distribute this attenuation across different stages as

follows: 20 dB at 4K, 0 dB at Still, and 10 dB at MXC. No additional filters

are added to this line, except for the Eccosorb. This allows us to drive:

• the |𝑔⟩ → |𝑒⟩ transition, which lies in the MHz frequency range.

To do so, we use the QOP as the sole signal source; the generated

tone passes through the through port of the directional coupler

before entering the cryostat.

• the upper transitions, which lie in the GHz frequency range. To

do so, we use two output channels of the QOP, providing the

in-phase (𝐼) and quadrature (𝑄) signals at frequency 𝜔IF. These

are upconverted via IQ mixing with the local oscillator at 𝜔LO,

generated by the Anapico RF source, producing a final tone at

𝜔 = 𝜔LO + 𝜔IF whose phase is set by the relative phase between

the 𝐼 and 𝑄 components. This upconverted signal is then routed to

the coupled port of the directional coupler.

The characterization of the charge line transmission at room temperature

is shown in Fig. 6.31.
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Fig. 6.31: Characterization of the charge
line transmission at room temperature,

measured with a spectrum analyzer.
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Fig. 6.32: Readout drive line connection
schematic. This line is used to excite the

readout cavity.

Readout Input Line

As previously demonstrated, we need to attenuate the input signal.

Therefore, any reflection measurements should include at least two

lines (input and output) that are combined near the sample at lower

temperatures. This line sends a probe signal to the sample’s readout

resonator. It is attenuated to the maximum extent possible, which, with

our coupling, totals 60 dB of attenuation: 20 dB at 4K, 10 dB at Still, and

30 dB at MXC.

To ensure that the input and output lines are well separated and none of

the reflected signal is sent back through the input line, we use a double

circulator. The input signal passes through the two circulators, while the

reflected signal from the sample, with the aid of the bottom circulator,

goes to the readout output line. If there is any small leakage or reflection

inside the readout output line, the top circulator directs any remaining

reflected signal into a 50 Ω termination.

At room temperature, we use an IQ mixer to generate a signal in the GHz

frequency range that matches the resonance frequency of the readout

cavity. The QOP generates the IQ quadratures of the signal, which serve as

input to a mixer, while the Anapico RF source acts as the local oscillator.

The characterization of the redout drive line transmission at room tem-

perature is shown in Fig. 6.33.
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Fig. 6.33: Characterization of the read-
out drive line transmission at room tem-

perature, measured with a spectrum an-

alyzer.
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Fig. 6.34: Readout ascending line con-
nection schematic. This line brings the

signal from the readout cavity out of the

cryostat for measurement.

TWPA Pump Line

This line powers the traveling-wave parametric amplifier (TWPA), which

amplifies the signal reflected from the qubit’s readout port. It has a total

attenuation of 50 dB: 20 dB at 4K, 10 dB at Still, and 20 dB at MXC. The

line is connected to the readout output line through a directional coupler

placed just before the TWPA. The readout signal passes through the

through port of the directional coupler, while the TWPA pump enters

via the coupled port.

At room temperature, this line is connected to an Anapico RF source that

generates the signal with the correct frequency and amplitude.

Readout Output Line

This line is the only output line in the setup. The qubit’s reflected readout

signal is directed toward the readout output line using a circulator. To

amplify this signal, we use a traveling-wave parametric amplifier (TWPA)

at the MXC stage. The pump for this amplifier is introduced through a

directional coupler placed just before the TWPA.

There is no attenuation on this line, so to protect it from external thermal

noise, we use double circulators with a 50 Ω termination. To minimize

losses on this line, electrical connections are made using NbTi material

instead of the usual CuNi. After the circulators, the signal passes through

a HEMT (high-electron mobility transistor) at 4K and then through a

room-temperature microwave amplifier.

At room temperature, we perform heterodyne demodulation of the

signal using an image-reject (IR) mixer placed after the DC-block and

room-temperature amplifier. We use as the local oscillator the same

tone that was used to upconvert the readout input signal, obtained by

splitting the output of the Anapico RF source, which ensures full phase

correlation. This yields a demodulated low-frequency signal that is fed

into the digitizing input of the QOP, allowing us to access the in-phase

and quadrature components as a function of time.
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Having completed qubit fabrication and assembled the experimental

setup, we now proceed to the main experimental results of this the-

sis. This chapter presents the basic characterization of the qubit itself;

its interaction with the membrane will be presented in the following

chapters.

The results presented in this chapter are measurements of two chips

from the same wafer. We first thoroughly characterized CHIP−𝜶, the

first chip of this design. A flip-chip assembly attempt with CHIP−𝜶
failed, physically breaking the device. Next, we performed preliminary

measurements on CHIP−𝜷, the second chip, but due to time constraints

these were limited. A successful flip-chip assembly on CHIP−𝜷 produced

CHIP−𝜷−FC, which served as the basis for the main results of this thesis

and the corresponding paper [Ger+25]. To illustrate all the important

techniques used, we present results from both CHIP−𝜶 and CHIP−𝜷.

My contribution. Throughout my PhD, qubit characterization experi-

ments—when feasible—were my primary occupation. I tested numerous

qubit prototypes and developed Python libraries to optimize the experi-

mental workflow, aiming to provide clean, reusable code. Obtaining the

experimental results presented in this and the following chapters has

been my primary occupation since wafer fabrication.

Outline. This chapter begins with readout spectroscopy of the qubit,

characterizing the readout resonator. Next, we perform two-tone spec-

troscopy in the GHz range to extract the main fluxonium parameters 𝐸𝐿,

𝐸𝐶 , and 𝐸𝐽 , and describe how hybridization with a collective mode of the

junction-chain superinductance dresses the qubit spectrum. Using these

parameters, we estimate the gap between the qubit and the membrane.

We then calibrate basic qubit control—determining transition frequencies

and 𝜋-pulse amplitudes—and discuss reset procedures required by the

high thermal occupation. We follow with an analysis of qubit readout

optimization, and conclude by presenting decoherence times and the

ac-Stark shift, which tunes the qubit frequency for resonant coupling to

the membrane.

7.1 Readout Resonator Spectroscopy

To read out the qubit, we exploit the dispersive shift of the readout

resonator frequency to infer the qubit state (Sec. 2.5.3). Therefore, before

performing any qubit measurements, we first determine the resonator

frequency.
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Practically, fitting this equation requires

robust initial guesses, especially for the

delay 𝜏. We found the abcd_fit_rf li-

brary by Ulysse Reglade [Reg24] to be

an effective plug-and-play solution for

complex-Lorentzian fitting.

1: Formally, this is the dressed resonator

frequency 𝜔̃𝑅 , shifted by the readout-

qubit coupling. We drop the tilde for

clarity.

7.1.1 Readout Resonator Identification

We measure the reflection coefficient 𝑆11 of the cavity by driving the read-

out resonator and recording its output. As shown previously in Sec. 2.5.3,

the complex reflection coefficient can be described by a Lorentzian reso-

nance (Eq. 2.74). The Purcell filter modifies this response, but we assume

that its transmission is approximately constant in a narrow band around

the readout frequency. In a realistic measurement setup, impedance

mismatches and finite cable lengths introduce a fixed phase shift 𝜁 and a

drive frequency-dependent phase 𝜔𝑑𝜏𝑑 due to the propagation delay 𝜏.

We capture these effects by allowing

𝜅𝑐 → 𝜅𝑐 + 𝑖 𝜅′𝑐 , 𝑆11 → 𝑎 𝑒 𝑖𝜁 𝑒 𝑖𝜔𝑑𝜏𝑑 𝑆11.

The full reflection coefficient as a function of the drive frequency 𝜔𝑑 then

becomes

𝑆11(𝜔𝑑) = 𝑎 𝑒 𝑖𝜁 𝑒 𝑖𝜔𝑑𝜏𝑑
(𝜅𝑖 − 𝜅𝑐)/2 − 𝑖(Δ + 𝜅′𝑐)
(𝜅𝑖 + 𝜅𝑐)/2 − 𝑖Δ

, (7.1)

with Δ = 𝜔𝑑 − 𝜔𝑅 the detuning from the readout frequency and 𝑎 is a

complex amplitude.
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Fig. 7.1: Measured readout cavity re-
sponse. (a) Amplitude vs. frequency, (b)
phase vs. frequency, and (c) complex-

plane trace. Data are shown in blue; the

yellow curve is a fit to Eq. 7.1. All am-

plifiers, including the TWPA and room-

temperature amplifier, are turned on.

(CHIP−𝜶)

An example response is shown in Fig. 7.1. The drive frequency sweep

exhibits a pronounced dip in amplitude and a smooth 2𝜋 phase roll-off

centered at the readout frequency
1 𝜔𝑅/2𝜋. This measurement establishes

the nominal readout frequency used in subsequent pulse sequences.

Regarding the amplitude of the readout pulse, we discussed that the

dispersive shift depends on the photon number in the readout cavity

(Sec. 2.5.2) and thus on the readout amplitude. However, with sufficiently

large power, non-linear effects occur, and we exit the QND (Quantum

Non-Demolition) regime. Our interest is to set the amplitude at the limit

(with a reasonable gap) of the linear regime. In practice, we stay within

the linear regime and optimize the exact amplitude later in readout

optimization (Sec. 7.5).
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[Zhu+13]: Zhu et al. (2013), ‘Circuit QED

with fluxonium qubits: Theory of the

dispersive regime’, Physical Review B

7.1.2 Flux Dependence of the Readout Frequency:
Single-Tone Spectroscopy
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Fig. 7.2: Single-tone spectroscopy of the readout resonator as a function of external flux 𝜑ext. (a) Color map of the quadrature amplitude

|𝑆11| of the reflected signal. The horizontal axes show the voltage applied by our source (top) and the corresponding external flux 𝜑ext

(bottom), calibrated using two symmetric flux points. The vertical axis shows a sweep of the drive frequency detuning (𝜔𝑑 − 𝜔𝑅)/2𝜋. (b)
Flux-dependent shift of the resonator frequency 𝜈̃𝑅(𝜑ext) − 𝜈̃𝑅 , obtained from Lorentzian fits of 𝑆11, highlighting its periodic modulation

with 𝜑ext.

The fluxonium Hamiltonian (Eq. 3.1) is symmetric about 𝜑ext = 0 and

𝜑ext = 𝜋 and 2𝜋-periodic in𝜑ext. We therefore perform a two-dimensional

sweep of the drive frequency 𝜔𝑑 and external flux 𝜑ext. For each flux

bias, we record the reflection coefficient 𝑆11(𝜔𝑑) and fit it to the com-

plex Lorentzian (Eq. 7.1). This yields the resonator frequency 𝜔𝑅(𝜑ext)
and linewidth 𝜅(𝜑ext). The resulting two-dimensional map is shown in

Fig. 7.2(a), and the extracted 𝜔𝑅(𝜑ext) appears in Fig. 7.2(b).

As 𝜑ext varies, avoided crossings appear whenever a qubit transition

crosses the resonator frequency 𝜔𝑅 . Although detailed modeling of these

anticrossings is beyond our scope (see [Zhu+13, Fig. 7]), we observe them

as sharp features that unambiguously locate the flux periodicity and the

symmetry points 𝜑ext = 0 and 𝜑ext = 𝜋, marked by dashed vertical lines

in Fig. 7.2(a). One practical way to distinguish 𝜑ext = 0 from 𝜑ext = 𝜋 is

via two-tone spectroscopy described in the next subsection. Mapping the

voltage source output to these symmetry points calibrates the external

flux phase. Moreover, a featureless (flat) 𝜔𝑅(𝜑ext) would immediately

signal a non-responsive or “dead” qubit.

Although a full two-dimensional sweep of drive frequency and flux

provides complete calibration, it is impractical for pure 𝜑ext calibra-

tion due to the large number of measurements required. To accelerate

symmetry-point determination, we fix the readout tone at the unper-

turbed resonator frequency 𝜔𝑅 (see Sec. 7.1.1) and sweep only the external

flux 𝜑ext, while recording the IQ quadratures of the reflected signal 𝑆11.

The qubit–resonator anticrossings then appear as sharp anomalies in am-

plitude and phase (see Fig. 7.3). This single-frequency line scan reduces

the measurement time by an order of magnitude and still locates the

symmetry points 𝜑ext = 0,𝜋 with high precision.

https://arxiv.org/abs/1210.1605
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Fig. 7.3: Flux-dependent resonator re-
sponse at fixed drive frequency 𝜔𝑅 . (a)

Real and (b) imaginary quadrature com-

ponents of the transmitted signal plotted

against external flux Φext.

7.1.3 Flux stabilization
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Fig. 7.4: Flux stabilization. (a) 𝐼-
quadrature of the cavity response (real-

part of the reflection coefficient) as a func-

tion of the external flux near 𝜑ext = 𝜋.

Yellow lines indicate the range of 𝛿𝜑ext

shown in panel (b). (b) Dispersive error

signal E generated by dithering the flux

around the current value plotted as a

function of flux offset 𝛿𝜑ext = 𝜑ext − 𝜋.

Fluxonium qubits exhibit enhanced coherence at 𝜑ext = 𝜋, where first-

order sensitivity to external flux noise vanishes. In our setup, the external

flux 𝜑ext is set by both an external coil and an on-chip flux-bias line, but

environmental drifts induce slow variations in the required bias current.

To maintain 𝜑ext = 𝜋, we implement a closed-loop feedback system

based on the flux-dependent readout cavity response, which shows a

pronounced dip at 𝜑ext = 𝜋 (see Fig. 7.4(a)). At each repetition of the

experimental sequence (typically every ∼ 1 ms), we apply symmetric

flux perturbations of ±2𝜋 × 1.9 × 10
−4

and record the corresponding

cavity reflections. The difference between these two signals defines the

dispersive error signal E . In the range |𝜑ext − 𝜋| < 2𝜋 × 5.7 × 10
−4

, the

dispersive error signal E is linear in the flux deviation 𝛿𝜑ext = 𝜑ext − 𝜋
(see Fig. 7.4(b)). Only two measurements of E at symmetric flux offsets
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1: To improve accuracy, one could fit or

interpolate the single-tone spectroscopy

data to adjust the readout pulse fre-

quency as a function of 𝜑ext. In practice,

however, we found that it is not essential,

and a fixed readout frequency provides

sufficient coverage for a broad flux scan.

2: In practice, we choose the drive-tone

power to be just high enough to yield a

clear contrast in 𝑆11, but low enough to

avoid excessive power broadening, AC-

Stark shifts of the qubit lines or multi-

photon transitions.

are therefore required to determine and correct the error. Hence, at

each correction step, we adjust the current in the on-chip flux line

by an amount proportional to E , realizing an integral controller that

accumulates corrections over time.

7.2 Two-Tone Spectroscopy

After identifying the flux-symmetry points via single-tone spectroscopy,

we probe the qubit’s higher-level transitions in the GHz range using

continuous-wave two-tone spectroscopy. In this experiment, we simulta-

neously apply (i) a drive tone 𝜔𝑑 through the charge-drive port to excite

the qubit, and (ii) a readout tone to drive and measure the reflection from

the readout cavity.

7.2.1 Plasmon/Fluxon Transitions

We apply a fixed readout tone
1

at the resonator frequency 𝜔𝑅 . Simultane-

ously, at each flux bias 𝜑ext, we sweep a weak drive tone
2

frequency 𝜔𝑑.

The reflected readout signal is continuously demodulated into its I and

Q quadratures. Whenever the drive tone matches a transition frequency

𝜔𝑖 𝑗 , it drives sustained Rabi oscillations between states |𝑖⟩ and |𝑗⟩. These

oscillations shift the resonator’s dispersive response and produce a clear

anomaly in the amplitude or phase of 𝑆11.

A representative wide-range flux scan is shown in Fig. 7.5(a), plotting the

real part of the reflection coefficient, Re𝑆11, versus drive frequency 𝜔𝑑

and external flux 𝜑ext. To assign the observed features, we numerically

diagonalize the fluxonium Hamiltonian 𝑯(𝜑ext) [GK21] and overlay the

computed transition frequencies from {|𝑔⟩ , |𝑒⟩} to {| 𝑓 ⟩ , |ℎ⟩} as dashed

curves in Fig. 7.5(b–c). The characteristic diamond-shaped feature around

𝜑ext = 𝜋 is clearly visible. Fitting these transitions yields the parameters

𝐸𝐽 = 4.30 GHz, 𝐸𝐶 = 0.47 GHz, and 𝐸𝐿 = 0.168 GHz.

As discussed in Sec. 3.1.2, plasmon transitions |𝑔⟩ → | 𝑓 ⟩ and |𝑒⟩ → |ℎ⟩
show only weak flux dependence away from the symmetry point, whereas

fluxon transitions |𝑔⟩ → |ℎ⟩ and |𝑒⟩ → | 𝑓 ⟩ vary linearly near 𝜑ext = 𝜋.

Exactly at 𝜑ext = 𝜋, the Hamiltonian is invariant under 𝝋 ↦→ −𝝋, causing

matrix elements between same-parity states to vanish and the plasmon

lines to disappear (see Sec. 3.1.3). Experimentally, a full two-tone sequence

can take up to a day. To accelerate measurements, we restrict the flux

range to a narrow window around the target bias (e.g. 𝜑ext = 𝜋), lower

the frequency resolution, and apply digital filters (row- and column-wise

baseline subtraction, edge detection) to quickly identify transition peaks.

This optimized workflow reduces the measurement time to a few hours

while still extracting all relevant qubit transition frequencies.

7.2.2 Hybridization with the Chain Mode

When measuring CHIP−𝜷−FC, we observed two overlapping diamond-

shaped features in the two-tone map Fig. 7.6. The bare fluxonium Hamilto-
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Fig. 7.5: Two-tone spectroscopy of CHIP−𝜶. A continuous readout tone at 𝜔𝑅 is applied simultaneously with a swept pump tone 𝜔𝑑 .

Color represents the real part of the reflected signal 𝑆11 on a common scale. (a) Wide-range scan over 0 ≤ 𝜑ext ≤ 2𝜋. (b) Same data with

the theoretical fluxonium spectrum (dashed line) overlaid. (c) Zoom around the 𝜋-symmetry point, showing multiple excited-state

transitions.

[Mas+12]: Masluk et al. (2012), ‘Mi-

crowave Characterization of Josephson

Junction Arrays: Implementing a Low

Loss Superinductance’, Physical review

letters

1: Unfortunately, we did not perform a

wide-band two-tone sweep on CHIP−𝜷
before the flip-chip assembly, so its

chain modes were not directly measured.

In the analysis below, we assume that

CHIP−𝜷 prior to flip-chip shares the

same chain-mode frequencies and cou-

pling strengths as CHIP−𝜷−FC after flip-

chip. However, the flip-chip process can

modify the junction chain’s boundary

conditions and thus shift its mode fre-

quencies and couplings.

2: We attribute this to filtering effects

on the drive line.

nian predicts only a single diamond. We attribute the secondary diamond

to coupling between the fluxonium and a collective bosonic mode of the

junction chain superinductance [Mas+12]
1
.

The Hamiltonian of the coupled system, written in terms of the fluxonium

flux and charge operators (𝝋, 𝒏) and the chain mode ladder operators

(𝒃, 𝒃†), is [VC15]

𝑯 = 4𝐸𝐶 𝒏2 − 𝐸𝐽 cos

(
𝝋 − 𝜑ext

)
+ 1

2

𝐸𝐿 𝝋
2

+ ℏ𝜔chain 𝒃
†𝒃 + ℏ𝑔𝑞𝑐 (𝒃† + 𝒃) 𝒏.

(7.2)

We diagonalize this Hamiltonian numerically to obtain its eigenenergies

and fit them to the experimental spectrum. Beyond reproducing the extra

diamond, the chain-mode coupling also shifts the primary fluxonium

transitions {|𝑔⟩ , |𝑒⟩} → {| 𝑓 ⟩ , |ℎ⟩}.

To improve fit robustness, one can include higher-level transitions as

additional constraints. However, significant attenuation of the drive line

above 4.5 GHz
2

prevented clear identification of these transitions. To

further constrain the model, we use the qubit frequency independently

measured via Ramsey techniques (Sec. 2.4.6), 𝜔𝑞/2𝜋 = 2.35 MHz at

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.109.137002
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.109.137002
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Fig. 7.6: Two-tone spectroscopy of
CHIP−𝜷−FC: reflected readout ampli-

tude versus probe frequency and ex-

ternal flux 𝜑ext. The primary “dia-

mond” at ∼ 3.46 GHz corresponds

to the {|𝑔⟩ , |𝑒⟩} → {| 𝑓 ⟩ , |ℎ⟩} transi-

tions. A secondary diamond near ∼
3.65 GHz, labeled by the transitions

{|𝑔, 0⟩ , |𝑒 , 0⟩} → {|𝑔, 1⟩ , |𝑒 , 1⟩} (chain-

mode Fock number in the ket), re-

veals coupling to a single chain mode.

Solid lines are the best fit including

that mode with parameters 𝐸𝐽/ℎ =

4.886 GHz, 𝐸𝐶/ℎ = 0.408 GHz, 𝐸𝐿/ℎ =

0.135 GHz, 𝜔
chain
/2𝜋 = 3.650 GHz,

and 𝑔𝑞𝑐/2𝜋 = 197 MHz. Dashed lines

show an alternative fit fixing 𝜔𝑔𝑒/2𝜋 =

2.32 MHz, yielding 𝐸𝐽/ℎ = 4.757 GHz,

𝐸𝐶/ℎ = 0.427 GHz, 𝐸𝐿/ℎ = 0.121 GHz,

𝜔
chain
/2𝜋 = 3.641 GHz, and 𝑔𝑞𝑐/2𝜋 =

203 MHz.

1: More specifically, transitions {|𝑔⟩ →
|𝑒⟩}, {|𝑔⟩ → | 𝑓 ⟩}, {|𝑔⟩ → |ℎ⟩}, {|𝑒⟩ →
| 𝑓 ⟩}, {|𝑒⟩ → |ℎ⟩}, together with the

chain mode transitions {|𝑔, 0⟩ → |𝑔, 1⟩},
{|𝑒 , 0⟩ → |𝑒 , 1⟩}, at 𝜑ext = 𝜋 and 𝜑ext =

0.495𝜋.

2: We clearly have a design and fabri-

cation oversight in this version of the

chip. In our previous design, the first

chain mode was at 7 GHz [Naj+24,

Fig. 4.19]. Here, the smaller junctions and

reduced plasma frequency pushed the

mode much lower, which not only per-

turbs the fluxonium transitions but may

also introduce additional decoherence

channels.

𝜑ext = 𝜋. Fitting only the primary transitions
1

with the bare fluxonium

model (no chain mode) yields 𝜔𝑞/2𝜋 = 0.9 MHz at 𝜑ext = 𝜋. Including

the chain mode and fitting all transitions presented in Fig. 7.6 (solid-line

fit) raises 𝜔𝑞/2𝜋 = 1.7 MHz, closer to the measured value.

Although adding more bosonic modes could improve theory–experiment

agreement, each additional degree of freedom dramatically increases the

Hilbert-space dimension and diagonalization cost. We therefore retain

only the single lowest chain mode
2
. We perform two fits: one using the

primary transitions with a cost function computed uniformly across each

transition, and a second constraining the qubit gap 𝜔𝑔𝑒/2𝜋 ≈ 2.35 MHz

via the penalty method (dashed-line fit in Fig. 7.6). Taking the average

of these two fits as our best estimate and half their difference as the

uncertainty yields

𝐸𝐽/ℎ = 4.82(6)GHz, 𝐸𝐶/ℎ = 0.418(9)GHz, 𝐸𝐿/ℎ = 0.128(7)GHz,

𝜔chain/2𝜋 = 3.641(0)GHz, 𝑔𝑞𝑐/2𝜋 = 203 MHz.
(7.3)

7.2.3 Qubit-membrane distance estimation

The vacuum-gap capacitors 𝐶±𝑚 are highly sensitive to the separation

distance 𝑑 between the fluxonium and the membrane. To determine 𝑑

precisely, we measured the same fluxonium device both before and after

the flip-chip assembly. Plasmon transitions (𝜔𝑒 𝑓 , 𝜔𝑔ℎ ∝
√
𝐸𝐶) depend

only weakly on 𝐸𝐶 , whereas the low-frequency qubit transition 𝜔𝑞

depends exponentially on 𝐸𝐶 , making it a much more sensitive probe of

the capacitor gap. At half a flux-quantum bias, 𝜔𝑞 is well approximated
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Fig. 7.7: Qubit frequency and mutual ca-
pacitance versus flip-chip separation. (a)
The qubit frequency is plotted as a func-

tion of the flip-chip separation 𝑑. The fre-

quency before flip-chip assembly (𝜔BFC

𝑞 )

and after flip-chip assembly (𝜔AFC

𝑞 ) are

shown as a horizontal line. The shaded

band represents the uncertainty in the

qubit frequency due to the uncertainty

in the fluxonium parameters. This trans-

lates to an uncertainty in the flip-chip sep-

aration of 𝑑 = 2.5(3)μm. (b) The mutual

capacitance is plotted as a function of the

flip-chip separation 𝑑. The interpolated

capacitance model from Ansys Q3D sim-

ulations is used to compute the mutual

capacitance 𝐶𝑚(𝑑) = 𝜖0×54×10
−9/𝑑0.8 ,

where both the vacuum permittivity, 𝜖0,

and the flip-chip separation, 𝑑, are in SI

units.

by [Vak+24; Ard+24]

𝜔𝑞 =
8 2

3/4
√
𝜋

𝐸
3/4
𝐽
𝐸𝐶(𝑑)1/4 exp

[
−

√
8𝐸𝐽

𝐸𝐶(𝑑)
+ 14 𝜁(3)𝐸𝐿√

8𝐸𝐽 𝐸𝐶(𝑑)

]
. (7.4)

Here, 𝜁(3) ≈ 1.2 is the Riemann zeta function.

Using Ramsey techniques (Sec. 2.4.6), we measure the qubit frequency

before flip-chip assembly as 𝜔BFC

𝑞 = 4.93 MHz. Inverting Eq. 7.4 for the

known 𝐸𝐽 and 𝐸𝐿 yields the bare capacitive energy 𝐸𝐶(∞). Next, we

simulate the qubit–membrane capacitance 𝐶𝑚(𝑑) versus the gap 𝑑 using

Ansys Q3D (see Fig. 7.7(b)). From the definition (Eq. 5.19), we compute

𝐸𝐶(𝑑) =
𝑒2

𝑒2

𝐸𝐶 (∞) − 𝐶𝑚(𝑑)
.

Substituting 𝐸𝐶(𝑑) into Eq. 7.4 then gives the predicted qubit frequency

𝜔𝑞(𝑑) for fixed 𝐸𝐽 , 𝐸𝐿, and 𝜔BFC

𝑞 . To account for parameter uncertainty,

we assign errors to 𝐸𝐽 and 𝐸𝐿 (from our two-tone spectroscopy in Sec. 7.2)

and propagate these via a Monte Carlo analysis. After flip-chip assembly,

the qubit frequency drops to 𝜔AFC

𝑞 = 2.35 MHz, which corresponds to

a capacitor gap 𝑑 = 2.5(3)μm. The resulting shaded confidence band

appears in Fig. 7.7(a).

7.3 Basic qubit control

Up to now, our experiments have been limited to spectroscopy with

long, continuous-wave drives, without precise control of the qubit state.

Having characterized the fluxonium transition frequencies, we can now

perform basic time-domain qubit control experiments. Later in this

chapter (Sec. 7.5), we describe in detail the qubit readout procedure

used to determine the qubit state. For now, we simply note that we
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employ dispersive readout, as introduced in Sec. 2.5.3, and that we can

distinguish between the first four qubit states.

7.3.1 Rabi Spectroscopy
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(d) Fig. 7.8: Rabi spectroscopy. (a,b) Pulse

sequences for higher-level spectroscopy

and for |𝑔⟩ → |𝑒⟩ Rabi oscillations. (c)
Mean readout quadrature versus drive

frequency 𝜔𝑑 and pulse duration 𝜏, re-

vealing the |𝑔⟩→|ℎ⟩ and |𝑒⟩→| 𝑓 ⟩ reso-

nances (dashed lines). (d) Ground-state

population 𝑃𝑔 versus drive amplitude

and pulse duration 𝜏 for the |𝑔⟩ → |𝑒⟩
transition.

Higher-level transitions. After identifying the |𝑔⟩→| 𝑓 ⟩ and |𝑒⟩→|ℎ⟩
lines via two-tone spectroscopy, we perform Rabi spectroscopy at𝜑ext = 𝜋
(pulse sequence in Fig. 7.8(a)). We drive the qubit at frequency 𝜔𝑑 for a

variable duration 𝜏, then immediately measure the reflected quadrature.

We expect to observe behaviour similar to that shown in Fig. 2.11. Fig. 7.8(c)

plots the mean quadrature as a function of 𝜔𝑑 and 𝜏. When the drive is

detuned by 𝛿 = 𝜔𝑖 𝑗 − 𝜔𝑑, we observe Rabi oscillations at frequency

𝜔𝑟 =
√
Ω2 + 𝛿2 ,

whereΩ is the on-resonance Rabi rate (Sec. 2.4.4). The slowest oscillations

(zero detuning) occur at 𝜔𝑒 𝑓 /2𝜋 = 3.453 GHz and 𝜔𝑔ℎ/2𝜋 = 3.622 GHz

(dashed lines), corresponding to coherent control on∼ 50 ns timescales.

Lower-level transition. To probe the fundamental |𝑔⟩→|𝑒⟩ transition,

we first prepare the qubit in |𝑔⟩ using the active reset protocol described

later in Sec. 7.4.1. Then, we drive at frequency 𝜔𝑑 for duration 𝜏 and

measure the ground-state population 𝑃𝑔 . Fig. 7.8(d) displays 𝑃𝑔(𝜔𝑑 , 𝜏),
showing detuning-dependent Rabi oscillations. The slowest oscillations

(horizontal dashed line) indicate zero detuning and directly identify the

qubit frequency 𝜔𝑔𝑒 .
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Fig. 7.9: Calibration of the |𝑔⟩ → |ℎ⟩
𝜋-pulse. (a) Pulse sequence: reset to |𝑔⟩,
apply a 48 ns pulse at 𝜈𝑔ℎ with variable

amplitude, then read out. (b) Measured

𝐼 quadrature (solid) and ground-state

population 𝑃(|𝑔⟩) (shaded) versus drive

amplitude; the dashed yellow line is a

sinusoidal fit that determines the𝜋-pulse

amplitude.
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Fig. 7.10: High-frequency control pulse.
(a) Gaussian envelope of a 40 ns pulse

at 1 GHz. (b) Fourier magnitude of the

pulse, showing a narrow spectral peak

of width ∼ 0.44/(40 ns).

1: The factor 0.886 for a rectangular pulse

follows from solving sinc
2(𝜋 𝑓 𝜏) = 1/2,

and 0.441 for a Gaussian pulse follows

from 𝜏Δ 𝑓 = 4 ln 2/𝜋 ≈ 0.882.

7.3.2 𝜋-Pulse

A 𝜋-pulse implements a full flip of the qubit population on resonance.

From Eq. 2.58, at zero detuning (𝛿𝜔 = 0) the rotation angle reduces to

𝜃 = 𝜏Ω ∝ 𝜏𝑉0.

To achieve 𝜃 = 𝜋, one adjusts either the pulse duration 𝜏 or the drive

amplitude 𝑉0. In practice, we choose 𝜏≪ 𝑇1,2 to increase fidelity, while

avoiding excessively short pulses whose broad spectra distort in the

control lines and drive unwanted transitions. Thus, quantum gate pulses

must balance temporal speed against spectral purity. For a carrier at 𝑓0
and pulse duration 𝜏, the Fourier-transform-limited full width at half

maximum (FWHM) is
1

Δ 𝑓FWHM ≈


0.886/𝜏, rectangular envelope,

0.441/𝜏, Gaussian envelope.

The pulse envelope must vary slowly compared to the carrier (1/𝜏≪ 𝑓0)

to avoid distorting the carrier frequency. In Fig. 7.10 we plot the Fourier

magnitude of a 40 ns Gaussian pulse at 𝜔𝑑/2𝜋 = 1 GHz, which produces

a narrow spectral peak at the carrier. However, for a qubit frequency as

low as 2.35 MHz, the envelope must be much longer. Fig. 7.11 shows that

50 ns and 400 ns pulses cannot resolve the 2 MHz carrier, whereas a

700 ns pulse yields a clear peak at 𝜔𝑑 and a correspondingly narrower

bandwidth.

Accordingly, we use 𝜏 ≈ 48 ns 𝜋-pulses for the {|𝑔⟩ , |𝑒⟩} → {| 𝑓 ⟩ , |ℎ⟩}
transitions and 𝜏 ≈ 700 ns for the |𝑔⟩ → |𝑒⟩ transition. Since our Quantum
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Fig. 7.11: Low-frequency control pulses.
(a–c) Left: time-domain waveforms of

a 2 MHz carrier modulated by Gaus-

sian envelopes of duration (a) 50 ns, (b)

400 ns, and (c) 700 ns. Right: correspond-

ing Fourier magnitudes (yellow), show-

ing how longer pulses (𝜏) produce nar-

rower spectral bandwidths.

1: Note that 𝐼 and 𝑃𝑔 are formally dis-

tinct observables and not bĳectively re-

lated; with large ensemble averages they

become proportional.

Machine OpX provides voltage resolution of order 10
−5 [4 V · ns] but

timing resolution of only ∼ 4 ns, we fine-tune the pulse area by adjusting

the drive amplitude 𝑉0.

Fig. 7.9(b) shows the measured 𝐼 quadrature and the ground-state

population
1 𝑃(|𝑔⟩) versus 𝑉0 for 𝜏 = 48 ns. We fit these data to

𝐴 cos

(
𝜋
𝑉0

𝑉𝜋
0

+ 𝜙
)
+ offset,

extracting the amplitude𝑉𝜋
0

. We implement 𝜋/2-pulses by setting ampli-

tude to 𝑉𝜋
0
/2.

7.4 State Preparation

At our operating temperature of 20 mK, the thermal energy corresponds

to

𝑘𝐵𝑇/ℎ ≈ 417 MHz.

Since the qubit transition frequency 𝜔𝑔𝑒/2𝜋 ≲ 10 MHz is much lower

than 𝑘𝐵𝑇/ℎ, the |𝑔⟩ and |𝑒⟩ states are thermally populated with nearly

equal probability. In contrast, the higher-manifold levels (∼ 3 GHz)

remain effectively unpopulated. Therefore, we must actively prepare

the qubit in pure |𝑔⟩ or |𝑒⟩ states. Below, we describe our preparation

methods and quantify fidelity of the main preparation methods by

mapping populations onto the unoccupied auxiliary levels | 𝑓 ⟩ and |ℎ⟩.
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Fig. 7.12: Preparation by selection
for CHIP−𝜶. (a) Pulse sequence. (b-c)

Single-shot histograms obtained after

preselecting on measurement outcomes

with a quadrature signal below or above

the threshold, thereby preparing the |𝑔⟩
or |𝑒⟩ state, respectively, with limited

fidelity. (d) Normalized I-quadrature his-

tograms with the separation threshold

(dashed line). This measuments gives us

the following correlation matrix:
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1: Later, in Sec. 7.5.4, we show that the

intrinsic readout fidelity can be deter-

mined by independently measuring the

state-preparation fidelity.

7.4.1 Qubit Preparation Methods

Post-Selection Reset. Our simplest reset protocol uses single-shot

readout and post-selection. As illustrated in Fig. 7.12(a), we apply a

strong, frequency-selective measurement pulse to project the qubit onto

|𝑔⟩ or |𝑒⟩. If the measurement outcome matches the target state, we

proceed; otherwise, we apply a corrective 𝜋-pulse and repeat until the

desired state is achieved. This method requires only measurement and at

most one control pulse, introduces no additional microwave power into

the cryostat, and—given fast readout—has a turnaround time comparable

to active reset techniques described in the following. Post-selection relies

on well-separated single-shot readout distributions, which in optimal

devices can exceed ∼ 99% fidelity [Wal+17]. Unfortunately, for the main

chip (CHIP−𝜷−FC) used in this work the separation was lower and this

method was not used. Figure 7.12(b–c) shows the single-shot histograms

for CHIP−𝜶 obtained after preselecting on measurement outcomes with

a quadrature signal below or above the threshold, thereby preparing the

|𝑔⟩ or |𝑒⟩ state, respectively, with limited fidelity.

By integrating the histogram on either side of the threshold (Fig. 7.12(d)),

we obtain the correlation matrix(
𝑃(𝐼2 <𝑇𝐼 | 𝐼1 <𝑇𝐼) 𝑃(𝐼2 >𝑇𝐼 | 𝐼1 <𝑇𝐼)
𝑃(𝐼2 <𝑇𝐼 | 𝐼1 >𝑇𝐼) 𝑃(𝐼2 >𝑇𝐼 | 𝐼1 >𝑇𝐼)

)
=

(
90.3% 9.7%

7.7% 92.3%

)
,

where 𝐼1 and 𝐼2 are the quadratures of the first and second measurements,

respectively, and 𝑇𝐼 is the threshold indicated by the dashed line. We

cannot directly infer the preparation and readout fidelity from this matrix

because decoherence during the readout is not negligible
1
. Nevertheless,

in the idealized limit of negligible intrinsic and measurement-induced

decoherence, this matrix implies a preparation fidelity of ≈ 95% for this

method. This highlights that higher-fidelity state discrimination would

enable an efficient post-selection-based reset.
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Fig. 7.13: Sideband preparation illustra-
tion.

Reset via Readout Resonator. A more active reset method exploits the

qubit–readout-resonator coupling by driving a sideband transition. We

apply a strong microwave drive to the readout resonator, resonant with

the |𝑔, 0⟩ → |𝑒 , 1⟩ or |𝑒 , 0⟩ → |𝑔, 1⟩ sideband transition, where the first

index denotes the qubit state and the second index the resonator photon

number. Due to fast decay of the readout resonator, this method swaps one

qubit state while leaving the other unchanged, thereby resetting the qubit.

This process is illustrated in Fig. 7.13. Since these sideband transitions are

forbidden at the sweet spot (𝜑ext = 𝜋), we first ramp the external flux to

𝜑ext = 𝜋 ± 0.002𝜋 over ∼ 4𝜇s, to maximize preparation contrast without

inducing non-adiabatic transitions. The full pulse sequence is shown

in Fig. 7.14(a). This method is independent of measurement fidelity

but requires reduced attenuation on the readout-pump line, which can

introduce additional noise and heating. Using our first heavy-fluxonium

chip, we demonstrated a reset fidelity of 97.7% [Naj+24].

Figure 7.14(b) shows the population of CHIP−𝜶 as a function of external

flux phase 𝜑ext and sideband drive frequency. The calculated sideband

resonances 𝜔𝑅 ± 𝜔𝑞(𝜑ext) are shown as dark violet dashed lines, with

their linear approximation 𝜔𝑅 ± 2𝜋𝐸𝐿|𝜑ext − 𝜋| in violet. To probe the

reset dynamics, we fix 𝜑ext = 𝜋 + 0.029 and vary the sideband-pulse

duration 𝜏. Figure 7.14(c) shows the state purity rising exponentially to

saturation, with time constants of 1.3𝜇s for |𝑔⟩ and 1.0𝜇s for |𝑒⟩. The

sideband drive may be applied via the readout line (typical) or via the

charge line, as shown in Fig. 7.14(d). We observed no significant difference

between the two methods.

Reset via Auxiliary Chain Mode. Another method of an active reset is

to exploit the coupling between the qubit and the collective mode of the

junction chain. To initialize the qubit CHIP−𝜷−FC in a pure state, we

exploit a two-photon transition to the second chain mode at 6.42 GHz.

First, to prepare the |𝑒⟩ state, we drive the |𝑔, 0⟩ → |𝑒 , 1⟩ transition,

where first index denotes the qubit state and second index denotes

the second chain mode state, with a continuous-wave tone at (𝜔chain +
𝜔𝑞)/2 = 3.2118 GHz. Owing to the short lifetime of the chain-mode,

this quickly transfers all qubit population to |𝑒⟩ via optical pumping.

We also investigated preparing |𝑔⟩ via the reverse two-photon process

|𝑒 , 0⟩ → |𝑔, 1⟩, but found its fidelity to be significantly lower. Instead, we

reset the qubit to |𝑔⟩ by first preparing |𝑒⟩ as above and then applying a

resonant 𝜋-pulse on the |𝑒 , 0⟩ → |𝑔, 0⟩ transition.

This is the main method we use for reset of CHIP−𝜷−FC. For the main

experiments of this work (spectrum analyser using qubit), it’s necessary

to maintain a equal initialization time for both |𝑔⟩ and |𝑒⟩ states. To ensure

this, we pad the faster |𝑒⟩ preparation with an additional delay equal

to the 𝜋-pulse duration, ensuring that both |𝑔⟩ and |𝑒⟩ initializations

occupy the same total time.
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Fig. 7.14: Sideband preparation. (a)
Pulse sequence. (b) 2D map of the pop-

ulation in the |𝑔⟩ state after sideband

preparation for a fixed drive duration of

20 𝜇s using the readout drive. The map

is shown as a function of the external

flux phase 𝜑ext and the sideband drive

frequency Dark violet lines are the calcu-

lated sideband resonances 𝜔𝑅±𝜔𝑞(𝜑ext)
while, violet lines are their linear approx-

imation 𝜔𝑅 ± 2𝜋𝐸𝐿|𝜑ext − 𝜋|. (c) Time

evolution of the state purity for |𝑔⟩ and

|𝑒⟩ preparation protocols. (d) 2D map

of the population in the |𝑔⟩ state after

sideband preparation for a fixed drive du-

ration of 20 𝜇s using the drive through

the charge line. The map is shown as

a function of the external flux phase

𝜑ext and the sideband drive frequency.

Dark violet lines are the calculated side-

band resonances 𝜔𝑅 ± 𝜔𝑞(𝜑ext) while,

violet lines are their linear approxima-

tion 𝜔𝑅 ± 2𝜋𝐸𝐿|𝜑ext − 𝜋|.
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7.4.2 Qubit Preparation Fidelity
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Fig. 7.15: Qubit preparation fidelity.
Rabi fringes obtained by driving the

|𝑔⟩ → |ℎ⟩ transition after three different

initialization sequences: |𝑔⟩ (blue), |𝑒⟩
(red), and thermal state (gray). Solid lines

are simultaneous fits to Eq. 7.7, yielding

the preparation fidelities 𝜂𝑔 and 𝜂𝑒 .

To evaluate the fidelity of qubit preparation, we perform a three-step

protocol and explore an auxiliary level |ℎ⟩ that is unpopulated in thermal

equilibrium at 10 mK.

Step 1: state preparation. The system is initialized in one of three

target states: ground |𝑔⟩, excited |𝑒⟩, or thermal equilibrium. The true

post-initialization reduced density operator in the qubit subspace is

𝝆𝑖
0
= 𝑝𝑖 |𝑔⟩ ⟨𝑔| + (1 − 𝑝𝑖) |𝑒⟩ ⟨𝑒| , (7.5)

where 𝑖 ∈ {𝑔, 𝑒 , thermal} labels the preparation and 𝑝𝑖 is the population

in |𝑔⟩. In particular,

𝑝𝑒 = 1 − 𝜂𝑒 , 𝑝𝑔 = 𝜂𝑔 , 𝑝thermal =
1

2

, (7.6)

where 𝜂𝑒 and 𝜂𝑔 denote the preparation fidelities of |𝑒⟩ and |𝑔⟩, respec-

tively, and 𝑝thermal = 1/2 corresponds to an equiprobable mixture of |𝑔⟩
and |𝑒⟩, i.e. a baseline fidelity of 50%.

Step 2: transfer to auxiliary state |ℎ⟩. In order to measure 𝜂𝑒 and 𝜂𝑔 ,
we apply a 152-ns pulse resonant with the |𝑔⟩→|ℎ⟩ transition, varying

its amplitude to induce a Rabi rotation by angle 𝜃 between |𝑔⟩ and |ℎ⟩.
Restricting attention to the diagonal elements, this pulse transforms

|𝑔⟩ ⟨𝑔| −→ 1 + cos𝜃
2

|𝑔⟩ ⟨𝑔| + 1 − cos𝜃
2

|ℎ⟩ ⟨ℎ| ,

while |𝑒⟩ remains uncoupled. The full state after the pulse is

𝝆𝑖
0
−→ (1 − 𝑝𝑖) |𝑒⟩ ⟨𝑒| + 𝑝𝑖

1 + cos𝜃
2

|𝑔⟩ ⟨𝑔|

+ 𝑝𝑖
1 − cos𝜃

2

|ℎ⟩ ⟨ℎ| .
(7.7)

Step 3: dispersive readout. Finally, for each initial preparation we

perform a 2-µs dispersive readout optimized to distinguish the {|𝑔⟩ , |𝑒⟩}
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manifold from |ℎ⟩. We obtain three Rabi oscillation contrasts𝐶 𝑖 (Fig. 7.15),

from which we extract

𝐶 𝑖 = 𝑣 𝑝𝑖 ,

where 𝑣 is a global visibility factor. Since 𝑝th = 1

2
, 𝑝𝑔 = 𝜂𝑔 , and 𝑝𝑒 = 1−𝜂𝑒 ,

we find

𝜂𝑔 =
𝐶 𝑔

2𝐶th

= 99.5(1.7)%, 𝜂𝑒 = 1 − 𝐶𝑒

2𝐶th

= 99.2(5)%.

Uncertainties are estimated via bootstrapping, where fits are repeated

using subsets of the amplitude points and the standard deviation of the

extracted parameters is taken as the error.

7.5 Qubit Readout

The dispersive shift of the readout resonator is used to discriminate

between the qubit states. In Sec. 2.5.3, we described that readout outcomes

are represented in the IQ plane, where 𝐼 and𝑄 correspond to the in-phase

and quadrature components of the demodulated reflected signal. Up to

this point, we implicitly used an optimized readout configuration, with

the separation axis aligned along the 𝐼 component. In this section, we

delve into the optimization of the readout process.

The pulse reflected from the cavity does not contain the same amount

of information throughout its duration. At times short compared to the

cavity lifetime, the intracavity field has not had time to build up, and there

is essentially no information about the qubit state. Conversely, if the pulse

duration is comparable to the qubit lifetime, the qubit may flip during the

measurement, so the end of the pulse carries less information about the

initial qubit state. The measurement noise, dominated by amplifier noise,

remains constant. To maximize the signal-to-noise ratio, one should (i)

shape the incoming pulse waveform to populate the cavity as quickly as

possible and extract information about the qubit state before it relaxes,

and (ii) adapt the demodulation weights to favor times of maximum

informational content.

We begin by outlining the algorithm that computes the IQ quadratures

of the reflected signal and derives the optimal integration weights to

maximize the separation between the two qubit states. Next, we introduce

the criteria used to evaluate readout performance and describe the

method for selecting the decision threshold. We then discuss various

readout protocols for distinguishing {|𝑔⟩ , |𝑒⟩}, including strategies for

cases where the dispersive shift alone is insufficient for single-shot

discrimination. Finally, we present the measured readout fidelities for

CHIP−𝜷−FC.

7.5.1 Readout Optimization: Integration Weights

In our experiments, we probe the qubit state by sending a microwave

pulse at the readout resonator frequency with the envelope illustrated

in Fig. 7.16(a) and measuring the reflected signal. The reflected wave is
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Fig. 7.16: Qubit readout fidelity for

CHIP−𝜷−FC. (a) Amplitude envelope

of the 7.5 µs readout pulse. (b) Time-

domain integration weights 𝑤𝐼
𝑘

and 𝑤
𝑄

𝑘
used to compute the 𝐼–𝑄 quadratures:

these weights are chosen as the optimal

linear discriminant (matched filter) be-

tween the average |𝑔⟩ and |𝑒⟩ responses.

(c) Histogram of single-shot outcomes in

the 𝐼–𝑄 plane, collected after preparing

|𝑔⟩ (blue) or |𝑒⟩ (yellow). (d) Histograms

of the 𝐼 quadrature for the same data.

Colored dashed lines show the fitted

Gaussian components (equal variance)

that represent the ideal distributions in

the absence of preparation and readout

errors. The yellow vertical dashed line

indicates the discrimination threshold

chosen to equalize the contrast of the

spectra.

first combined in an image-rejection mixer with a local-oscillator tone,

down-converting it to an intermediate frequency (IF). This IF waveform,

𝑠(𝑡), is digitized in the FPGA at times 𝑡𝑘 = 𝑘 Δ𝑡, with Δ𝑡 = 4 ns, yielding

samples 𝑠(𝑡𝑘). Each sample is demodulated into in-phase and quadrature

components via

𝐼𝑘 = 𝑠(𝑡𝑘) cos(𝜔IF𝑡𝑘), 𝑄𝑘 = 𝑠(𝑡𝑘) sin(𝜔IF𝑡𝑘).

To correct any residual phase offset and concentrate all state-dependent

information onto the 𝐼 quadrature, we apply at each time step a rotation

mixed with weighting. Defining two sets of weights 𝑤𝑐
𝑘
, 𝑤𝑠

𝑘
, the final

integrated quadratures become(
𝐼

𝑄̃

)
=

𝑁∑
𝑘=1

(
𝑤𝑐
𝑘

𝑤𝑠
𝑘

−𝑤𝑠
𝑘

𝑤𝑐
𝑘

) (
𝐼𝑘
𝑄𝑘

)
.

This form both rotates the instantaneous (𝐼𝑘 , 𝑄𝑘) into the optimal basis

and applies time-dependent weights that emphasize intervals of maxi-

mum state separation. To determine the best set of weights {𝑤𝑐
𝑖
, 𝑤𝑠

𝑖
}, we

measure the set of readout components when the qubit is prepared in

state |𝑢⟩: {𝐼|𝑢⟩
𝑖
, 𝑄
|𝑢⟩
𝑖
} as well prepared in state |𝑣⟩: {𝐼|𝑣⟩

𝑖
, 𝑄
|𝑣⟩
𝑖
}. Maximiz-

ing information on the 𝐼 component, leads to maximizing the difference
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Fig. 7.17: Misclassification due to Gaus-
sian tail overlap. The tails of the two

Gaussian distributions overlap beyond

the decision threshold 𝛾, causing events

from one distribution to be incorrectly

assigned to the other.

1: In general, fluxonium readout may

exhibit multiple blobs, especially when

higher states (e.g., | 𝑓 ⟩ or |ℎ⟩) are pop-

ulated. We tune the readout for each

targeted transition to separate responses

along Re(𝑧) only. Theoretically, this may

not always be achievable, however, in

practice, it was never a limitation.

2: Using Bayes’ theorem, we invert this

relation to obtain the probability that

the qubit was in |𝑢⟩ given the quadra-

ture measurement 𝑧. The likelihood ratio

becomes

𝑝(|𝑢⟩ |𝑧)
𝑝(|𝑣⟩ |𝑧) =

𝑝(𝑧| |𝑢⟩) 𝑝(|𝑢⟩)
𝑝(𝑧| |𝑣⟩) 𝑝(|𝑣⟩)

=
𝜎𝑣
𝜎𝑢

exp

[
− |𝑧−𝜇𝑢 |

2

2𝜎2

𝑢
+ |𝑧−𝜇𝑣 |

2

2𝜎2

𝑣

]
.

Then set 𝜎𝑢 ≈ 𝜎𝑣 and equal priors.

between the two states 𝐼|𝑢⟩ − 𝐼|𝑣⟩ , which leads to the following expression

for each weights normalized by

∑
𝑖 𝑤𝑖 = 1:

𝑤𝑐
𝑖 =

𝐼
|𝑢⟩
𝑖
− 𝐼|𝑣⟩

𝑖∑
𝑗

(
𝐼
|𝑢⟩
𝑗
− 𝐼|𝑣⟩

𝑗

) , 𝑤𝑠
𝑖 =

𝑄
|𝑢⟩
𝑖
−𝑄|𝑣⟩

𝑖∑
𝑗

(
𝑄
|𝑢⟩
𝑗
−𝑄|𝑣⟩

𝑗

) . (7.8)

Fig. 7.16(b) illustrates the resulting weights for our qubit CHIP−𝜷−FC,

showing that most information arrives in the beginning of the cavity ring-

down and indicating the importance of using non-uniform integration

weights. Fig. 7.16(c) shows the histogram of the resulting single-shot

outcomes in the 𝐼–𝑄 plane, where the two Gaussian blobs corresponding

to the |𝑔⟩ and |𝑒⟩ states are clearly separated.

7.5.2 Readout Optimization: Criteria, Threshold

To optimize readout, we maximize the separation of two
1

Gaussian

response blobs in the (𝐼 , 𝑄) plane for states |𝑢⟩ , |𝑣⟩. Each blob satisfies

𝑝
(
𝑧
�� |𝑢⟩) = 1√

2𝜋 𝜎𝑢
exp

(
−|𝑧 − 𝜇𝑢|

2

2𝜎2

𝑢

)
.

Assuming equiprobable states and equal variances
2
, the likelihood ratio

becomes

𝑝(|𝑢⟩
�� 𝑧)

𝑝(|𝑣⟩
�� 𝑧) = exp

(
|𝑧 − 𝜇𝑣|2 − |𝑧 − 𝜇𝑢|2

)
.

Since there is no information in the 𝑄 component, we consider 𝑧 real.

Thus, the decision rule |𝑧 − 𝜇𝑣|2 − |𝑧 − 𝜇𝑢|2 ≷ 0 simplifies via

|𝑧 − 𝜇𝑣|2 − |𝑧 − 𝜇𝑢|2 = 2(𝜇𝑢 − 𝜇𝑣)
(
𝑧 − 𝜇𝑢 + 𝜇𝑣

2

)
.

The sign of this criterion indicates the most probable state. Thus, the

decision rule is simply to compare the measured quadrature 𝑧 with the

threshold:

𝛾 =
𝜇𝑢 + 𝜇𝑣

2

,

which lies midway between the two state means. We quantify readout

fidelity by the misclassification probability. Without loss of generality,

assume 𝜇𝑢 < 𝜇𝑣 . Thus, if 𝑧 > 𝛾, we infer |𝑣⟩; otherwise, |𝑢⟩. The

probability of classifying |𝑢⟩ as |𝑣⟩ is

𝑝(𝑧>𝛾
�� |𝑢⟩) = ∫ ∞

𝛾
𝑝(𝑧

�� |𝑢⟩) 𝑑𝑧 = 1

2

[
1 − erf

(𝜇𝑣 − 𝜇𝑢√
2 𝜎

)]
, (7.9)

so the optimization metric becomes

𝜇𝑣−𝜇𝑢
𝜎 .

We optimize the readout by adjusting the pulse amplitude and frequency

via a two-dimensional sweep, while the waveform shape and duration

are tuned manually. Fitting histograms during this process proved

impractical, as fits become unstable when the signal-to-noise ratio drops

or the distributions distort. Instead, we compute statistical properties

directly from the acquired samples.
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Fig. 7.18: Readout optimization. Col-

ormap of the readout efficiency as a func-

tion of the readout frequency offset and

amplitude. The optimal parameters are

indicated by the yellow cross.
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Fig. 7.19: Readout quadrature his-
togram. Histograms of the 𝐼 quadrature

of single-shot outcomes after prepara-

tion in |𝑔⟩ (blue) or |𝑒⟩ (yellow). Colored

dashed lines show the fitted Gaussian

components that represent the ideal dis-

tributions in the absence of preparation

and readout errors (see text for more de-

tails). The vertical dashed line indicates

the discrimination threshold chosen to

equalize the contrast of the Rabi oscilla-

tions.

1: This is shown for illustration by fitting

each histogram (obtained after prepara-

tion in |𝑔⟩ or |𝑒⟩) to a sum of two Gaus-

sians with equal variances, and then plot-

ting only the Gaussian associated with

the initially prepared state.

To optimize the 𝑔–𝑒 readout, we prepare the qubit in either the |𝑔⟩ or

|𝑒⟩ state and record the measurement. For each combination of pulse

amplitude and frequency, we repeat this procedure more than 10
4

times.

From each amplitude-frequency point, we derive the optimal integration

weights and evaluate the mean and standard deviation of the measured

signal for both states. The resulting colormap is shown in Fig. 7.18,

indicating the optimal readout parameters for discriminating |𝑔⟩ and

|𝑒⟩.

7.5.3 Readout Protocols in the {|𝑔⟩ , |𝑒⟩} Manifold

In order to discriminate {|𝑔⟩ , |𝑒⟩} states, we use one of two methods

depending on the dispersive shift:

• Direct readout in the lower manifold. When the dispersive shift

𝜒𝑔𝑒 is sufficiently large, the protocol above discriminates |𝑔⟩ and

|𝑒⟩ in a single shot. However, fabrication uncertainties sometimes

reduce𝜒𝑔𝑒 below this threshold, preventing reliable lower-manifold

readout.

• Readout via the upper manifold. If 𝜒𝑔𝑒 is insufficient, we apply

a calibrated 𝜋-pulse to transfer population into an upper level

(either |ℎ⟩ or | 𝑓 ⟩), then perform the same readout protocol. Thus

we map determination between states in the lower manifold to

determination between the lower- and upper-manifolds, which

typically exhibits larger dispersive shifts. Although this two-step

protocol adds error from the 𝜋-pulse, our first sample achieved

overall readout fidelities up to 94% [Naj+24].

7.5.4 Qubit readout fidelity

One could imagine that an ideal readout would yield two Gaussian

distributions
1

corresponding to the |𝑔⟩ and |𝑒⟩ states (dashed lines in

Fig. 7.19). However, finite state-preparation fidelity and decoherence

during readout cause the measured histograms to deviate substantially

from these ideal Gaussians. Because the state-preparation fidelities are
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measured independently, we correct for preparation errors to extract the

intrinsic readout fidelity.

Readout fidelities are defined as 𝐹𝑔 = 𝑃(𝐼 < 𝑇𝐼 | |𝑔⟩⟨𝑔|) and 𝐹𝑒 = 𝑃(𝐼 >
𝑇𝐼 | |𝑒⟩⟨𝑒|), where 𝑇𝐼 is the state-discrimination threshold (dashed gray

line in Fig. 7.16(d)), chosen to maximize the contrast of Rabi oscillations.

Experimentally, the prepared state are affected by state preparation

imperfections, according to Eq. 7.6. Hence, the measured readout fidelities

for CHIP−𝜷−FC are

𝑃(𝐼<𝑇𝐼
�� 𝝆𝑔

0
) = 𝑝𝑔𝐹𝑔 + (1 − 𝑝𝑔)(1 − 𝐹𝑒) = 83.9(0.9)%,

𝑃(𝐼>𝑇𝐼
�� 𝝆𝑒

0
) = 𝑝𝑒𝐹𝑒 + (1 − 𝑝𝑒)(1 − 𝐹𝑔) = 68.3(1.0)%,

(7.10)

where 𝝆𝑖
0

is defined in Eq. 7.5. From these relations, we extract intrinsic

readout fidelities of

𝐹𝑔 = 84.8(1.8)%, 𝐹𝑒 = 69.1(1.2)%. (7.11)

7.6 Qubit Frequency Tuning: AC-Stark Shift

The AC-Stark shift provides a controllable mechanism for tuning the

qubit transition frequency, at the expense of an enhanced dephasing

rate. It arises from an oscillating microwave field that is detuned from

a given transition. Because the drive is off-resonant, it does not induce

real excitations, but it does weakly mix (dress) the energy levels through

virtual absorption and emission processes, resulting in a shift of the

transition frequency. In the following, we derive the AC-Stark shift for a

heavy-fluxonium qubit and examine its impact on the qubit’s decoherence

rate.

7.6.1 Amplitude-dependent frequency shift

The lowest |𝑔⟩ → |𝑒⟩ transition of our fluxonium (CHIP−𝜷−FC) lies

at 𝜔𝑞/2𝜋 = 2.35 MHz, while the mechanical mode sits at 𝜔𝑚/2𝜋 =

4.4 MHz (see the next chapter Chap. 9). We can overcome this detuning

by applying a continuous drive at 𝜔𝑑/2𝜋 = 3.463 GHz—exactly midway

between the 𝜔ef and 𝜔gh lines. This drive induces an AC–Stark shift that

pulls the dressed qubit into resonance with the mechanics, at the cost of

an increased dephasing rate (see the following Sec. 7.6.2). To describe

this driven system we therefore add a time-dependent charge-drive term

to the fluxonium Hamiltonian:

𝑯 = 𝑯fluxonium + ℏΩ𝑑 cos(𝜔𝑑𝑡)𝒏 , (7.12)

where 𝑯fluxonium is the undriven fluxonium Hamiltonian and Ω𝑑 is the

drive amplitude. We restrict our attention to transitions near 𝜔𝑑 and retain

only the lowest four fluxonium levels, {|𝑔⟩ , |ℎ⟩ , |𝑒⟩ , | 𝑓 ⟩}. Projecting the

driving term of the Hamiltoninan into this four-level subspace, and
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Fig. 7.20: Qubit AC Stark shift. (a) Ram-

sey pulse sequence with a continuous

drive applied during the idle interval.

(b) Energy-level diagram of the four low-

est fluxonium eigenstates. The drive fre-

quency 𝜔𝑑 is chosen midway between

the |𝑒⟩→ | 𝑓 ⟩ and |𝑔⟩→ |ℎ⟩ transitions,

inducing level repulsion and opposite

AC–Stark shifts on the {|𝑔⟩ , |ℎ⟩} and

{|𝑒⟩ , | 𝑓 ⟩} manifolds. (c) Difference be-

tween the measurement outcome proba-

bilities for |+⟩ and |−⟩ along the 𝜎𝑥 (blue)

and 𝜎𝑦 (gray) axes, measured at the bare

qubit frequency. From these data, we re-

construct the complex transverse Bloch

vector and fit it to exponentially decaying

oscillations, ∝ exp

(
−Γ∗

2
𝑡 + 𝑖 𝜔st

𝑞 𝑡
)
. The

real and imaginary components of the fit

are overlaid in yellow. (d) Qubit transi-

tion frequency extracted from (c) type of

experiment as a function of the applied

drive amplitude squared (proportional

to Ω2

𝑑
). The yellow line shows a fit to

Eq. 7.18. The bare qubit frequency 𝜔𝑞
and membrane frequency 𝜔𝑚 are indi-

cated by orange circles.

considering only non-zero matrix elements at 𝜑ext = 𝜋 yields

𝐻Stark = ℏΩ𝑑 cos 𝜔𝑑𝑡

©­­­­«
0 𝑛gh 𝑛ge 0

𝑛∗
gh

0 0 0

𝑛∗
ge

0 0 𝑛ef

0 0 𝑛∗
ef

0

ª®®®®¬
(7.13)

where 𝑛𝑖 𝑗 = ⟨𝑖|𝒏|𝑗⟩ is the charge matrix element. We then transform into

the frame rotating at 𝜔𝑑 via the unitary transformation

𝑈 = diag

(
1 𝑒 𝑖𝜔𝑑 𝑡 𝑒 𝑖𝜔ge𝑡 𝑒 𝑖(𝜔𝑑+𝜔ge)𝑡

)
. (7.14)

In the rotated frame, dropping all fast rotating terms (beyond or close to

𝜔𝑑), the Hamiltonian writes

𝐻Stark = ℏ

©­­­­«
0 Ω𝑑𝑛gh/2 0 0

Ω𝑑𝑛
∗
gh
/2 Δgh 0 0

0 0 0 Ω𝑑𝑛ef/2
0 0 Ω𝑑𝑛

∗
ef
/2 Δef

ª®®®®¬
, (7.15)

with Δgh = 𝜔gh − 𝜔𝑑 and Δef = 𝜔ef − 𝜔𝑑. This Hamiltonian is block-

diagonal, such that it can be diagonalized separately in the two subspaces

{|𝑔⟩ , |ℎ⟩} and {|𝑒⟩ , | 𝑓 ⟩}. The two lowest energy dressed eigenstates



7 Characterization of the qubit 125

are

|𝑔̃⟩ = cos

Θgh

2

|𝑔⟩ − sin

Θgh

2

|ℎ⟩ ,

|𝑒⟩ = cos

Θef

2

|𝑒⟩ − sin

Θef

2

| 𝑓 ⟩ ,
(7.16)

with mixing angles defined by tan Θgh = Ω𝑑𝑛gh/|Δgh| and tan Θef =

Ω𝑑𝑛ef/|Δef|. The eigenerergies are given by

𝐸̃𝑔/ℏ =
1

2

sign

(
Δgh

) (
|Δgh| −

√
Δ2

gh
+Ω2

𝑑
𝑛2

gh

)
,

𝐸̃𝑒/ℏ =
1

2

sign

(
Δef

) (
|Δef| −

√
Δ2

ef
+Ω2

𝑑
𝑛2

ef

)
.

(7.17)

For the circuit at half-flux, 𝜑ext = 𝜋, one finds 𝑛gh ≃ 𝑛ef ≡ 𝑛up, fur-

thermore, we have chosen a drive frequency precisely midway between

𝜔gh and 𝜔ef yielding Δgh = −Δef ≡ Δst, and Θgh ≃ Θef ≡ Θ. In this

approximation, the AC-Stark shift is given by

𝛿𝜔𝑞 ≡ 𝐸̃𝑒 − 𝐸̃𝑔

=

√
Δ2

st
+Ω2

𝑑
𝑛2

up
− Δst ≈

Ω2

𝑑
𝑛2

up

2Δst

(
1 − 1

4

Ω2

𝑑
𝑛2

up

Δ2

st

)
.

(7.18)

In the last line, we expanded the expression to fourth order in Ω𝑑/Δst.

Since the absolute attenuation between source and sample is unknown,

we calibrate the AC–Stark shift by Ramsey interferometry Fig. 7.20a.

Beginning at the fluxonium sweet-spot frequency 𝜔𝑞/2𝜋 ≈ 2.2 MHz,

we apply a continuous tone at 𝜔𝑑/2𝜋 = 3.463 GHz with varying source

power 𝑃. A 𝜋/2–Ramsey sequence maps the drive-induced phase into

𝜎𝑧 , from which we extract the dressed qubit frequency. The sequence

is shown in Fig. 7.20a. Plotting frequencies versus 𝑃 reveals a primarily

linear Stark pull plus a small quadratic correction (Fig. 7.20c). Because

Eq. 7.18 fixes the ratio of the linear and quadratic terms, only one free

parameter—the scaling factor between 𝑃 and the on-chip Rabi rateΩ𝑑—is

required to fit all the data. Over the accessible power range the qubit

frequency tunes continuously from 2.2 MHz up to ∼ 5 MHz (more than

one octave), enabling resonance with the 4.4 MHz mechanical mode.

The resulting single-parameter fit (solid line, Fig. 7.20c) quantitatively

reproduces both slope and curvature of the Stark shift.

7.6.2 Induced decoherence

Unfortunately, the AC–Stark shift comes at the cost of increased qubit

decoherence, which we measured for CHIP−𝜷−FC. We recall that, the

energy-relaxation rate, Γ1 = 1/𝑇1, is extracted from the exponential

decay of the excited-state population; The free-induction-decay rate,

Γ∗
2
= 1/𝑇∗

2
, is obtained from a Ramsey experiment (Fig. 7.20a). The

resulting rates are plotted in Fig. 7.21. At the bare qubit frequency we

observe Γ1/Γ∗
2
≃ 1.12 < 2. As the AC–Stark drive increases, the pure

dephasing rate Γ𝜙 = Γ∗
2
− Γ1/2 rises sharply, causing 𝑇∗

2
to degrade

much faster than 𝑇1. Both rates exhibit a pronounced peak when 𝜔st

𝑞

approaches 𝜔𝑚 , due to the qubit transitions induced by the thermally

excited mechanical mode.
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Fig. 7.21: Qubit decoherence and relax-
ation rates vs. AC–Stark–shifted qubit
frequency. Energy-relaxation rate Γ1 =

1/𝑇1 (blue markers) and free-induction-

decay rate Γ∗
2
= 1/𝑇∗

2
(yellow markers)

are plotted versus the AC-Stark–shifted

qubit frequency 𝜔st

𝑞 . Γ1 is extracted

from the exponential relaxation of the

qubit population toward its thermal equi-

librium. Γ∗
2

is obtained from Ramsey-

fringe decay. The dashed blue line shows

Γ1(𝜔st

𝑞 ) from Eq. (7.19), with Γ
𝑔𝑒

1
as the

sole fit parameter. The dashed yellow line

represents Γ∗
2
= Γ1/2+Γ𝜙 , using Γ𝜙(𝜔st

𝑞 )
from Eq. (7.20) and fitting 𝛿Ω𝑑/Ω𝑑 . Ver-

tical black dashed lines indicate the bare

qubit frequency 𝜔𝑞 and the mechanical

mode frequency 𝜔𝑚 . Inset: Qubit relax-

ation at 𝜔𝑚 following preparation in the

state |𝑒⟩. Experimental data (blue) and

corresponding exponential fit (dark blue)

are shown.

We attribute the approximately linear rise of Γ1 with detuned qubit

frequency 𝜔st

𝑞 to the growing admixture of the short-lived {| 𝑓 ⟩ , |ℎ⟩}
states into the lower dressed states—an effect analogous to dressed-state

spontaneous emission in optical tweezers (see Eq. 7.16). If the bare-

manifold decay rates are Γ
𝑔𝑒

1
and Γ

𝑓 ℎ

1
, then the dressed-state relaxation

rate is

Γ1(𝛿𝜔𝑞) = cos
2
(
Θ
2

)
Γ
𝑔𝑒

1
+ sin

2
(
Θ
2

)
Γ
𝑓 ℎ

1
.

For small mixing angle Θ ≈ 𝛿𝜔𝑞/Δst, expanding to first order gives

Γ1(𝛿𝜔𝑞) ≈ Γ
𝑔𝑒

1
+

Γ
𝑓 ℎ

1

2Δst

𝛿𝜔𝑞 . (7.19)

The dashed blue line in Fig. 7.21 plots Eq. 7.19 using the independently

measured value Γ
𝑓 ℎ

1
/2𝜋 = 139 kHz, leaving only Γ

𝑔𝑒

1
as a fit parameter.

We attribute the enhanced dephasing rate Γ∗
2
(𝜔st

𝑞 ) to amplitude fluctua-

tions of the Stark drive Ω𝑑, yielding

Γ𝜙 =
𝑑(𝛿𝜔𝑞)
𝑑Ω𝑑

𝛿Ω𝑑 ≃ 2 𝛿𝜔𝑞
𝛿Ω𝑑

Ω𝑑
, (7.20)

where the approximation holds for Ω𝑑 ≪ Δst. Assuming classical am-

plitude noise (i.e. constant 𝛿Ω𝑑/Ω𝑑), fitting this expression to the data

(yellow dashed line in Fig. 7.21) gives 𝛿Ω𝑑/Ω𝑑 ≈ 0.6%, in good qualitative

agreement with the ∼ 0.2% specification of our Anapico source.



Basic membrane-qubit
interaction 8

In this chapter, we step into the main theme of this thesis: the interaction

between qubit and membrane. As was shown previously, the qubit-

membrane interaction is governed by the Jaynes-Cummings Hamiltonian

Sec. 5.2.2:

𝑯 JC = ℏ𝜔𝑟 𝒂†𝒂 +
ℏ𝜔𝑞

2

𝝈𝑧 + 𝑖
ℏΩ

2

(
𝒂†𝝈− − 𝒂 𝝈+

)
Outline. This chapter starts by examining the interaction in the dis-

persive regime, when the qubit and the membrane are out-of-resonance.

Using Ramsey experiment we perform the membrane spectroscopy,

extracting the membrane resonance 𝜔𝑚 as a function of bias 𝑉𝑏 , and

measure the mechanical relaxation time 𝑇𝑚
1

to characterize damping.

We then turn to the resonant interaction with the membrane in a large

coherent state, using the AC–Stark effect to tune 𝜔𝑞 into resonance with

𝜔𝑚 , allowing coherent Rabi oscillations. We introduce the semi-classical

limit, where membrane operator 𝒂 is replaced by a mean field 𝛼 and

show that the membrane can be seen as a classical drive on the qubit with

rotation rate Ω|𝛼|. We describe the experimental sequence used for every

interaction experiment, including the spectrum–analyzer experiments

presented in next chapter.

8.1 Dispersive interaction regime

In absence of AC-Stark effect, the qubit and the membrane modes are

out-of-resonance: the large detuning |Δ = 𝜔𝑞 − 𝜔𝑚| ≫ Ω suppresses

direct energy exchange between the two systems. We have previosly

discussed (Sec. 2.5.2) that under dispersive regime, the qubit frequency

shift is proportional to the membrane’s phonon population 2𝜒𝒂†𝒂𝝈𝑧 ,
where 𝜒 = Ω2/4Δ.

𝑯disp = ℏ𝜔𝑚 𝒂†𝒂︸    ︷︷    ︸
bare resonator

+ ℏ

2

(
𝜔𝑞 + 2𝜒𝒂†𝒂

)
𝝈𝑧︸                  ︷︷                  ︸

Bare qubit + frequency pull

, (8.1)

In this section, we will use this effect to characterize the qubit-membrane

interaction. We will first measure the membrane frequency as a function

of the applied DC bias voltage𝑉𝑏 to extract the membrane frequency 𝜔𝑚

and the electrostatic spring softening effect. Then, we will measure the

membrane relaxation time 𝑇𝑚
1

to characterize the membrane damping.
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Fig. 8.1: Membrane spectroscopy us-
ing a qubit sensing. (a) Pulse sequence:

membrane drive 𝐷𝛼 , qubit prepared in

|+⟩, interaction for a time 𝜏, then mea-

surement of 𝜎𝑥 or 𝜎𝑦 (see Sec. 8.1.1). See

Sec. 8.1.1 for details. (b) Qubit signals

⟨𝜎𝑥⟩ (blue) and ⟨𝜎𝑦⟩ (gray) as a function

of drive detuning 𝜔𝑑 − 𝜔𝑚 at 𝑉𝑏 = −3 V.

Dashed lines show the real and imag-

inary parts of a Lorentzian-phase fit

to ⟨𝜎𝑥⟩ + 𝑖 ⟨𝜎𝑦⟩. (c) Unwrapped phase

arg

(
⟨𝜎𝑥⟩ + 𝑖 ⟨𝜎𝑦⟩

)
with Lorentzian fit

(dashed). (d–f) Bloch-sphere trajectories

for the detunings marked by dashed

lines in (b). (g) Colormap of the qubit

frequency shift 𝛿𝜔𝑞/2𝜋 versus 𝑉𝑏 and

detuning. Black squares indicate reso-

nance peaks; the black dashed curve is

its quadratic fit as predicted by Eq. 8.4.

The drive amplitude is adjusted at each

𝑉𝑏 to keep the peak response constant,

except at 𝑉𝑏 = 𝑉
offset

(the black dashed

horizontal line) where the coupling van-

ishes.
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Fig. 8.2: Experimental protocol of mea-
suments in qubit-membrane dispersive
regime: membrane drive 𝐷𝛼 , qubit pre-

pared in |+⟩, interaction for a time 𝜏, then

measurement of 𝜎𝑥 or 𝜎𝑦 (see Sec. 8.1.1).

See the main text for details.

(a) |+〉x preparation

δωτ

(b) Evolution

(c) σx readout

|e〉 πy/2⇔ |+〉x

τ
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Fig. 8.3: Illustrations of difference parts
of the dispersive regime experiment
protocol See the main text for details.

8.1.1 Experimental protocol

To measure the qubit frequency shift, we perform Ramsey spectroscopy

(Sec. 2.4.6). The simplest protocol used in the membrane–qubit dispersive

regime is illustrated in Fig. 8.2. We drive the membrane through a line

connected to the RF bias-tee port and routed to the sample membrane-

bias port, thereby preparing the membrane in a coherent state |𝛼⟩ with

large amplitude |𝛼| ≫ 1 (at resonance, |𝛼|2 ≈ 10
7
). This large occupation

ensures that the qubit–membrane interaction produces a measurable

signal. The qubit is initialized in |+⟩ = (|𝑔⟩+|𝑒⟩)/
√

2 by first preparing |𝑒⟩
and then applying a 𝜋/2 pulse (Fig. 8.3(a)). It then evolves for a duration

𝜏 = 10 𝜇s while the membrane remains in the large coherent state,

accumulating an equatorial phase 𝛿𝜔 𝜏 = 2𝜒 𝑛 𝜏 that is proportional to

the mean phonon number 𝑛 (Fig. 8.3(b)).

The experiment alternates between measuring the 𝝈𝑥 and 𝝈𝑦 compo-

nents of the superposition across repeated realizations by applying an

additional 𝜋/2 pulse before the final 𝝈𝑧 readout (Fig. 8.3(c)). We then

extract the phase of ⟨𝝈𝑥⟩ + 𝑖 ⟨𝝈𝑦⟩. For large membrane coherent states,

the qubit may undergo multiple rotations during the interval 𝜏. To enable

phase unwrapping, we sweep the control parameter with sufficiently

fine resolution to prevent large phase discontinuities between adjacent

points.

8.1.2 Membrane Spectroscopy

The first step in the characterization of the qubit-membrane interaction

is to determine the membrane frequency as a function of the applied DC

bias voltage 𝑉𝑏 . We sweep the frequency of the initial membrane drive

and measure the qubit frequency shift for different bias voltages 𝑉𝑏 . The

data is shown in Fig. 8.1.

When a harmonic oscillator is driven near its resonance frequency, the

cavity population follows a Lorentzian profile (Sec. 2.5.3). However,

because the membrane motion is probed indirectly via the qubit phase

shift, the measured quadrature does not directly follow a Lorentzian

lineshape (Fig. 8.1(b)), as the phonon-induced phase shift causes the final

qubit state to rotate by more than 2𝜋. After phase unwrapping the data

(Fig. 8.1(c)), a Lorentzian profile is recovered and fitted (black square

markers), allowing us to extract the membrane frequency for each bias

voltage 𝑉𝑏 .

Since dispersive shift scales quadratically with bias voltage, 𝜒 ∝ Ω2 ∝ 𝑉2

𝑏
,

this measurement is performed with adaptative power to ensure that the

qubit exibits a detectable accumulated phase (a few turns in the Bloch

sphere, i.e. 𝛿𝜔𝜏 ≲ 6𝜋). A sweep in 𝑉𝑏 reveals a quadratic decrease in

the mechanical frequency with 𝑉𝑏 −𝑉offset, explained by the electrostatic

spring-softening effect that effectively softens the mechanical spring and

lowers the resonant frequency.
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Fig. 8.4: Forces acting on a voltage-
biased membrane capacitively coupled
to a qubit. Yellow and blue regions mark

metallized parts of the membrane and

qubit that form the coupling capacitor.

The mechanical restoring force 𝐹
mech

=

−𝑘
mech

𝑋 (upward arrow) opposes the

electrostatic pulling force 𝐹
elec
∝ 𝑉2

𝑏
𝑋

(downward arrow), both projected along

the same displacement coordinate 𝑋.

1: The more classical derivation of the

electrostatic spring softening effect can

be done by examing the forces acting

on the membrane. Since a simplified

potential energy acting on the mem-

brane mode is 𝑈(𝑋) = 1

2
𝑘𝑚(𝑋 − 𝑑)2 −

1

2
𝐶𝑚(𝑋)𝑉2

𝑏
, where 𝑘𝑚 is the spring con-

stant of the membrane in absence of bias

and 𝐶𝑚(𝑋) = 𝐶𝑚/(1+𝑋/𝑑) is the capac-

itance of the membrane, the force on the

membrane is

𝐹(𝑋) = − 𝜕𝑈
𝜕𝑋

= −𝑘𝑚(𝑋−𝑑)+
𝑉2

𝑏

2

𝑑𝐶𝑚(𝑋)
𝑑𝑋

.

It consist of the mechanical restoring

force and the electrostatic force illus-

trated in Fig. 8.4. It shifts the equilibrium

position of the membrane from 𝑋 = 𝑑

to 𝑋0, However, for our parameters, 𝑋0

can be safely identified to 𝑑. The effective

spring constant is thus reduced by the

electrostatic force:

𝑘
eff

=
𝜕2𝑈

𝜕𝑋2

����
𝑋

0
≃𝑑

= 𝑘𝑚−
𝑉2

𝑏

2

𝑑2𝐶𝑚(𝑋)
𝑑𝑋2

����
𝑋

0
≃𝑑
.

Since the 𝜔𝑚(𝑉𝑏) =
√

𝑘
eff

𝑚 , it leads to the

decrease of the mechanical frequency,

with shift that, to the first order in 𝑋/𝑑,

is proportional to −𝑉2

𝑏
. Comparing with

the derivation in main text, this deriva-

tion is based on the simplified coupling

version suppossing a single capacitance

𝐶(𝑥) biased at voltage 𝑉𝑏 , which is not

the case in our system. However, it pro-

vides a crucial intuition that the electro-

static force acts as a negative spring.

8.1.3 Electrostatic Spring Softening

We derive the electrostatic spring softening effect [UWK09] from the

qubit-membrane coupling Hamiltonian (Eq. 5.16) derived previously.

The terms that are independent of the qubit state are:

𝐻membrane = ℏ𝜔𝑚

(
𝒑2 + 𝒙2

)
+ 1

2

3∑
𝑖 , 𝑗=2

𝑄𝑖 𝑴−1

𝑖 𝑗 𝑄 𝑗 . (8.2)

We expand 𝐻membrane to second order in the dimensionless displacement

𝒙, express 𝒙 = (𝒂 + 𝒂†)/2 and 𝒑 = 𝑖(𝒂† − 𝒂)/2, and retain only energy-

conserving terms. The membrane Hamiltonian then becomes

𝐻membrane = ℏ𝜔𝑚

(
𝒂† 𝒂 + 1

2

)
+ 𝑯𝑚𝑠

= ℏ
(
𝜔𝑚 + 𝛿𝜔𝑚

) (
𝒂† 𝒂 + 1

2

)
,

(8.3)

where the frequency shift is

𝛿𝜔𝑚 = −𝜁(𝑉𝑏 −𝑉offset)2 (8.4)

with

𝜁 = 2𝐶𝑚 (𝐶𝑔 + 2𝐶𝑞)
𝐸𝐶

ℏ𝑒2

𝑋2

zpf

𝑑2

𝛽2. (8.5)

Here we have used the parallel-plate model 𝐶±𝑚(𝑋) = 𝐶𝑚/(1 ± 𝑋/𝑑) to
calculate the derivatives 𝑑𝐶±𝑚/𝑑𝑋 and 𝑑2𝐶±𝑚/𝑑𝑋2

. Since Eq. 8.4 is always

negative, the electrostatic force acts as a “negative spring”
1
, lowering the

membrane’s resonance frequency.

8.1.4 Offset voltage discussion

In our measurements, we consistently observed a residual static charge

on the membrane, which offsets the voltage bias required to cancel the

electrostatic force by an amount 𝑉offset (see Fig. 8.1a). This offset arises

from trapped charges 𝑄2 and 𝑄3 on the islands between the capacitors

illustrated in Fig. 8.5 and given by Eq. 5.20. Although the qubit remains

operational for a DC-bias voltage up to |𝑉𝑏| ≲ 9 V
2
, the effective coupling

strength depends on the difference 𝑉𝑏 −𝑉offset. Therefore, the presence

of this offset can be used to increase the coupling strength.

We found that𝑉offset slowly drifts toward the applied bias over a timescale

of weeks. To restore the maximal coupling range, we deliberately “re-

set” the offset by applying a large negative bias of 𝑉𝑏 = −20 V to the

membrane for several days. While this high voltage temporarily disables

measurements, it reliably shifts𝑉offset closer to−9 V. After this procedure,

we verify the new offset value using membrane spectroscopy and ensure

that it lies within the desired measurement range.

8.1.5 Membrane Ringdown

The second step in the characterization of the qubit-membrane interaction

is to measure the membrane relaxation time𝑇𝑚
1

. It characterizes the ability
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(b) Fig. 8.6: Mechanical lifetime. (a) Pulse

sequence: after resonant membrane dis-

placement, a series of 𝑁 = 121 Ramsey
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crete times 𝑘 × 𝑇. (b) Averaged qubit

frequency shift 𝛿𝜔 plotted versus delay

𝑘 × 𝑇 (for 𝑘 = 1, . . . , 𝑁), where data at

each delay are ensemble-averaged. An
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time 𝑇𝑚
1

= 5.9 ms (𝑄 = 1.62 × 10
5
).
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the equivalent mechanical occupation in
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Fig. 8.5: Charge islands in the hybrid
circuit. Colours indicate the two islands:

the qubit islands (blue) carrying charge

𝑄2 at flux nodesΦ2±Φ1/2, and the mem-

brane electrode island (yellow) carrying

charge 𝑄3 at flux node Φ3, biased by

voltage 𝑉𝑏 .

2: We attribute this behavior to

avalanche ionization in the sub-

strate [SLL12], likely enhanced by the

tension across the 4 𝜇m isolated gap.

The exact mechanism is not fully investi-

gated: test samples reproduced the gap

dependence of the maximum voltage but

not the same maximum tension (30 V),

possibly due to substrate impurities or

differences in cryostat setups.

[Pat25]: Patange (2025), ‘RF Transduc-

tion in a DC-Biased Superconducting

Electromechanical System’, Thesis

of the membrane to store energy.

We extract 𝑇𝑚
1

by first preparing the membrane in a large coherent state

|𝛼|2 ∼ 10
7

and then measuring the exponential decay of its phonon

population with qubit at a time interval 𝑇. This decay manifests as a

time variation of the qubit frequency, tracked through repeated Ramsey

measurements at discrete times 𝑘 × 𝑇 within a single membrane decay.

The unwrapped phase of the qubit frequency exhibits an exponential

decay (see Fig. 8.6(b)), and an exponential fit yields 𝑇𝑚
1

= 5.9 ms. The

corresponding quality factor,𝑄𝑚 = 𝜔𝑚𝑇
𝑚

1
= 1.62 · 10

5
, is consistent with

similar studies on silicon nitride membranes [YPR12]. It is closed to the

quality factor obtained at room temperature without any metalization of

the membrane (𝑄RT

𝑚 = 6 · 10
4
), thus we observed that additional losses

due to the membrane metalization are over-compensated by the cryogenic

boost of the quality factor (due to lowing temperature)[Pat25].

8.2 Resonant Qubit–Membrane Dynamics

The tuning of the qubit frequency, thanks to the AC-Stark effect (Sec. 7.6),

allows us to enter the resonant interaction regime between the qubit

and the membrane. In this regime, system is governed by the resonant

Jaynes-Cummings Hamiltonian (Eq. 2.67):

𝐻JC = ℏ𝜔𝑟 𝒂†𝒂 +
ℏ𝜔𝑞

2

𝝈𝑧︸                 ︷︷                 ︸
Free evolution

+ 𝑖 ℏΩ
2

(
𝒂†𝝈− − 𝒂 𝝈+

)︸                  ︷︷                  ︸
Coupling

.

In this section, we discuss the experimental protocol used to enter the

resonant interaction regime. Then, we present the theoretical description

of the resonant interaction in the semi-classical limit, i.e. when the

membrabe mode operator 𝒂 is approximated by a classical coherent

state 𝛼. This provides the basis for understanding the spectrum analyzer

experiment presented in the next chapter. And finally, we present the

Rabi spectroscopy experiment that shows the coherent dynamics between

the qubit and the membrane.

https://theses.fr/s387081
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Fig. 8.7: Resonant interaction pulse se-
quence. M and Q are the membrane and

qubit lines, respectively.

8.2.1 Experimental protocol

With the AC-stark shift, we tune the qubit frequency 𝜔st

𝑞 = 𝜔𝑚+Δ close to

the membrane one, and enter the resonant interaction regime. However,

since the coherence time is much longer at the qubit bare frequency, we

get better fidelity preparing and reading out the qubit while it sits at

its bare frequency. Thus, throughout resonant interaction experiments

presented in this thesis, we used the following experimental protocol

(Fig. 8.7):

1. Prepare the qubit in the |𝑔⟩ or |𝑒⟩ state at the bare qubit frequency

𝜔𝑞 .

2. Tune the qubit frequency to 𝜔st

𝑞 = 𝜔𝑚 + Δ close to the membrane

one during a time 𝜏.

3. Measure 𝜎𝑥/𝑦/𝑧 projection of the qubit state at the bare qubit

frequency.

The evolution of the membrane–qubit state during the interaction is

governed by the evolution operator

𝑼 𝐼 = 𝑒−𝑖𝑯 JC𝜏/ℏ.

Outside this interval, the membrane exhibits free evolution under the

harmonic oscillator Hamiltonian 𝑯 = ℏ𝜔𝑚 𝒂†𝒂.

8.2.2 Resonant interaction in the semi-classical limit

When the membrane is initialized in a large enough coherent state 𝛼, we

can displace the mode by 𝛼 and represent 𝒂 → 𝛼 + 𝛿𝒂, where 𝛿𝒂 is a

small fluctuation around the coherent state 𝛼. Since |𝛼| ≫ 1, we neglect

the fluctuation operator 𝛿𝒂, moving to the semi-classical approximation.

This yields the coupling term:

𝐻CC = 𝑖
ℏΩ

2

(
𝛼∗𝝈− − 𝛼 𝝈+

)
=

ℏΩ

2

(
Im(𝛼)𝝈𝑥 + Re(𝛼)𝝈𝑦

) (8.6)

where now 𝛼 is a complex number that represents the classical-like

trajectory of the membrane. Additionally to the free evolution under the

Hamiltonian 𝑯0

𝐽𝐶
, the evolution during interaction time 𝜏 is covered by

the unitary evolution operator 𝑼 𝐼 given by:

𝑼 𝐼 = exp

(
− 𝑖
ℏ
𝑯 𝑐𝜏

)
= exp

(
−𝑖Ω

2

|𝛼|®𝑛 · ®𝝈𝜏
)

(8.7)

where

®𝑛 =
1

|𝛼| (Im(𝛼),Re(𝛼), 0) and ®𝝈 = (𝝈𝑥 , 𝝈𝑦 , 𝝈𝑧).

Comparing with the standard 𝑆𝑈(2) rotation matrix exp(−𝑖 𝜃
2
®𝑛 · ®𝝈)

(Eq. 2.57) shows that the qubit undergoes a rotation by 𝜃 = Ω|𝛼|𝜏 about

the axis ®𝑛 in the Bloch-sphere equatorial plane which complex direction

is 𝑖𝛼∗.
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Fig. 8.8: Coherent membrane–qubit
Rabi exchange. (a) Pulse sequence: the

membrane is prepared in the coherent

state |𝛼⟩ with |𝛼|2 ≈ 1.6 × 10
5
; the qubit

is Stark-shifted to 𝜔st

𝑞 for an interaction

time 𝜏, then read out in the 𝜎𝑧 basis. (b)
Bloch-sphere illustration of the qubit ro-

tation after a resonant exchange with the

membrane. (c) Ground-state probability

𝑃𝑔 as a function of 𝜏 and Stark-shifted

frequency 𝜔st

𝑞 /2𝜋. The red square marks

the operating point shown in (b).

1: This number is estimated given the

Rabi frequency Ω|𝛼|/2𝜋 ≈ 0.6 MHz

in this experiment and the coupling

strength Ω/2𝜋 ≈ 1.5 kHz that will be

estimated in the next chapter.

8.2.3 Rabi spectroscopy

In order to validate the physics described above, we perform a Rabi spec-

troscopy where the detuning Δ is varied by tuning the qubit frequency.

The membrane is prepared in a large coherent state |𝛼⟩ with amplitude
1

|𝛼|2 ≃ 1.6 · 10
5

to ensure a coherent dynamics within the qubit coherence

time, Ω|𝛼| ≫ 1/𝑇1. We prepare the qubit in the |𝑔⟩ state at the bare qubit

frequency 𝜔𝑞 , then we tune the qubit frequency to 𝜔st

𝑞 = 𝜔𝑚 + Δ and

after coherent interaction of duration 𝜏, we bring back the qubit to its

bare frequency and perform state detection. This sequence is illustrated

in Fig. 8.8(a). By varying the detuning Δ and 𝜏 we obtain a 2D map

with characteristic Rabi spectroscopy pattern with a minimum frequency

when the 𝜔st

𝑞 ≃ 𝜔𝑚 , as shown in Fig. 8.8(b).

Since the membrane is in large coherent state, these oscillations are

identical to those induced by a purely classical external field. Given

our current coupling strength, this classical Rabi oscillations is the only

regime accessible. Indeed, the vacuum Rabi rateΩ/2𝜋 ≈ 1.5 kHz is much

smaller than the qubit decay rate (Γ1/2𝜋 ≈ 20 kHz), placing the system

outside the strong-coupling regime. As a future perspective, we expect

the coupling–coherence product Ω𝑇1 to improve by (i) mitigating leakage

current—enabled by sapphire-substrate fabrication, which allows higher

bias voltages; (ii) reducing the membrane–qubit separation to sub-𝜇m

scales; and (iii) applying standard surface passivation to extend the qubit

lifetime.

When the membrane is in a thermal state (𝑛th ≳ 50), the resonant

qubit–mechanical interaction induces a qubit precession of typical angle

𝜃1

√
𝑛th, where

𝜃1 = Ω 𝜏 ∼ 47 mrad

is the rotation angle per phonon for an interaction time 𝜏 = 5𝜇s (limited

by 𝑇1 and 𝑇2). In the next chapter, we demonstrate that, even outside
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[Cuj+19]: Cujia et al. (2019), ‘Tracking

the precession of single nuclear spins by

weak measurements’, Nature

[Naj+24]: Najera-Santos et al. (2024),

‘High-Sensitivity ac-Charge Detection

with a MHz-Frequency Fluxonium

Qubit’, Physical Review X

the strong-coupling regime, this small rotation can be resolved through

sequential weak qubit measurements within a single membrane coher-

ence time [Cuj+19; Naj+24], unambiguously revealing the mechanical

oscillator’s quantum spectrum.

https://arxiv.org/abs/1806.08243
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.14.011007


[Ger+25]: Gerashchenko et al. (2025),

‘Probing the quantum motion of a

macroscopic mechanical oscillator with a

radio-frequency superconducting qubit’,

Preprint

1: Note that the time window was cho-

sen specifically to illustrate the "modu-

lation of the envelope" effect, which is

most evident when the random walk of

𝛼̃(𝑡) in phase space passes through the

origin. However, generally speaking, the

loss of correlation on the timescale 1/𝜅𝑚
does not necessarily coincide with such

a passage.

Spectrum analyzer 9
Qubit as a spectrum analyzer. By performing a series of weak measure-

ments, the qubit probes the mechanical motion. The Fourier transform of

the qubit measurement record reveals the mechanical mode spectrum.

The fundamental commutation relation [𝒂 , 𝒂†] = 1 imposes a built-in

asymmetry between the absorption and emission spectra. When the

qubit is in state |𝑔⟩ (resp. |𝑒⟩), it absorbs (resp. emits) energy from the

membrane (back-action), thus sensing the absorption (resp. emission)

spectrum of the membrane. This chapter demonstrates the qubit’s opera-

tion as a spectrum analyzer and its ability to probe the quantum-induced

asymmetry of the mechanical mode spectrum.

My contribution. As mentioned in Chap. 1 and Chap. 7, the exper-

iments described throughout this thesis were my primary focus and

responsibility during this project. This chapter presents the most sig-

nificant results of my thesis that led to the publication [Ger+25]. The

theoretical framework for the sideband asymmetry presented here was

formalized by R. Rousseau and E. Flurin. Further details on the respective

contributions can be found in [Ger+25].

Outline. We begin with a semi-classical description of the membrane to

build physical intuition for the qubit spectrum analyzer. Next, we demon-

strate how the qubit exerts dynamical back-action on the membrane,

leading to cooling or heating of the membrane, analogous to dynamical

back-action in cavity optomechanics. However, a semi-classical treatment

cannot capture the intrinsic spectral asymmetry. To reveal this asymme-

try, we introduce a fully quantum framework based on measurement

operators. We show that initializing the qubit in |𝑒⟩ or |𝑔⟩ selectively

probes the membrane’s emission or absorption spectrum, respectively.

This protocol enables a direct measurement of the spectral asymmetry

and thus probes the quantum nature of the mechanical oscillator.

9.1 Qubit as a spectrum analyzer in the
semi-classical framework

9.1.1 Probing membrane’s position with the qubit

Thermal fluctuations. To build physical intuition, we first treat the

degrees of freedom of the membrane—its position 𝒙 and momentum

𝒑—classically. In the qubit drive frame, rotating at 𝜔st

𝑞 , the complex

mechanical amplitude 𝛼(𝑡) = 𝛼̃(𝑡)𝑒 𝑖Δ𝑡 appears as a signal oscillating at

frequency Δ, modulated by a slowly varying envelope 𝛼̃(𝑡) that diffuses

in phase space at a characteristic rate 𝜅𝑚 . We illustrate this in Fig. 9.1(c),

where we plot the classical trajectory of the membrane dimensionless

position 𝑥(𝑡) = Re(𝛼(𝑡)) in a frame rotating detuned by Δ from the

https://arxiv.org/abs/2505.21481
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Fig. 9.1: Semi-classical explanation of
the spectrum analyzer experiment. (a)
Phase-space distribution of the mechan-

ical mode amplitude, with an overlaid

classical trajectory (black curve), and the

qubit Bloch sphere. After initialization

in |𝑔⟩ (blue) or |𝑒⟩ (yellow), the mem-

brane mode acts as a coherent drive

on the qubit. The complex mechanical

mode amplitude is mapped onto the

(𝝈𝒙 , 𝝈𝒚) plane of the Bloch sphere. (b)
The average energy transferred from

membrane to qubit during the inter-

action Δ𝐸𝑔/𝑒 is displayed on the ⟨𝝈𝒛⟩
histogram on the right-hand inset. (c)
Classical position 𝑥(𝑡) of the mechanical

resonator, shown in a frame rotating at

the qubit–mechanical-mode detuning Δ.

The full trajectory is shown in gray, and

the zoomed-in segment is highlighted

in black. 𝑥(𝑡) oscillates at frequency Δ,

with amplitude and phase undergoing

random fluctuations at rate 𝜅𝑚 = 1/𝑇𝑚
1

.

Blue bars represent qubit 𝝈𝑥 measure-

ment outcomes after interaction with the

mechanical mode. The data shown here

is simulated for illustration purposes.

membrane frequency. One can see
1

that the global envelope of the

oscillation is modulated at a time scale 1/𝜅𝑚 .

Measurement sequence. To detect this small qubit precession (𝜃1

√
𝑛th ≳

0.35 rad) we implement the protocol described in Sec. 8.2.1: prepare |𝑔⟩
or |𝑒⟩, turn qubit frequency to the membrane frequency detuned by Δ

during 𝜏 = 5 𝜇s. Evolution during interaction is governed by

𝑼 𝐼 = exp

(
− 𝑖
ℏ
𝑯 𝐽𝐶 𝜏

)
. (9.1)

with the interaction part of the Jaynes-Cummings Hamiltonian in semi-

classical approximation

𝑯CC = 𝑖
Ω

2

(𝛼∗𝝈− − 𝛼𝝈+)

Since this interaction results in a qubit precession of a small angle 𝜃1

√
𝑛th,

we project the qubit onto 𝝈𝑥 . It is done by applying a

√
𝑋 rotation in

the 𝜔𝑚 − Δ frame, followed by a 𝝈𝑧 measurement. This sequence is

repeated 𝑁 times within a single mechanical lifetime, 𝑇 × 𝑁 < 𝑇𝑚
1

,

where 𝑇 = 15.5 𝜇s is the total cycle time. This discrete sampling of the
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mechanical amplitude𝛼(𝑡) at discrete times 𝑡𝑘 = 𝑘×𝑇 provides a sequence

of qubit measurements 𝝈𝑥,𝑘 after the interaction. Note that through all

experiments in this chapter, the qubit is prepared and measured at its

bare resonance frequency 𝜔𝑞 , and only tuned for the interaction with the

membrane.

Mapping the mechanical mode to the qubit. In the small angle

limit |𝛼|𝜃1 ≪ 1, the rotation 𝑼 𝐼 maps the phase space coordinates

(Re[𝛼(𝑡𝑘)], Im[𝛼(𝑡𝑘)]) of the mechanical oscillator onto the qubit’s trans-

verse components (𝝈𝑥,𝑘 , 𝝈𝑦,𝑘). Thereby, the expectation value of the 𝝈𝑥
qubit measurement is then given by

⟨𝝈𝑥(𝑡𝑘)⟩ = 𝜃1𝑥(𝑡𝑘). (9.2)

This mapping is illustrated in Fig. 9.1(a), where a complex trajectory in

the phase space (𝑥 = Re(𝛼(𝑡𝑘)), 𝑝 = Im(𝛼(𝑡𝑘))) of the mechanical mode

is mapped to the qubit’s Bloch sphere; the evolution angle and phase

are mapped to the amplitude and phase of the mechanical mode. By

operating the qubit in a frame detuned by Δ > 𝜅𝑚 , the free evolution

between interaction pulses continually rotates the measurement axis,

as illustrated by arrows going in the different directions. Consequently,

successive 𝝈𝑥,𝑘 measurements sweep through all mechanical quadrature

angles—probing both Re(𝛼̃(𝑡𝑘)) and Im(𝛼̃(𝑡𝑘))—in direct analogy with a

heterodyne detection.
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Fig. 9.2: Spectrum analyzer experimen-
tal protocol and data processing. (a) Ex-

perimental pulse sequence. The qubit,

prepared in |𝑔⟩ or |𝑒⟩, is Stark-shifted

to a detuning Δ from the membrane fre-

quency for a duration 𝜏, followed by a 𝝈𝑥
measurement. (b) Single-shot outcomes

𝑚𝑘 ∈ {−1, 1} (for initial state |𝑒⟩) are

recorded, grouped into batches of length

𝑁 , and each batch is discrete-Fourier-

transformed. (c) Fourier transform of the

first 10 batches represented as a waterfall

plot.
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9.1.2 Noise spectral density

Measuring the noise spectral density. Our goal is to characterize the

steady-state thermal fluctuations of the membrane. For this, we directly

compute the noise spectral density 𝑆
𝑔/𝑒
𝑚𝑚 of the telegraphic signal, where

the superscript 𝑔/𝑒 denotes the initial qubit state used in the sequence.

To do so, we first group the measurement outcomes {𝑚𝑘} into batches

of 𝑁 = 10 000 samples (see Fig. 9.2(b)). For each batch, we compute the

discrete Fourier transform (see Fig. 9.2(c)), F[𝑚𝑘]𝑟 , where the frequency

bins are defined as

𝜔𝑟 =
2𝜋𝑟
𝑁𝑇

for 0 ≤ 𝑟 < 𝑁.

We then average the squared magnitudes over all batches to obtain the

noise spectral density

𝑆𝑚𝑚(𝜔𝑟) = |F[𝑚𝑘]𝑟 |2𝑇/𝑁, (9.3)

with the overline indicating an average over batches corresponding to

distinct classical trajectories {𝑥(𝑡𝑘)}0≤𝑘<𝑁 . At our sampling rate, the

aliasing-free frequency span is 𝜔𝑁/2/2𝜋 ≈ 32 kHz. We therefore choose a

small qubit-membrane detuning Δ/2𝜋 = 5 kHz to ensure the oscillations

of 𝑥(𝑡) remain entirely within the Nyquist zone.

Wiener-Khintchine theorem. In a semiclassical approximation where

one neglects qubit backaction on the membrane, the trajectory 𝑥(𝑡) acts

as an independent external drive. Using Eq. 9.2, this allow us to factorize

the two-point correlator:

C𝑘 ≡ ⟨𝝈𝑥,𝑘 𝝈𝑥,0⟩ = ⟨𝝈𝑥,𝑘⟩ ⟨𝝈𝑥,0⟩ = 𝜃2

1
𝑥(𝑡𝑘) 𝑥(0), (9.4)

for 𝑘 ≠ 0, with C0 = 1. The Wiener–Khinchin theorem links the measured

spectrum 𝑆
𝑔/𝑒
𝑚𝑚(𝜔) to the Fourier-transform of C𝑘 , giving

𝑆
𝑔/𝑒
𝑚𝑚(𝜔) =

𝑇

𝑁
F[C𝑘] =

𝜃2

1

4

𝑆𝑥𝑥(𝜔) + 𝑇. (9.5)

where𝑆𝑥𝑥 is the position noise spectrum and𝑇 is the constant background

arising from the sampling noise due to the binary nature of the qubit

measurements. Thus, by measuring the spectrum 𝑆
𝑔/𝑒
𝑚𝑚 we can extract the

position noise spectrum 𝑆𝑥𝑥 .

Spectrum normalization. Eq. 9.5 predicts a signal-to-noise ratio of

𝜃2

1
/4𝑇, only dependent on the "single-phonon Rabi angle" 𝜃1 and peri-

odicity 𝑇 of the qubit measurements. However, due to imperfect qubit

preparation and measurement, the signal gets reduced compared to

this ideal case. In particular, if the preparation fidelities differs between

𝑔 and 𝑒 preparation, one expects systematic differences between the

transduction of the mechanical spectrum between 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 . To

compensate for those systematic effects, the spectrum is normalized

using a calibration peak generated by a weak continuous tone applied

on the qubit charge drive port (see Fig. 9.3(a)). It produces a coherent
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Fig. 9.3: Qubit-induced back-action. (a)
Position noise spectra obtained for the

qubit prepared in |𝑔⟩ (blue) and |𝑒⟩ (yel-

low), by averaging the squared magni-

tudes of the Fourier transforms shown in

(e). The two Lorentzian peaks on the left

are centered at the membrane frequency

and correspond to the membrane ther-

mal noise. Additionally, a weak calibra-

tion tone produces a sinc-shaped peak

offset by 500 Hz towards higher frequen-

cies. (b) Zoom on the Lorentzian peaks,

with each spectrum normalized to the

calibration-tone amplitude and flat back-

ground subtracted. The broader, lower-

amplitude blue curve (|𝑔⟩) indicates

qubit-induced cooling, while the nar-

rower, higher-amplitude yellow curve

(|𝑒⟩) indicates heating of the mechanical

mode.

classical drive, which following the same classical reasoning (Eq. 9.5)

results in a sinc-shaped (due to the finite sampling rate) peak in the

spectrum purposely offset by 500 Hz towards higher frequencies. This

normalization allows to compare results from different experiments with

different preparation.

9.1.3 Membrane cooling and heating

Qubit-induced back-action. The spectra 𝑆
𝑔/𝑒
𝑚𝑚 , measured with the

qubit prepared in 𝑔 or 𝑒, are shown in Fig. 9.3(a). Both spectra display

Lorentzian peaks centered at 𝜔𝑚 that reflect the thermal fluctuations

of the membrane, with the sampling noise background 𝑇 indicated by

a dashed line. Although Eq. 9.5 predicts identical spectra regardless of

the initial qubit state, we observe significant differences in both the area

and the linewidth of the thermal peaks, even once the spectra have been

normalized with the calibration peak Fig. 9.3(b)

The discrepancies between measurements with the qubit prepared in |𝑔⟩
and |𝑒⟩ arise because our simple model neglects the energy exchange be-

tween the membrane and the qubit during their interaction. In particular,

when the qubit is prepared in |𝑔⟩ it absorbs energy from the membrane,

whereas when prepared in |𝑒⟩, it emits energy to the membrane (see

Fig. 9.1(b)). On average, the qubit energy is lowered or raised on the Bloch

sphere by

Δ𝐸𝑔,𝑒

ℏ𝜔st

𝑞

=
𝜃2

1

4

𝑛th

due to the interaction. Due to energy conservation, the membrane must

experience a qubit-induced relaxation or amplification at a rate𝜅 = 𝜃2

1
/4𝑇.

The mechanical linewidth is thus modified (broadened or narrowed)
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ical Oscillator Using Dynamical Backac-

tion’, Physical Review Letters

[Tsa+17]: Tsaturyan et al. (2017), ‘Ultra-

coherent nanomechanical resonators via

soft clamping and dissipation dilution’,

Nature Nanotechnology

[Iva20]: Ivanov (2020), ‘Fabrication of pat-

terned silicon nitride nanomembranes at

the LKB’, Zenodo

according to 𝜅′
𝑔/𝑒 = 𝜅𝑚 ± 𝜅. Furthermore the qubit being reinitialized

in a pure state before each interaction, it provides a 0-occupation bath

for the membrane, leading to an occupation 𝑛′
th,𝑖

= 𝜅𝑚𝑛th/𝜅′𝑖 . This qubit-

induced cooling (or heating) mechanism is analogous to the dynamical

back-action effects observed in cavity optomechanics [Arc+06; Sch+06].

Membrane spectrum. Lorentzian fits to the thermal peaks yield linewidths

of 𝜅′𝑔 = 2𝜋 × (28.5 ± 1.4 Hz) for |𝑔⟩ preparations and 𝜅′𝑒 = 2𝜋 × (23.7 ±
0.7 Hz) for |𝑒⟩ preparations. The inferred linewidth 𝜅𝑚 = (𝜅′𝑒 + 𝜅′𝑔)/2 =

2𝜋 × (26.1 ± 0.8 Hz) is in agreement with the previously measured

1/𝑇𝑚
1

= 2𝜋 × (27.16 ± 2.6 Hz), confirming that the membrane exhibits

no additional dephasing beyond its Fourier-limited linewidth. More-

over, the dynamical back-action rate 𝜅 = 2𝜋 × (2.4 ± 0.8 Hz) agrees

with a full experimental model that includes finite qubit preparation

and readout fidelities. The normalized, background-subtracted spec-

tra are displayed in Fig. 9.3(b). The experimentally obtained area ratio

𝐴𝑒/𝐴𝑔 = 1.42±0.11 is in a reasonable agreement with the expected value

𝑛′
th,𝑒
/𝑛′

th,𝑔
= 𝜅′𝑔/𝜅′𝑒 = 1.22± 0.07. Here the dynamical backaction is mod-

erate due to the relatively low cooperativity 𝜅/𝜅𝑚 ∼ 1/10. Nevertheless,

we expect that ground-state cooling will be within reach in future ex-

periments—either by further increasing the mechanical lifetime [Tsa+17;

Iva20] or by boosting the qubit–membrane coupling strength via a larger

DC bias.

Error treatment. To ensure that observed differences in the spectra

are not due to statistical fluctuations, we use a bootstrap approach to

estimate the error. The spectra displayed in this section are obtained from

𝑁batches ∼ 1000 Fourier-transformed batches. The averaging described by

Eq. 9.3 is repeated over 1000 different datasets. Each dataset is obtained

from the original data by drawing a resample with replacement of the

𝑁batches Fourier-transformed batches. The 1000 different spectra are then

accumulated in histograms, represented by the shaded regions in the

spectra figures throughout this chapter (see Fig. 9.3(a-b) and Fig. 9.4(c)).

The quoted errors on the fitted linewidths 𝜅′𝑔 , 𝜅
′
𝑒 and peak areas 𝐴𝑔 , 𝐴𝑒

are the standard deviations of those 1000 fits.

9.2 Spectrum analyzer in the fully quantum
framework.

To fully account for the qubit-membrane interaction, we now consider

the quantum evolution of the system.

9.2.1 Measurement operators

Evolution between measurements. The qubit being initialized in the

pure state |𝑔⟩ or |𝑒⟩ before each interaction, we can safely assume that the

initial joint qubit-membrane state is described by the factorized density

operator 𝝆𝒎 ⊗ |𝑖⟩ ⟨𝑖| (with 𝑖 ∈ {𝑔, 𝑒}). In the rotating frame, neglecting

https://arxiv.org/abs/quant-ph/0607205
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.97.243905
https://www.nature.com/articles/nnano.2017.101
https://zenodo.org/record/4120417
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[Rou22]: Rouchon (2022), ‘A tutorial in-

troduction to quantum stochastic master

equations based on the qubit/photon

system’, Annual Reviews in Control

the small qubit-membrane detuning Δ and decoherence during the

short interaction time 𝜏, the evolution operator 𝑼 𝐼 = 𝑒−𝑖𝜃1/2(𝒂†𝝈−𝒂𝝈†)

writes [Rou22]

𝑼𝑰 =

©­­­«
cos

(
𝜃1

2

√
𝒂†𝒂 + 1

)
−𝒂

sin

(
𝜃

1

2

√
𝒂†𝒂

)
√
𝒂†𝒂

𝒂†
sin

(
𝜃

1

2

√
𝒂†𝒂+1

)
√
𝒂†𝒂+1

cos

(
𝜃1

2

√
𝒂†𝒂

)ª®®®¬ , (9.6)

where the matrix is written in the qubit basis {|𝑒⟩ , |𝑔⟩}. During the

interaction, the system state evolves according to:

𝝆(𝑡𝑘) −→ 𝝆(𝑡𝑘+1) = 𝑼 𝐼

(
𝝆𝑚(𝑡𝑘) ⊗ |𝑖⟩ ⟨𝑖|

)
𝑼†𝐼 . (9.7)

Measurement operators. In the final state 𝝆(𝑡𝑘+1), we perform a projec-

tive measurement of the qubit in the |±⟩ basis. The probability to measure

the qubit in state |+⟩ or |−⟩ is then 𝑝±,𝑖(𝑡𝑘+1) = Tr[𝝆(𝑡𝑘+1) |±⟩ ⟨±|] =
Tr[𝑴±,𝑖𝝆𝑚(𝑡𝑘)𝑴±,𝑖], where we defined the measurement operators

𝑴±,𝑖 = ⟨±|𝑼 𝐼 |𝑖⟩

≃ 1√
2

{
𝟙 ∓ 𝜃1

2
𝒂 − 𝜃2

1

8
𝒂†𝒂 if 𝑖 = 𝑔,

𝟙 ± 𝜃1

2
𝒂† − 𝜃2

1

8
𝒂𝒂† if 𝑖 = 𝑒.

(9.8)

Evolution between measurements using Kraus maps. The final expres-

sion is calculated up to second order in 𝜃1 and we removed an irrelevant

global phase term. The set of measurement operators describes a Positive

Operator-Valued Measure which fulfills 𝑴†+,𝑖𝑴+,𝑖 +𝑴†−,𝑖𝑴−,𝑖 = 𝟙 up

to second order in 𝜃1. Moreover, since 𝑴±,𝑖 are close to the identity for

𝜃1 ≪ 1, this process describes more specifically a weak measurement.

Upon qubit measurement, the membrane density matrix is projected

to

𝝆±,𝑖𝑚 (𝑡𝑘+1) =
𝑴±,𝑖𝝆𝑚(𝑡𝑘)𝑴†±,𝑖

𝑝±,𝑖
≡

K±,𝑖𝝆𝑚(𝑡𝑘)
𝑝±,𝑖

. (9.9)

Here, we defined the measurement Kraus map K±,𝑖 . Introducing the

dissipation and measurement superoperators as

D[𝑳] 𝝆 = 𝑳 𝝆 𝑳† − 1

2
{𝑳†𝑳, 𝝆}, M[𝑳] 𝝆 = 𝑳 𝝆 + 𝝆 𝑳† ,

the Kraus map can be expressed, up to second order in 𝜃1, as

K±,𝑖 =
1

2

[
𝟙 ± 𝜃1

2

M[𝑳𝑖] +
𝜃2

1

4

D[𝑳𝑖]
]
, (9.10)

where the weakly measured membrane operators, for each qubit state

preparation are

𝑳𝑔 = −𝒂 ,
𝑳𝑒 = 𝒂†.

(9.11)

Backaction interpretation. The term proportional toM[𝐿] in Eq. 9.10 is

the outcome-dependent “informational” (or quantum) backaction, which

steers the mechanical state based on the measurement result, while the

https://arxiv.org/abs/2208.07416
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[AKM14]: Aspelmeyer et al. (2014), ‘Cav-

ity optomechanics’, Reviews of Modern

Physics

D[𝐿] contribution describes a measurement-independent, qubit-induced

damping channel, directly analogous to dynamical backaction in cavity

optomechanics [AKM14].

9.2.2 Dynamical back-action

Mean membrane evolution. When the measurement outcomes are

disregarded, the membrane evolves under the average Kraus map

K𝑖 = K+,𝑖 +K−,𝑖 = 𝟙 +
𝜃2

1

4

D[𝑳𝑖]. (9.12)

During the interval 𝑇 between two successive qubit measurements, the

membrane undergoes free-evolution and dissipation to the thermal bath,

described by the Lindbladian

L𝑚 = −𝑖[Δ𝒂†𝒂 , ·] + 𝜅𝑚𝑛th D[𝒂] + 𝜅𝑚(𝑛th + 1)D[𝒂†]. (9.13)

Interleaving the average Kraus map (9.12) with the membrane’s free

evolution 𝑒L𝑚 𝑇
yields

𝝆(𝑡𝑘 + 𝑇) = 𝑒L𝑚 𝑇 K𝑖 𝝆(𝑡𝑘) ≈ 𝑒L𝑚,𝑖 𝑇 , (9.14)

Coarse-grained approximation. In a coarse-grained approximation, the

effective Lindbladian becomes L𝑚,𝑖 = L𝑚 +𝜅D[𝑳𝑖], with the dynamical-

backaction rate 𝜅 = 𝜃2

1
/4𝑇. This coarse-grained evolution is identical to

that induced by the coupling at a rate 𝜅′
𝑚,𝑖

to an effective environment

with thermal occupation 𝑛′
th,i

, where

𝜅′𝑚,𝑖 =

{
𝜅𝑚 + 𝜅, 𝑖 = 𝑔,

𝜅𝑚 − 𝜅, 𝑖 = 𝑒 ,
𝑛′

th,i
=

𝜅𝑚𝑛th + 𝛿𝑒 ,𝑖 𝜅

𝜅′
𝑚,𝑖

.

Here 𝛿𝑒 ,𝑖 = 1 if 𝑖 = 𝑒 (zero otherwise). In other words, dynamical

back-action modifies both the damping rate and the apparent thermal

occupation by factors 1 ± 𝐶, where 𝐶 = 𝜅/𝜅𝑚 is the cooperativity, in line

with conventions commonly used in optomechanics. The last additive

term in the occupation 𝜅/𝜅′𝑚 = 𝐶/(1 − 𝐶) appearing when the qubit is

prepared in state |𝑒⟩ corresponds to the additional fluctuations resulting

from quantum backaction. In our experiment where the cooperativity is

on the order of 10 %, we can safely neglect this contribution in the area

of the spectrum 𝑆𝑒𝑚𝑚(𝜔).

Classical backaction and its mitigation. In Fig. 9.3, the difference be-

tween 𝑆
𝑔
𝑥𝑥(𝜔𝑚) and 𝑆𝑒𝑥𝑥(𝜔𝑚) is largely due to classical backaction–cooling

for |𝑔⟩ and amplification for |𝑒⟩. In other words, the equilibrium occupa-

tion ⟨𝒂†𝒂⟩ is different in the two experimental sequences. To mitigate

this effect, and isolate the small quantum asymmetry, we implemented

an experimental sequence where the qubit is alternatively prepared in

|𝑔⟩ and |𝑒⟩ (see Fig. 9.4b). In this manner, the net evolution over a full

https://arxiv.org/abs/1303.0733
https://arxiv.org/abs/1303.0733
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cycle is generated by

L𝑚,𝑔𝑒 = L𝑚 + 𝜅D[𝒂] + 𝜅D[𝒂†], (9.15)

so that

𝜅′𝑚,𝑔𝑒 = 𝜅𝑚 , 𝑛′
th,𝑔𝑒 = 𝑛th + 𝐶.

Thus the alternating protocol cancels the first-order dynamical back-

action, leaving only a negligible residual heating of order 𝐶 ≪ 𝑛th.

Finally, note that the interval between two identical preparation steps 𝑇

is effectively doubled (see Fig. 9.4b) compared to the previous protocol,

which halves both the back-action rate 𝜅 and the cooperativity 𝐶.

9.2.3 Emission and absorption spectra

Full Kraus map. The full Kraus operators factor into the mean-evolution

map and a pure backaction part:

K±,𝑖 = K𝑖K′±,𝑖 , with K′±,𝑖 =
1

2

(
𝟙 ± 𝜃1

2

M[𝑳𝑖]
)
. (9.16)

One can then calculate the joint probability to obtain outcomes 𝑚0 and

𝑚𝑘 separated by 𝑘 full cycles becomes

ℙ[𝑚𝑘 , 𝑚0|𝝆𝑚 , 𝑖] ≃ Tr[K′𝑚𝑘 ,𝑖
𝑒L̃𝑚 𝑘𝑇K′𝑚0 ,𝑖

𝝆𝑚], (9.17)

where
˜L𝑚 denotes the effective Lindbladian for the chosen preparation

sequence—either L𝑚,𝑔 or L𝑚,𝑒 for identical preparations, or L𝑚,𝑔𝑒 for

alternating ground/excited protocols.

Autocorrelation. We then express the discrete-time autocorrelation of

the measurement outcomes as

C 𝑖
𝑘
=

∑
𝑚0 ,𝑚𝑘=±1

𝑚𝑘 𝑚0 ℙ[𝑚𝑘 , 𝑚0 | 𝝆𝑚 , 𝑖],

so that for 𝑘 = 0 trivially C 𝑖
0
= 1. For 𝑘 ≠ 0, inserting the expression (9.17),

and using

∑
𝑚=±1

𝑚K′𝑚,𝑖 =
𝜃1

2
M[𝐿𝑖] yields

C 𝑖
𝑘
=

𝜃2

1

4

Tr

[
M[𝑳𝑖] 𝑒L̃𝑚 𝑘𝑇 M[𝑳𝑖] 𝝆𝑚

]
.

Defining the Heisenberg picture operator 𝑶(𝑡) as 𝑶𝝆(𝑡) = 𝑶𝑒L̃𝑚 𝑡𝝆 =

𝑶(𝑡)𝝆, the measurement correlator reads

C 𝑖
𝑘

��
𝑘≠0

=
𝜃2

1

4

Re

〈
𝑳†𝑖 (𝑡𝑘) 𝑳𝑖(0)

〉
.
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1: Since the mechanical peak area

scales as 𝑉2

offset
, any slow drift in 𝑉

offset

(Sec. 8.1.4) during a monotonic temper-

ature sweep would introduce a spu-

rious temperature dependence in the

sideband-asymmetry data of Fig. 9.4c-d.

To avoid this, we interleaved the measure-

ments by cycling the cryostat through

each setpoint (2 h per point) for 16 com-

plete cycles, so that any residual offset

drift acts uniformly across all tempera-

tures.

[Ger+25]: Gerashchenko et al. (2025),

‘Probing the quantum motion of a

macroscopic mechanical oscillator with a

radio-frequency superconducting qubit’,

Preprint

Measured spectra. The discrete-time spectrum follows by Fourier trans-

form.

S 𝑔𝑚𝑚(𝜔) = 𝑇 +
𝜃2

1

4

S𝒂†𝒂(𝜔),

S 𝑒𝑚𝑚(𝜔𝑘) = 𝑇 +
𝜃2

1

4

S𝒂𝒂†(𝜔),
(9.18)

where S𝒂†𝒂(𝜔) and S𝒂𝒂†(𝜔) are the one-sided emission and absorption

mechanical spectra, in the actual protocol, and are given by

S𝑳†
𝑖
𝑳𝑖 (𝜔) =

(𝑛̃th + 𝛿𝑒𝑖)𝜅̃𝑚
(𝜔 − Δ)2 + (𝜅̃𝑚/2)2

, (9.19)

where 𝑖 ∈ {𝑔, 𝑒} and (𝑛̃th , 𝜅̃𝑚) = (𝑛′
th,𝑝

, 𝜅′𝑚,𝑝) with 𝑝 ∈ {𝑔, 𝑒 , 𝑔𝑒} based

on the used protocol. For the alternating preparation protocol, the

denominator is the same for both initial states. Thus, the asymmetry in

the amplitudes of the spectra for the two initial states, 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 ,

originates solely from the factor 𝑛̃th + 𝛿𝑒𝑖 . Experimentally, this factor

can be directly accessed, and in the ideal case we expect the resulting

asymmetry to be equal to 1.

9.2.4 Sideband asymmetry

The experimental spectra 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 , constructed from even-indexed

and odd-indexed measurements corresponding to the pre-interaction

ground state |𝑔⟩ and excited state |𝑒⟩, respectively, are shown in Fig. 9.4c.

They exhibit a small but statistically significant difference in their areas.

To confirm that this offset has a quantum origin, we vary the cryostat

temperature, 𝑇cryo, within the interval [10 mK, 30 mK]1. The spectra are

normalized using a calibration peak and corrected by subtracting the

sampling noise background. The thermalization of the mechanical mode

with the cryostat is demonstrated by the linear dependence of the mean

peak area 𝐴𝑔𝑒 , such that

𝑇m = 𝜆𝐴𝑔𝑒 = 𝑇cryo + 𝑇offset.

The fit of 𝐴𝑔𝑒 versus 𝑇cryo allows recalibration of the mode area in units

of quanta 𝑛 (right axis of Fig. 9.4d) and yields an offset 𝑇offset = 2.2 mK.

The constant offset can be attributed to a miscalibration of the generic

Bluefors temperature sensor, additional acoustic noise transduced into

the mechanical mode, or a slight temperature gradient between the

sensor near the mixing chamber and the sample holder. Most notably, the

calibrated bĳection between the peak area and 𝑛 allows us to calculate

the difference between the peak areas in 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 , which shows

a statistically significant offset from zero, and on average is 1.25(25)
phonons. The ideal quantum asymmetry is exactly 1 phonon (Eq. 9.19).

However, experimental imperfections—such as qubit decoherence and

state-preparation infidelity—lead to an increased asymmetry, given

by [Ger+25]:

𝑛𝑒 − 𝑛𝑔 =
𝜏2

𝜏Σ

𝜂𝑔 + 𝜂𝑒
2𝜂𝑔 𝜂𝑒

. (9.20)

https://arxiv.org/abs/2505.21481
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Fig. 9.4: Quantum position-spectrum asymmetry. (a) Position-noise spectrum of a harmonic oscillator at thermal equilibrium, showing

absorption (blue peak at −𝜔𝑚 , area ∝ 𝑛
th

) and emission (yellow peak at +𝜔𝑚 , area ∝ 𝑛
th
+ 1). (b) Experimental pulse sequence: to

eliminate the average dynamical backaction, we alternately initialize the qubit in the ground state |𝑔⟩ and the excited state |𝑒⟩. From the

resulting measurement records, we then reconstruct the emission spectrum 𝑆
𝑔
𝑥𝑥 (when starting in |𝑔⟩) and the absorption spectrum 𝑆𝑒𝑥𝑥

(when starting in |𝑒⟩). (c) Reconstructed spectra of 4 × 10
5

Fourier-transformed batches for |𝑔⟩ (blue) and |𝑒⟩ (yellow) preparations at

varying cryostat temperatures at 10, 15, 20, 25, and 30 mK, as illustrated by the thermometer. (d) Lorentzian-peak areas at 𝜔𝑚 versus

cryostat temperature: blue and yellow markers indicate 𝑆
𝑔
𝑥𝑥 and 𝑆𝑒𝑥𝑥 areas for each qubit preparation. A linear fit to the mean-area of the

5 temperature series is shown (dashed line), and the right-hand axis converts the fitted peak area into mean phonon number using this

calibration. (e) Measured phonon-number difference between |𝑒⟩ and |𝑔⟩ spectra versus cryostat temperature. The horizontal red line at

1.37 quanta is the theoretical prediction, which differs from 1 due to qubit preparation infidelity and finite lifetime. All points include

error bars representing the standard deviation from bootstrap fits to random FFT-batch sub-ensembles.
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with 𝜂𝑔 and 𝜂𝑒 the state-preparation fidelities,

𝜏1(𝑡) =
1 − 𝑒−𝜅1𝑡

𝜅1

, 𝜏2(𝑡) =
1 − 𝑒−𝜅2𝑡

𝜅2

, 𝜏Σ(𝑡) =
𝜅1 𝜏1(𝑡) − 𝜅2 𝜏2(𝑡)

𝜅1 − 𝜅2

,

where 𝜅1 and 𝜅2 are the relaxation and total (relaxation + dephasing)

rates, respectively. This gives a theoretical prediction of 1.37 phonons

for the sideband asymmetry, in good agreement with the experimental

result.

The measured spectra 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 in case of finite preparation fidelities

(𝜂𝑔 and 𝜂𝑒 ), finite readout errors (𝜀𝑔 = 1 − 𝐹𝑔 and 𝜀𝑒 = 1 − 𝐹𝑒 ) and finite

𝑇1 and 𝑇2 are given by [Ger+25]:

S 𝑔𝑚𝑚(𝜔𝑘) =(1 − 𝜀𝑔 − 𝜀𝑒)2𝜂𝑔
Ω2𝜏2

Σ

4

(𝜂𝑔 + 𝜏2/𝜏Σ
2

S̄𝒂†𝒂(𝜔𝑘)+
𝜂𝑔 − 𝜏2/𝜏Σ

2

S̄𝒂𝒂†(𝜔𝑘)
)
+ 𝑇 (1 − (𝜀𝑔 − 𝜀𝑒)2),

S 𝑒𝑚𝑚(𝜔𝑘) =(1 − 𝜀𝑔 − 𝜀𝑒)2𝜂𝑒
Ω2𝜏2

Σ

4

(𝜂𝑒 − 𝜏2/𝜏Σ
2

S̄𝒂†𝒂(𝜔𝑘)+
𝜂𝑒 + 𝜏2/𝜏Σ

2

S̄𝒂𝒂†(𝜔𝑘)
)
+ 𝑇 (1 − (𝜀𝑔 − 𝜀𝑒)2).

(9.21)

Since all terms in the expression are determined from independent

measurements except for the coupling strengthΩ, fitting the amplitude of

the thermal peak for preparation in |𝑔⟩ at 10 mK givesΩ = 1.50(8) kHz.

Chapter summary

In conclusion, we have reported the first observation of mechanical

spectrum asymmetry via coupling to a two-level system, as originally

predicted by Clerk et al. [Cle+10]. Here, we applied noise thermome-

try—relying on the proportionality between spectral area and tempera-

ture—to verify that the quantum asymmetry is indeed close to phonon

unity. We then exploited the offset between 𝑆
𝑔
𝑚𝑚 and 𝑆𝑒𝑚𝑚 to calibrate the

spectra in absolute quanta. In other words, this experiment can serve as

a calibration-free thermometer operating at cryostat temperatures.

Most importantly, these results furnish an unambiguous demonstration

of the non-commutation of the creation and annihilation operators,

[𝑎, 𝑎†] = 1, proving that the qubit interacts with a genuine quantum

harmonic oscillator rather than with a classical noise source. In the

next chapter (Conclusion and Perspectives), we will discuss the broader

implications of this work and outline future directions.
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Summary of the experimental findings

The central achievement of this thesis is the design, fabrication, and

characterization of qubit–membrane coupling, demonstrating, to our

knowledge, the first resonant interaction at 4 MHz between a truly

macroscopic (5.3 ng) silicon-nitride membrane and a heavy fluxonium

qubit.

We demonstrated the qubit–membrane interaction in both the disper-

sive and resonant regimes. In the dispersive regime, we measured the

membrane’s resonant frequency and quality factor and demonstrated

electrostatic softening. In the resonant regime, despite the weak coupling,

we demonstrated classical Rabi oscillations of the membrane in a large

coherent state and observed dynamical backaction cooling from thermal

equilibrium with cooperativity 𝜅/𝜅𝑚 ≈ 1/10.

Most notably, in direct analogy to Haroche’s cavity-QED experiments

[Gle+07; Del+08], we performed over 300 projective qubit measure-

ments within the membrane’s 6 ms lifetime. These binary outcomes yield

bit-by-bit information on the membrane position, allowing reconstruc-

tion of the full position-noise spectrum and—by preparing the qubit

in |𝑔⟩ or |𝑒⟩—separate extraction of its absorption (negative-frequency)

and emission (positive-frequency) spectra. The observed phonon emis-

sion–absorption asymmetry provides an unambiguous signature of

the membrane’s quantum nature with a genuine two-level system, as

proposed theoretically [Cle+10].

By extending coherent control into the 1–10 MHz band—over two orders

of magnitude below prior platforms—we open the first experimental

window onto gravity-induced collapse models, which predict spatial-

superposition decoherence on millisecond timescales. The Diósi–Penrose

estimate of about 0.5 ms [GS21] nearly coincides with our measured

mechanical decoherence of ∼ 0.3 ms, providing us the first direct ex-

perimental pathway to test whether gravity alone can destroy quantum

coherence in a truly macroscopic object.

Looking ahead, this platform naturally lends itself to quantum and

adaptive feedback protocols—using membrane drives or conditional

qubit preparations based on real-time readout—to achieve active sta-

bilization, state steering, and generation of non-classical mechanical

states [Say+11].

https://arxiv.org/abs/quant-ph/0612031
https://arxiv.org/abs/0809.1064
https://arxiv.org/abs/0810.4729
https://arxiv.org/abs/0810.4729
https://doi.org/10.1116/5.0050988
https://doi.org/10.1116/5.0050988
https://arxiv.org/abs/1107.4027
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tions

Possible improvement of the experiment and
prospects

The primary objective of Mecaflux project remains to reach a regime

in which predicted gravity-induced decoherence of the mechanical

resonator exceeds its intrinsic thermal decoherence. Several optimizations

could improve the device performance of the current iteration.

First, phononic-crystal engineering is expected to boost the electrome-

chanical cooperativity by three orders of magnitude [Sei+22], enabling

ground-state cooling and a corresponding reduction in thermal decoher-

ence.

Second, entering the strong-coupling regime—necessary for preparing

Schrödinger-cat states—requires increasing the DC bias voltage and

reducing the qubit–membrane gap. A new iteration of the fluxonium

chip, fabricated on a sapphire substrate by L. Balembois and P. Manset,

mitigates avalanche ionization and has demonstrated preliminary volt-

ages up to 100 V without degrading qubit performance (on an uncoupled

device).

Third, standard surface passivation could extend the qubit coherence

time 𝑇2, and by more precisely tuning the fluxonium parameters to bring

the qubit frequency into resonance with the membrane, we reduce the

required AC–Stark shift and thereby enhance on-resonance coherence.

Together, these improvements should maximize the coupling–coherence

product Ω𝑇2, closing the current order-of-magnitude gap and enabling

operation in the strong-coupling regime—thereby opening the door to

direct experimental tests of gravitational collapse models.

https://arxiv.org/abs/2107.05552
https://arxiv.org/abs/2107.05552
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